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PREFACE. 



In writing the present text-book the aim has been to pro- 
duce a work which should be accurate from the point of 
view of the mathematician, which should be rational in its 
mode of treatment as far as this is possible or expedient, 
which should present the essentials of the subject with the 
accessories in their proper place as accessories, and which, 
while suited for the purpose of general mental training, 
should be equally well adapted as a special preparation for 
the practical business of life. 

Features of detail need not be referred to: an idea of 
them may be got from an examination of the table of 
contents, which immediately follows. 

The Conclusion, with its notices of books, cannot but be 
imperfect, both from faults of omission and commission. 
The attention of teachers who have made a special study 
of Arithmetic is directed to it, in the hope that they may 
have the kindness to contribute something to its improve- 
ment in the future. 



IV PREFACE. 

The Exercises have been most carefully worked from the 
printed book itself, so that the greatest possible accuracy 
in the Results may be expected. To several gentlemen, 
and especially to Mr. William Reid^ M.A., I am much 
indebted for help in this direction. 

T. M. 

High School of Glasgow, 
\st yuney 1878. 
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ARITHMETIC 



INTRODUCTORY. 

1. Arithmetic, as the name implieS; has numbers for its 
subject-matter. As a science, however, it does not include 
the whole of this department of knowledge, but only the 
more elementary portions of it, viz., those in which the 
numbers symbolized are known and definite. Moreover, it 
must be viewed at first more as an art than a science ; that 
is to say, while the expounding, so far as possible, of general 
principles and their bearings is not neglected, still more 
time and space must be devoted to practical applications of 
them — to what^ in fact, is known as Computation or Calcula- 
tion, 

2. The fundamental ideas of the science, viz., those of 
" unity " and " plurality," we begin to acquire on first 
becoming aware of separate existences of the same kind. 
It may be that we have, first of all, concrete ideas, such as 
*'tree," "man," "house"; next, composite ,v^tz&^ such as 
" three trees," " three men," " three houses " ; thence the 
abstrctct idea of "three," and, finally, the general idea of 
" number." 

3. In the idea expressed by " three trees," " a tree " is 
called in Arithmetic the unit of reference, or simply the 
UNIT. It. is that with which the whole idea before the mind 
is compared. What we view as the unit at one time may at 

B 



2 INTRODUCTORY. 

another be only one of a collection which is taken as the 
unit, e^,j four plantations, seven forests. 

4. The numbers are commonly understood to be in order, 
" one," " two," " three," &c.; the term, however, has also a 
more extended meaning. " One," " two," " three," &c., 
arise in connection with the repetition of the unit ; others, 
also called numbers, arise in connection with its partition or 
subdivision. Thus, in the expression " three-quarters of a 
tree," we may consider the unit to be still " a tree," and not 
" a quarter of a tree," in which case we look upon " three 
quarters" as a number, writing it in consequence as one 
word, "three-quarters." This extended meaning is that 
adhered to in Arithmetic, and two classes of numbers are 
^us recognised — (i) integral numbers or integers, where 
the unit remains whole ; (2) fractional numbers or 
fractions, where the unit is broken. 

5. On acquiring the ideas of the various numbers we 
represent them in speech^ and at a later period a necessity 
arises for the ready expression of them in writing; in other 
words, a Nomenclature and Notation are required. As the 
series of numbers is infinite, and as a distinct name and 
symbol for each would be in the last degree perplexing, in- 
genious systems of nomenclature and notation have been 
devised, easy of acquirement and eminently serviceable. 

6. When these have been learned in whole or in part, 
our comparisons of groups of existences of the same kind 
are susceptible of the most perfect exactness. Instead of 
the vague expressions "a small clump of trees" and "a 
very small clump," we come to say, when necessary, " a 
clump of ten trees " and " a clump of five trees." Not only, 
however, do we compare discontinuous magnitudes of this 
kind by using the naturally-existing unit " a tree "; but we 
extend the use to the comparison of continuous magnitudes, 
such as the lengths of two trees. The unit here may, at an 
early stage, be also, in a sense, uaturaly eg,, a " thumb's 
breadth," a "foot's length," an "arm's length"; but the 
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demand for exactness soon requires definite, legalised, arbi- 
trary units, like the " inch,'* " foot," " yard." 

7. Adopting a different kind of unit we can further ex- 
press in numbers the weights of the trees : taking still 
another we may with exactness give their values ; and so on. 
Numbers in this way come into play in connection with 
every kind of magnitude in the universe, as soon as we are 
sufficiently acquainted with it to be able to fix upon a unit 
of measurement. Arithmetic and its allied branches of the 
science of measurable quantity, Mathematics, are thus seen 
to be of fundamental and far-reaching importance. 



THE NOMENCLATURE AND NOTATION OF 

INTEGRAL JJ^UMBERS. 

The Nomenclature. 

8. The process of counting a number of objects is learned 
with more or less completeness in learning to speak ; and the 
fact that there is a regular method or system followed in the 
naming of the successive integers is sure sooner or later to. 
strike every one. The perfecting of one's knowledge of this 
process and system is the first requirement in the study of 
Arithmetic. 

9. Let us proceed, therefore, as if counting one by one a 
collection of separate things, examining carefully the words 
we use. We say 

ONE, TWO, THREE, FOUR, FIVE, SIX, SEVEN, EIGHT, NINE, 

TEN. 

Thus fisu: there is nothing to note in the names, unless it be 
the entire absence of family resemblance. 
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10. Next come 

devm, twelve, thirteen, • . . , nineteen, 

the last seven of which are clearly similar in structure, and 
easily recognised as standing for three-and-ten, four-and-4en, 
&c j the names thus impl)ring that the numbers they repre- 
sent are viewed in relation to the number ten. The same, 
however, is also true of the first two of the set, the original 
forms of which have been only somewhat more disguised. 
Eleven means " left one," and twelve is *' two left "; left, that 
is to say, after counting ten. These numbers, therefore, 
beyond ten are consciously or unconsciously looked upon as 
a group of ten and one, a group of ten and two, a group of 
ten and three, &c. 
The name of the next integer is not " ten-ten," but 

twenty, 
that is, " two-tens *'; and then follow with much simplicity 

twenty-one, twenty4wo, . . . , twenty-nine. 
Instead of " twenty-ten " we have 

thirty, 
that is, " three-tens," and then as before 

thirty-one, thirty-two, . • . , thirty-nine; 

and thus without any new feature to note we pass over in 
succession, 

forty, forty-one, . . . ^ fifty, ffty-one, . . . , sixty, 
, . • , seventy, . . . , eighty, . . . , ninety, ninety- 
one, . . . , ninety-nine. 

Up to this point, then, we find that integers greater than ten 
are spoken of as containing so many groups of ten, and so 
many separate units more. 

11. After what We have already seen we are not surprised 
to find foDowmg ninety-nine a new form of word, viz., 
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HUNDRED, 

and then hundred and one^ hundred and two^ and so on to 
hundred and ninety-nine* Having had twenty used for " two- 
tens " we should next expect a word denoting " two-hun- 
dreds," but for this we have simply two hundred. Similarly 
after two hundred and ninety-nine we have three hundred, and 
so on until we have reached nine hundred and ninety-nine. 
Thus far, therefore, all integers greater than ninety-nine are 
spoken of as containing so many groups of hundreds, so 
many groups of tens, and so many separate units. 

12. For "ten hundreds" a distinct word is employed, 
viz., 

THOUSAND, 

although it would not be inconvenient to say ten hundred, 
ten hundred and one, • . . , eleven hundred, eleven hundred 
and one, • . . , and so on to ninety-nine hundred and ninety* 
nine; and, indeed, expressions of this kind are often used. 
From a thousand we proceed through a thousand and one, a 
thousand and two, &c., to a thousand nine-hundred and 
ninety-nine. Then come two thousand, two thousand and one, 
. . . , three thousand, &c. For ** ten thousands " no single 
distinct word, as in the case of " ten tens " and of " ten 
himdreds," is employed ; but on we pass through ten 
thousand, • • . , eleven thousand, . . • , one hundred thou* 
sand, . • . , to nine hundred and ninety-nine thousand nine 
hundred and ninety -nine, 

13. For the next integer, which is " a thousand thousands," 
a special name being necessary, we use 

MILLION ; 

and passing on from this we say a million andone^ a milhon 
and two, &c., coming in time to two million, . • • , three 
million, , , , , a thousand million, • • • , and, finally, 
nine hundred and ninety-nine thousand nine hundred and 
ninety-nine million nine hundred and ninety-nine thousand 
nine hundred and ninety-nine. 
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14. As we should next have ''a million millions " a new 
word is again necessitated and biluon is employed. Con- 
tinuing to advance we find trillion introduced, not, how- 
ever, to designate "a billion billions" but "a million 
billions ": and similarly a number of '' a million trillions " 
is called a quadrillion, and so on. 

15. This system of nomenclature, as may have been 
observed, is not entirely free from irregularities. In thirteen, 
fourteen, &c., the larger portion of the number, contrary to 
the general rule, is placed last ; in eleven and twelve irregu- 
larity is still more marked; and the words hundred, thousand, 
million, billion, trillion are introduced in accordance with no 
fixed principle/ 

x6. Notwithstanding these irregularities, hoiyeyer, the 
system in regard io power or efficiency is perfect. The few 
words it employs are — one, two, three, four, five, six, 

SEVEN, EIGHT, NINE, TEN, HUNDRED, THOUSAl^D, MILLION, 

billion, and the derivatives, deven, twelve, thirteen, fourteen, 
fifteen, sixteen, seventeen, eighteen, nineteen, twenty, thirty, 
forty, fifty, sixty, seventy, eighty, ninety. By means of these 
numbers of which we can form no idea can be named with 
the utmost brevity and ease. 

17. The prominent place which the number ten occupies 
in the system cannot fail to be remarked. When we say 
" fight million seifen hundred and sixty-four thousand three 
hundred and fifty 'two pounds ^^ we, as it were, mentally resolve 
the sum into 

eight parcels of a million pounds each, 
seven of a hundred thousand pounds each, 
six of ten thousand pounds each, 
four of a thousand pounds each, 
three of a hundred pounds each, 
five of ten pounds each, 
two of one pound each ; 

each parcel of any group containing exactly ten of the 
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parcels in the group following, and the number of parcels 
in any group being, as a consequence, always less than 
ten. The number which comes prominently forward in this 
Way in the formation of the system is called the base of it, 
and the name of the system is derived from the name of the 
base. The English system of nomenclature, therefore, is 
called the decimal system, its base being ten, 

1 8. In most languages the base of the system of nomen- 
clature is the same as in our own ; but systems on other 
bases may be conceived of equal efficiency, and have really 
been in existence. Again, other languages employing the 
decimal system may not contain the irregularities existing in 
our language, and may or may not have irregularities pecu- 
liar to themselves. 

Exercises. Set I. 

1. Give the integer immediately preceding each of the following: 
Seven hundred, two thousandy eighty-four thousand, seventeen miiliony 
a thousand billion. 

2. Give instances of names of numbers in English not in accordance 
with the decimal system. 

3. Explain the system of nomenclature of integral numbers in any 
foreign language, and point out the irregularities existing in it. 

4. What is the base of the system of nomenclature in which appears 
the number two gross seven dozen and eleven f 

5. Use the nomenclature of the system mentioned in (4) to count 
one gross two dozen and ten. 

The Notation. 

19. The system of notation ox written symbolism which 
we use is even more perfect than our system of nomencla- 
ture. Emplojdng only ten separate s)anbols we are enabled 
to write any number however great, numbers of even incon- 
ceivable magnitude being written with perfect simplicity. 

20. The ten symbols are 

o, i> 2, 3, 4, 5, 6, 7, 8, 9, 
and stand for 

nothing, one^ two, three, four , five, six, seven, eight, nine, 
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respectively. They are called figures or digits ; o is called 
a CIPHER, NOUGHT, Or ZERO, while the nine others are spoken 

of as SIGNIFICANT FIGURES. 

21. At first sight it might appear hopeless to try to express 
all possible numbers by means of ten symbols, every one 
of which is thus at the outset suddenly appropriated. How- 
ever, by a little inventive faculty it may be fulfilled in various 
ways : the particular mode which has been adopted having, 
in addition to the unlimited power which the others ma/ 
possess, the further merit of unsurpassable conciseness and 
simplicity. Thus, if in ignorance of the method in use we 
were asked to express symbolically the number mentioned 
in § 17, we might, as a first attempt at contraction, write 

8 million 7 hundred-thousand 6 ten-thousand 4 thousand 

3 hundred 5 ten 2^ 

and then as an obvious second step 

M H-TH T-TH TH H T 

8 7 6 4 3 S 2» 
making in this way our system of notation broadly dependent 
on our system of nomenclature. A small difficulty would 
arise in trying to express the numbers eleveny iwdve, &c.y 
the names of which deviate slightly from the general law of 
formation ; but knowing the law and the forms which the 
words would take if subject to it, the difficulty would vanish 
and we should at once write 

T T 

II, 13, &c. 

And this method of notation might have been found, at an 
earlier stage in the progress of Arithmetic, far from ineffec- 
tive. An important simplification of it, however, is possible, 
and this simplification being made we are brought face to 
face with the recognised standard system. It is clear that 
the contractions m, th, h, t merely serve the purpose of 
designating or naming the parcels spoken of in § 17, into 
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which numbers are divided ; the system, in short, being that 
each figure indicates so many parcels, and the initial letter 
above it gives the name of the class or order of magnitude 
to which the parcels belong. The question, therefore, 
arises — Can these class-names be indicated in any other 
way ? And the answer which has been given is virtually — 
Indicate rank by position, let the individual farthest to the 
right be always of the lowest rank, and should any grade of 
rank be unrepresented let its place be preserved but marked 
vacant In agreeing to this we establish what is both 
socially and mathematically called a convention^ ;>., a 
principle adopted not of absolute necessity but as a con- 
venience. In accordance with it the above number is now 
written 

8764352 J 

and if any other such collection of symbols be given us to 
decipher with this key we find no difficulty in doing so. 
For example, in 

2403 

we know that the number of individuals of the lowest rank 
is three, that there is none of the next highest rank, ;>., tens, 
four of the next highest, Le,, hundreds, and two of the next, 
/>., thousands ; so that 2403 must represent two thousand 
four hundred and three* 

22. Our system of notation for integral numbers may, 
therefore, be shortly explained as follows : — Nothing and 
numbers under ten are denoted each by a separate symbol, 
and all higher numbers by a collocation being made in 
accordance with a convention as to precedence. This con- 
vention is to the effect that the figure farthest to the right 
represents so many separate individuals or simple unitSy and 
that each of the other figures represents so many equal-sized 
parcels of simple units , the parcels whose number is given by 
any one figure being ten times larger than those whose 
number is given by the figure immediately to the right. 
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23. As our system of nomenclature is styled dedmaly so 
also is the system of notation. It is, besides, commonly 
spoken of as Arabic, because introduced to Europe by the 
Arabs j but it is now believed to be Indian in origin. 

24. It should be noted that just as there may exist efficient 
systems of nomenclature built like ours but on a different 
base, so we may have corresponding to each such system a 
perfectly efficient system of notation founded on the Indo- 
Arabic principle. Thus, with the basey^r, the names and 
symbols would be in close analogy to the following — 



Nomenclature. 


Notation. 


" one" 


I 


" two " 


2 


" three " 


3 


"four" 


10 


" four-one " 


II 


" four-two " 


12 


" four-three " 


13 


" two-four '* 


20 



Here, to express any number whatever, ovXy four symbols 
would be necessary. 

25. Various systems of notation based on principles 
other than that just explained have also been in use. As 
instances of such may be mentioned the old Greek nota- 
tion, in which the letters of the alphabet were the S3rmbols, 
and the cumbrous and ill-devised Roman system, which in 
most civilised nations continues to exist, along with the 
Indo-Arabic, but in a very subservient position. 

Exercises. Set II. 

1. What collections of units are specified by the figures of a number 
which occupy the seventh, twelfth, sixteenth, and twenty-sixth places 
respectively, counting from the place of simple units ? 

2. What is the greatest number that can be expressed by six digits, 
and the least that can be expressed by seven ? 
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3. It has been said that there is not a seztHlion particles of the 
size of ordinary grains of sand in the whole mass of the earth. How 
many digits woiud be necessary to express this number ? 

4. Supposing that our system of notation were duodecimal j and that 
its symbols were o, I, 2, 3, 4, 5, 6, 7, 8, 9, r, c, how should we write 
the following numbers ? — 

Three dozen and eleven. 

Nine gross and foiir. 

Three dozen and six gross four dozen and two. 

Ten dozen gross and one. 

5. Supposing that our notation and nomenclature were duodecimal^ 
how should we read 12, 20, 200, 888, 6537, 8000 ? 

26. For acquiring a knowledge of this, as of every other 
notation, some time must be spent upon two classes of 
exercises : (i) exercises in reading the notation, (2) exercises 
in writing it. 

I. Reading the Notation. 

27. In every case we may proceed as in the following 

example : 

8354602. 

Beginning on the right we say, ^^two units, no tens, six 
hundreds, four thousands, five ten-thousands, three hundred- 
thousands, eight miUions^^'y and thus having given each 
symbol its exact equivalent in spoken language we may be 
said to have accomplished the reading. The only objection 
is that the translation is a literal one. We approach nearer 
to the recognised mode of speech if we repeat the same 
phrases in the reverse order, viz., ^^ eight millions, three 
hundred-thousands,^^ &c. ; and if, in addition, we make such 
changes as " three hundred-thousands, five ten-thousands, four 
thousands,^* into " three hundred and fifty-four thousand^^ we 
arrive at the standard form, viz., " eight million three hundred 
and fifty-four thousand six hundred and tzvo, 

28. In the case, however, of the larger numbers, facility 
in reading is best attained by attention to special practical 
rules deduced from consideration of the general method 
just explained. 
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I. Numbers of more than three but not more than six 
digits. Rule : — Counting from the right mark off three digits 
by a comma; then^ beginning on the left^ read the two groups of 
digits thus formed as if they were independent^ adding the word 
thousand to the reading of the first group. For example, 

27931 is separated thus, 27,931, 

and read as if it were written 

27 THOUSAND 931, 

II. Numbers of more than six digits. Rule: — Counting 

from the right, mark off six digits, and, if more than six 

remain, other six; and so on : then, beginning on the left, read 

each of the groups as if they were independent, adding the word 

million to the reading of the second group counted, billion to 

the rectding of the third group counted, and so on. For 

example, 

784268943816238456279 

is separated thus, 

784,268943,816238,456279, 

and read as if it were written 

784 TRILLION 268943 BILLION 816238 MILLION 456279. 

Exercises. Set III. 

Write in words or read the numbers indicated as follows :^ 

1. 946812, 217118, 12204, 10610, nil. 

2. 240024, 12011, lOOOOO, lOOOI, IIOIOO. 

3. loioioo, 20200002, 606000660. 

4. 2163814216, 315210712228. 

5. 201120012102210, 12000000104000. 

6. lOIOOOIOOOIOOOOO, lOOOIOOOOOOIOOO. 

7. looQooooooooo, 50050005500500005. 

8. 70000000010002000, 600000060000006. 

9. 600000000004000000000020000. 

10. 54I7II62II4IOOI06007I20000IOOOI. 
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II, Writing the Notation. 

29. Here there is a general requirement similar to that 
for reading the notation, viz., the ability to name the various 
unit coDections in descending order from any starting-point. 
Suppose, for example, we were asked to write in figures the 
number four mUlion five hundred and two thousand serpen 
hundred and sixty. Knowing that after millions, which is 
the highest unit-collection mentioned, come hundred-thou- 
sands, ten-thousands, • . • > and since we see that in the 
given number there are 

of millions, fo^^9 

of hundred-thousands, five, 

of ten-thousands, nane^ 

of thousands, two^ 

of hundreds, seven, 

of tens, six, 

of separate units, none; 

we therefore write 

4502760, 

and this correctly represents the number given, 

30. In order, however, that the learner may acquire in 
the readiest way the necessary facility in translating the 
larger numbers into the notation, special practical rules may 
be given, dependent upon the general method implied in 
what immediately precedes. 

I. When the given number is not less than a thousand 
but under a million. Rule : — Write in figures the number of 
thousands mentioned; and following this put three figures to 
denote the number of hundreds, tens, and single units in the 
remaining part. Thus, to express in figures the number 
seventy-four thousand and seventeen, we write 

74,017. 

II. When the given number is not less than a million. 
Rule : — Observing which of the unit-collections, million, bUlion, 
trillion, &c, is first mentioned, write in figures the number of 
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such ; following this put six figures to denote the number of the 

next lowest name whether it is mentioned or not; and so on tUl 

the number of millions has been written; then put six figures to 

denote the part remaining. 

Thus, to represent in figures the number one hundred and 

fifteen quadrillion two thousand and five trillion twenty five 

thousand and sixteen million one hundred thousand and four ^ 

we first write the number of quadrillions, 115; then the 

number of trillions, 2005, or in six figures, 002005 ; then 

the number of billions, 000000, as none are mentioned \ 

then the number of millions, 25016, or 025016; and, 

finally, 100004. In figures the given number therefore 

stands 

115,002005,000000,025016,100004. 

Exercises. Set IV. 

Express in figures the following numbers : — 

1. Ninety-eight thousand four hundred and fifty-seven. Two hundred 

and forty-three thousand six hundred and forty-eight. One hundred 

and eleven thousand two hundred and twelve, 
'j 

2. Two hundred and ten thousand three hundred and seventeen. 
Ten thousand seven hundred and two. Three hundred thousand and' 
ten. 

3. One hundred thousand one hundred. Ten thousand and one. 
Three hundred thousand. 

4. Seventy-two million three hundred and forty-eight thousand five 
himdred ana sixty-four. Three hundred and eighteen million one 
hundred and sixty-four thousand three hundred and fifty-two. 

5. One thousand one hundred and eleven million two hundred and 
twelve thousand three himdred and ten. One hundred and twelve 
thousand two hundred and eleven million seven hundred and nineteen 
thousand two hundred. 

6. Three hundred million ten thousand and two. One hundred 
thousand million and forty. 

7. Twenty-five thousand and eight million. Thirty billion four 
hundred thousand. 

8. Eight hundred and nine billion nine hundred and eighty thousand 
and ninety-eight million nine hundred and eight thousand eight hundred 
and ninety. Two thousand and twenty billion two hundred and two 
thousand and two million twenty thousand two hundred. 

9. Twenty trillion two hundred million. Two hundred trillion 
twenty billion. 
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' 10. Six thousand quadrillion four hundred thousand billion. Twelve 
quadrillion ten trillion one hundred billion one thousand million one 
hundred thousand. 

30A. The nomenclature and notation of fractional num- 
bers will be fully explained in a subsequent section ; in the 
meantime it is sufficient to know that the fractions one-fourth^ 
one-half y threefourths are represented in symbols thus : — 

i, i, i. 



THE FUNDAMENTAL OPERATIONS OF 

CALCULATION. 

31. In a very early stage of civilisation a person wha 
owned two hundred and eighty-three head of cattle, and 
whose neighbour was the possessor of four hundred and 
seventeen, might wish to ascertain (i) the number of his 
herd in the event of his obtaining possession of his neigh- 
bour's, or (2) how many more cattle his neighbour had than 
he. 

To satisfy his first curiosity he might employ a collection 
of pebbles or other convenient small objects, and, counting 
into a separate heap four hundred and seventeen of them to 
represent his neighbour's stock, he might then appropriate 
the individuals of this heap, sa3ring as he took them one by 
one, " two hundred and eighty-four now to me, two hundred 
and eighty-five, two hundred and eighty-six," &c. \ and thus 
would name the number of the imagined combined herd as 
he laid hold of the last pebble. 

In his second inquiry he would obtain his end by count- 
ing from two hundred and eighty-four to four hundred and 
seventeen, taking to himself a pebble as he named each 
number, and then counting all the pebbles thus taken. 
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More complicated numerical questions than these would, 
of course, soon arise ; but, it will be seen that there are 
none such which could not be ultimately solved by exactly 
similar work, viz., counting collections of pebbles. Theo- 
retically, therefore, the fundamental operation of Arithmetic 
is COUNTING, in the simple sense of the word; and the art 
when followed in this manner, in practice, may appropriately 
be called ^^pebbling^^ or calculation (calculus, a pebble). 

32. In the modem methods, on the other hand, pebbles 
or counters are entirely dispensed with. At the outset of 
his course the learner uses them to acquire results in refer- 
ence to integral numbers less than ten^ such as ^' five and six 
make eleven," ** four times eight are thirty-two ; ** but these 
and other like simple facts are expected to be acquired 
once for all, and remembered. In dealing with all other 
numbers he expresses them in figures, that is, as we have 
seen, by means of o and the symbols for the integers less 
than ten ; then, restricting himself to the consideration of 
only one figure of each number at a time, he applies his 
previously-obtained facts regarding the integers less than 
ten, and is thus enabled to secure in piece-meal fashion the 
desired result As distinguished from '* pebbling," modem 
practical Arithmetic may, therefore, be described as **figur^ 
ing"* and the essential part which our systems of nomen- 
clature and notation play in it cannot but be apparent 

33. In calculation, as thus conducted, there are four 
fundamental operations, viz., addition, of which the first 
question in § 31 is an example ; subtraction, exemplified 
by the second question; multiplication, in the case of 
integral numbers, a short method of performing Additions 
of a special kind j and division, the reverse operation of 
Multiplication. 

34. Instead of writing in words that any one of these 
operations is to be performed, we may do so more shortly by 
special symbols. The symbols in common use for this 

* The straoge word ciphering is indeed used in this sense. 
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purpose are +, to indicate Addition ; — , to indicate Sub- 
traction ; X , Multiplication ; and -f-, Division. They may 
be spoken of as " symbols of operation," as distinguished 
from the figures o, i, 2, 3, &c., which are "symbols of 
number." 

Brackets (), { ), [], are used in Arithmetic to denote 
that what they enclose is to be considered as a whole. 
Thus, 8—3 indicates the subtraction of 3 from 8, while 
8— (3 + 4) expresses that there is to be subtracted from ^the 
number resulting from the addition of 3 and 4 ; and (12—8) 
—(6—2) means that the number resulting from the subtraction 
of 2 from 6 is to be subtracted from the number restating 
from the subtraction of ^ from 12. 

Any intelligible collection of Arithmetical symbols is 
called a Symbolic Arithmetical Expression^ or simply an 
Arithmetical Expression, 3045 and (3+4-2) x (6+3) are 
examples of such. 

The equality of two Arithmetical expressions is indicated 
by the symbol =, called the "symbol of equality," and 
read " equals " or " is equal to" ; for example, 5 + 6« 1 1. 

Addition. 

35. Addition is the operation of finding a single number 
which contains exactly as many units as are contained in 
all by several given numbers. 

The numbers given to be added are called the Items or 
Addendsy and the single, resulting number is called the Sum 
or Total, 

The sign of Addition, +, is read ^^plusy* i.e., more. In 
writing, its position with regard to the items is that of a link 
connecting each one with the following ; for example, 

3+4+5+2 
indicates the addition of 3, 4, 5, and 2 ; while 

(3 + 4) + (S + 2) 
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indicates the addition of 3 and 4, the addition of 5 and 2, 
and then the addition of the two sums thus found. 

It is manifest that a change of the order in which the items 
are taken cannot affect the sum ; thus, 

(3+4) + 5K3 + S)+4-(S+4) + 3- 

36. Addition of Integral Numbers. The first re- 
quirement is to learn, by continued trial with counters such 
as the fingers, the sum of any two integers less than 10 ; for 
example, 9 and 3 make 12, 7 and 8 make 15, &c. Our 
system of nomenclature then renders it easy to pass from this 
to the addition of any integer less than 10, and any other 
integer whatever ; for example, 39 and 3 make 42, 197 and 8 
make 205, &c. Lastly, when two or more of the items are 
greater than 10 we proceed as in the following example. 

Example i. Find the sum of 342, 70846, 57, and 3791. 

Taking the numbers of simple units specified in the items, 
viz., I, 7, 6, 2, we find their sum to be 16, that is, i ten and 
6 simple units. Noting down the 6 we add the i ten to 
the numbers of tens specified, viz., 9, 5, 4, 4, and finding 
the sum to be 23 tens, i,e., 2 hundreds and 3 tens, we note 
down the 3 and carry forward, as before, the 2 hundreds ; 
and continuing this we arrive at the sum 75036. For con- 
venience the items are so written that the figures specifying 
the numbers of simple units are in one column, those 
specifying the number of tens in another, and so on. Thus, 

342 
70846 

57 
3791 

Sum= 75036 

Example 2. Perform the operations indicated in the ex- 
pression (38 + 48) + (60 + 762 + 3) + 25. 

Given expression =86-1-825+25 

=936- 



Exercises. Set V. 
Find the sum of the numbeis ia each of the following groops :- 




10. Add together fifty thousand three hundred and eight, two 
thousand and twenty-fiTe, one hundred and seven thousand and eighty- 
nine, two hundred thousand and hfCy, seventeen thousand six hundred 
and eighty-five, four thoasand and eleven, six hundred and rate 
thousand six hundred and ten. 

11. ^(£i£ /(i7£M«r one hundred and fifty million five hundred u)d tea 
thooaand one nundred and five, sevenleen million eighty-nine thousand 
four hnndred, seven hundred and twenty-nine million thirty Ihousand 
and ei^t, ten miUion eight thousand seven hundred and fifty, four 
hundred and sixteen niiliion fourteen thousand and forty, three million 
seven hundred thousand nine hundred and twelve, five hundred million 
Gve thousand and fifty. 

12. jJiM (we/A-tr thirty million seven hnndred and siiteen thousand 
and eight, fifleen hundred and seventeen million thirty thousand six 
hundred, twelve thousand and serenty, two biUion one thousand million 
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and twenty, eight hundred and ninety thousand million ninety-eight 
thousand one hundred and twelve, twelve billion eleven thousand 
million four hundred thousand, four hundred and ninety thousand and 
ten million four thousand four himdred. 

13. Supply the totals in the following statistical table in reference to 
the religious denominations of the state of Old Wiirtemberg in 1861 : — 



Circles. 


Evangelical 
Lntherana. 


Roman 
Catholics. 


Other 
Chris- 
tians. 


Jews. 


Total. 


Neckar.. .. 
BlackForest 

Jfgst. 

Danube • • 


456118 
318065 

146588 


36838 
III747 
II31IA 

265358 


1404 
426 

347 
322 


3015 
1438 
4249 

2636 




Total .... 













14. Find the number of da3rs from Jan. 29th, 1874, to Nov. I7thy 
1874, including both da3rs mentioned. 

Perform the operations indicated in the following expressions : — 

15. (7068 + 2130+29) + 784 + (103 + 3506) + 10308. 

16. 1 1394 + (2684 + 35 + 7) + (10 + 13 + 281 + 4). 

17. (23045 + 6138 + 31 +4) + (2162 + 303) + (13 + 3013 + 20514). 



Subtraction. 

37. Subtraction is the operation of finding the number 
left when a given number has been removed from a greater 
given number. 

The greater of the given numbers is termed the Minuend^ 
the less the Siibtrahmd^ and the resulting number the 
Remainder. The Remainder may also be appropriately 
spoken of as the Difference of the two given numbers, or the 
Excess of the one over the other. 

The sign of Subtraction, — , is read ^^ minus ^^ i.e.y less. 
In writing, it is preceded by the minuend and followed by the 
subtrahend ; the minuend, however, not necessarily being 
the single number immediately preceding. Thus, in the 
expression 

IS -4- 3 

it is not meant that 3 is to be subtracted fi:om 4, but from 



SUBTRACTION. 2 1 

the diflference between 15 and 4; 15-4-3 being, in fact, 
the same as (15— 4)— 3. 

It is manifest that the sum of the remainder and the sub- 
trahend must equal the minuend; thus since 8— 6»2, it 
follows that 6 + 2=8. 

38. Subtraction of Integral Numbers. The know- 
ledge acquired in practising Addition enables us soon to 
learn to tell the difference between any integer less than 10 
and any int^er*less than 19; for example, 9—5=4, 
17-9=8. 

Having learned this, we are able to find the diflference 
between any two integers whatever ^ by dealing as in Addi- 
tion first with those figures which in the given numbers 
indicate simple units, then with those indicating tens, and 
so on. 

Example i. From 785 take away 362. 

Here the larger number consists of 7 hundreds 8 tens and 
5 units, and of these we are to remove 3 hundreds 6 tens 
and 2 units. Now, when the 2 units have been removed 
firom the 5 units, 3 still remain j when the 6 tens have been 
removed firom the 8 tens, 2 tens are left ; and on removing 
the 3 hundreds from the 7 hundreds we have still 4 hundreds 
over. Altogether, then, there are remaining 3 units 2 tens 
and 4 hundreds, i,e,y 423. The two given numbers and the 
result are in practice usually written thus : — 

785 
362 

423 
Example 2. Subtract 2875 ^^om 3168. 

3168 
287s 

293 
Here, on coming to subtract the 7 tens, a difficulty arises, 
there being only 6 tens specified in the minuend. This we 
get over as follows : — To the 6 tens we add 10 tens, and, 
now subtracting from these 16 tens the 7 tens, we have 9 
tens, which we note down. On account of this addition of 
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xo tens we must, in the next step^ subtract not 8 hundreds 
but lo tens more than this, viz., 9 hundreds. Here again, 
however, there is a deficiency in the minuend, and, as before, 
we add 10 to the i and then subtract the 9 ; remembering 
on account of this addition to subtract, in the next step, not 
2 thousands but 3 thousands. 

Example 3. Perform the operations indicated in the ex- 
pression 

127 + 16— (2 + 12)— (200— 98). 

Given expression=i43-r4-io2 

— 129-102 

«27. 

38A. If a number is to be increased by another, and the 
sum diminished by a third number, the same result will be 
reached and often more easily if the first number be di<- 
minished when possible by the third, and the remainder be 
then increased by the second; for example, 

81 + 25-79=81-79 + 25. 

The truth stated at the end of § 35 may l&is be made 
more general, as follows : — " Any possible changt of the order 
in which the addends and subtrahends occur in an expression 
cannot affect the final result.^ 

ExiRasES. Set VI. 

I. From 7943816 2. From 5001001 3. From 1100501 

taJce 2894609 take 697309 take 944444 

4. From 10004 16730201 5. From 564010005 10 

ts^e 998943290219 take 5639 10095 1 1 

6. From 4310000012345 7. From 21386427851 

take 4300000013346 take 19486457862 

8. Take twenty-nine million five hundred and three thousand and 
seventy from one hundred and twenty million two thousand and fifty. 

9. From two hundred thousand and three million seven hundred 
thousand and twenty take one hundred and twenty-three million seven 
hundred and twenty thousand and fifty-one. 

10. From one hilUon one milUon and two take one thousaiul and one 
million three hundred and seven. 

II. Take nine hundred hillion five hundred and one thousand 
million two hundred and two thousand and thirty^fvm twenty thousand 
MQioii five hundred thousand and ten million sixteen hundred. 
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12. Find (i) the sum of the sum and difference and (2) the difference 
of the sum and difference of the two numbers, twenty thousand three 
faondred and four, and two thousand four hundred and thirty. 

13. What must be added to the sum of thirty-nine and one hundred 
and sevenh^-nine to produce the difference between twenty-seven and 
a thousand ? 

14. Complete the following statistical table in reference to agriculture 
in Ireland': — 



Crops. 


No. of acres cultivated in 
the year. 


Increase. 


Decrease. 


x86o. 


i86x. 


Wheat 

OatR 

Barley 

Beer and rye.. 
Potatoes .... 


466415 

1966304 

181099 

12734 
I I 72079 


401243 
1999160 

198955 
1 1582 

"33504 






Total .... 











15. In 187 1 Manchester and Salford had a population of 5041 7 j, 
Liverpool 493405, Glasgow 477156, Birmingnam 343787, Leeds 
259212. MsJ^e a table showing at a glance the excess of any one of 
these over each of the others less than it. 

Perform the operations indicated in the following expressions : — 

16. 38142-7641 + 3160-3145 + 724-30. 

17. 38i42-(764i-.3i6o + 3i45) + (724-3o). 

18. 38142-7641 + (3160-3145 + 724)-30. 

19. (38i42-764i) + 3i6o-(3i45-724 + 3o). 

20. (3»i42-764i + 3i6o)-3i45-724-30. 

21. Indicate in symbols the following expressions: — (l.) The 
difference between the sum of the three numbers sixty, thirty-five, 
seventeen, and the sum of twelve and twenty-one. (2.) The excess of 
the difference between eighty-two and forty-three over the difference 
between four hundred and thirty and three hundred and ninety-nine. 



Multiplication. 

39. Multiplication is the operation of finding a number 
which is a given number of times another given number. 

The number specifying how many times is called the 
Multiplier ; the other given number is called the Multi- 
plicand; and both of these are called Factors of the 
resulting number^ which itself is denominated the Product, 
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By the product of more than tivo factors is meant the final 
product got in multiplying the product of the first two by 
the third, this product by the fourth, and so on until the 
last has been used as multiplier. 

The sign of Multiplication, x,is read ^^ multiplied by ^^ 
In writing, it is preceded by the multiplicand and followed 
by the multiplier ; thus, *' ten repeated seven times " or 
" seven times ten " is written " lo x 7," and 3x4x5, or 
(3 ^ 4) ^ 5 indicates that the product of 3 and 4 is to be 
multiplied by 5. 

40. Multiplication OF Integral Numbers. Beginning 

as usual with numbers less than 10, we seek to know the 

result of multiplpng 4 by 5, 6 by 3, 9 by 4, and so on. To 

multiply 4 by 5 is to find the number which is 5 times 4, 

that is, the number which is the sum of 4 and 4 and 4 and 

4 and 4. This we know to be 20, consequently we have 

4x5 = 20. 
Similarly 

6x3=6 + 6 + 6 = 18, 

9x4=9+9+9+9=36; 

and so on. With these results, which are fundamental, the 
learner must become perfectly familiar; they are usually 
arranged in tabular form and committed to memory. 

When this has been attained the multipUcation of any 
integer by any other is an operation involving little difliculty. 

I. When the multiplier is less than 10. 

Example. Multiply 31468 by 4. 

What we are here asked is to find the sum of 31468, 31468, 
31468, and 31468. To do this we arrange the items as 
before explained, viz., thus, 

31468 
31468 
31468 
31468 

There is no need, however, to say " 8 and 8 are 16, 16 and 
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8 are 24," &c., for we know that four 8's amount to 32, and 
we at once write 2 under the column of 8's and carry for- 
ward the 3. The sum of the four 6's in the next column we 
also know at once to be 24, which, on the addition of the 
3, becomes 27, and we write down 7 and carry forward the 
2 ; and so on. Further, as it is clear that this process can 
be gone through without having before us, as above, ttie 
repeated item written the full number of times, we see that 
there is no need for more than 

31468x4=125872. 

Exercises. Set VII. 
Multiply 

I- 543391645 by 2, by 3, by 4. 

2. 219837565 by 3, by 4, by 5. 

3. 398017432 by 4, by 5, by 6. 

4. 345680162 by 5, by 6, by 7. 
5- 983195690 by 6, by 7, by 8. 

6. 219537485 by 7, by 8, by 9. 

7. 145009989 by 8, by 9, by 2. 

8. 739685394 by 9» by 2, by 3. 

II. When the. multiplier is represented by a significant 
figure followed by one or more zeros. 

Example i. Multiply 25347 by 10, by 100, by looo. 

The relation in which these multipliers stand to the base 
of our system of notation makes multiplication by them 
extremely easy. For, if immediately to the right of the 
figures representing any integral number a zero be placed, 
the new number thus found contains the same significant 
figures as the former number, but each figure refers to a 
collection of units 10 times greater than it did before, so 
that the new number must be 10 times the former. Simi- 
larly, if two zeros be so placed, we get a number which is a 
100 times greater ; and so on. Thus, it follows that 

25347 >« 10 = 253470 
25347x100 = 2534700 
25347 ^ 1000=25347000 
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Example 2. Multiply 87 by 20, by 500, by 3000. 

Twenty 87's are the same as ten 87's and ten 87's. 
Now, ten 87 's, as we have just seen, amount to 870, so that 
twenty 87 's must amount to twice 870, that is, 1740. Again, 
five hundred 87 's being the same as five times a hundred 
87.S must amount to five times 8700, that is, 43500. 

Similarly, to multiply 87 by 3000 we first annex three 
zeros to the multiplicand, thus getting 87000, which now we 
multiply by 3, and find the desired product to be 261000. 

The operations here performed may be indicated in sym- 
bols as follows : — 

87 X 2o=(87 X 10) X 2=870x2=1740 
87 X 500= (87 X 100) X 5 =8700 X 5 =* 43500 

87 X 3000= (87 X 1000) X 3=87000 X 3=261000. 

Exercises. Set Vni. 

Perform the following multiplications : — 

I. 314268x100000. 2. 257000x30000. 

3. 7480952x7000. 4. 1812400x80000. 

5. 3046 X 10 X 20 X 300. 6. 9094 X 20 X 3000 X 900. 

7.21873x300x70000. 8.38745x60000x40x80. 

9. 200 x 200 X 200 X 200 X 200. 
10. 90 X 80 X 900 X 8000 X 90000. 

III. When the multiplier is any integral number other 
than those already referred to. 

Example i. Multiply 14289 by 356. 

We are here asked to find the number which results when 
14289 is repeated 356 times. Now, when 14289 is repeated 
6 times there results, as we know, 

85734; 
when repeated 50 times the result is 

714450; 
and when repeated 300 times the result is 

4286700. 

Consequently the- sum of these three results must be the 



MXJLTIPLICATION. 2^ 

number which arises when the given number is repeated 
356 times. Thus, to multiply 14289 by 356 we multiply 
14289 by 300, by 50, and by 6, and add tihe three results. 
In practice the process is arranged as follows : — 

14289 

^5734 

714450 
428670a 

5086884 

the zeros at the end of the fourth and fifth lines being usually 
omitted. 

Example 2. Find the product of 3754126 and 3004700. 

3754126 

3004700 

2627888200 
15016504 
11262378 

Product =" 11280022392200 

Exercises. Set IX. 

Peifonn the following multiplications : — 

K 31781 by 213, and by 321. 2. 49476 by 345, and by 5340. 
3. 78325 by 555, and by 616. 4. 78329 by 6226, and by 3131. 
5. 842567x100304. 6. 287163x9090900. 
7. 374 X 6060 X 1300. 8. 2001 X 7700 X 3040. 

9. 2900 X 790027 X 72900. 10. 3004 X 4300 X 4030 X 340. 

II. 99999 X 88888 X 77777- 12. 987654321 x 123456789. 

41. If we repeat 5 dots 4 times, thus, 



and then look at the number of columns and the number of 
dots in each column we shall see that when 5 is repeated 
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4 times the result is the same as when 4 is repeated 5 times^ 

or^ that 

5x4 = 4x5. 

The general truth of which this is an instance must already 
have struck the learner ; it may be expressed by saying that 
" Multiplier and Multiplicand maybe interchained without any 
effect upon the product. ^^ This, however, is only a case of 
a still more general truth, viz., that ^^ the product of any number 
of factors is not affected by the order in which they are com- 
bined in the multiplying; " thus, 

3x2x5x7=3x7x5x2=7x2x3x5=. . . . 

=(3x2)x(5x7)=3x(2x5)x7 = . . . . 

Use has been made of this in the preceding paragraph in 

finding the product of 87 and 20, 87 and 500, &c., where 

instead of 

87 X (10x2), 87 X (100x5), &C., 

we substituted 

(87 X 10) X 2, (87 X 100) X 5, &C. 

Similarly if asked to multiply by 16, which is 4x4, we may 
do so by multiplying by 4 and then multiplying again by 4 
the product thus obtained ; and so we may proceed in the 
case of every number which can be expressed as the product 
of two or more factors. 

There is another general truth already taken advantage of 
which deserves explicit mention, viz., that " the product of 
any two numbers, one of which is the sum of several itemSj is 
the same as the sum of the products formed by taking each of 
these items along with the other number.^* Thus : 

(4 + 3 + 7)x io=4x 10 +.3x10 + 7x10 
9x(2 + 3 + 4)=9x2 + 9x3 + 9x4. 

42. The product of two or more equal factors is called a 
POWER of the repeated factor, and is specified as the secofid 
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power if the factor be repeated twice, the third power if it 
be repeated three times, and so on. For example : 

25 which=5 X s is called the second power of 5, 

and 64 which =4 x 4 x 4 „ third power of \. 

To represent products like these there is in use a more con- 
cise notation ; thus : 

for s X S we write 5^ which is read " 5 power 2," 

for 4x4x4 „ 4', „ ''/^ power i;' 

and so on ; the number in small figures which specifies the 
power being appropriately called its Index. 

Exercises. Set X. 

1. Find the product of the first fifteen integers. 

2. What is the tenth power of 2 ? 

3. Multiply the fifth power of four by the fourth power of five. 

4. A trader had 315 railway waggons built at ^'47 each, and twice as 
many at ;f 45 each. What would the total cost be ? 

5. An advertiser says he has lost a pocket-book containing 25 
hundred-pound notes, 6 fifty-pound notes, and 17 five-poimd notes. 
What sum has he thus altogether lost ? 

6. A historical work consists of 6 volumes, and there are 512 pages 
in each volume and 40 lines on each page. How many lines must 
there be in the whole work ? 

7. A managing clerk retired after being 27 years in a situation, 
during 12 of which his salary was ;f 275 a year, and during the rest £2^ 
higher. What income must he thus have drawn in the 27 years ? 

Perform the operations indicated in the following expressions : — 

8. (is + i4+i3)x(6 + 5 + 4); 15 + 14+13x6 + 5 + 4. 

9. I5xi4x(i3 + 6)x5x4; 15x14x13 + 6x5x4. 

10. isx(i4xi3 + 6)x5x4; 15X 14X (13 + 6X 5)x4. 

11. 32 x(73i-639) + (i33-97)x2-(684-597)x (301-295). 

12. 9962 + 2 X 996 x4 + 4«; 997* + 2x 997x3 + 32. 

13. 9982 + 2x998x2 + 2*; 9992 + 2x999+1. 

14. (12 + 3)* + (16— 2)3; i2 + 3*+i6--23; (12 + 3*+ 16—2)'. 

15. 5x io* + 6x io* + 7x io* + 8x I03 + 9X I02 + 9X 10+2. 

16. 8x io' + 3x io* + 5x io5 + 7x io* + 6x 162 + 7X 10+5. 

17. Find the product of the third powers of the first five integers, and 
the third power of the product of the same integers. 

18. Midtiply the difference between three million two hundred and 
fifteen billion one hundred by the sum of one thousand and nine and 
ten thousand and ninety. 



30 FUNDAMENTAL OPERATIONS. 

19. Mtiltiply the product of a thousand and ten and two hundred and 
two by the product of the fourth power of two and the third power of 
five. 

20. Indicate in s3mibols the following expressions : — (i) three times 
the second power of ten, (2) ten multiplied by the sum of the second 
powers of two and three, (3) die sum of the first four integers multi- 
plied by their product, (4) the product of the sum and dSerence of 
seven and two. 



Division. 

43. Division is the operation of finding a number the 
product of which and a given number is another given 
number. 

The number given as a product is called the Dividend; 
the number given as a factor is called the Divisor; and the 
co-factor sought, that is, the number resulting from the 
operation, is called the Quotient, Thus, to divide 32 by 4 is 
to find a number the product of which and 4 is 32. This 
number, viz. 8, is the quotient, 32 the dividend, and 4 the 
divisor. 

If we look upon 8 as the multiplier and 4 as the multiplicand 
in obtaining the product 32, the name quotient (Latin quoties^ 
English how many times) is seen to be appropriate, for 8 then 
specifies a number of times. It must not be forgotten, how- 
ever, that looking, as we may do, upon 4 as the multiplier 
and 8 as the multiplicand, the name as applied to 8 is not 
appropriate, because 8 is then the answer, not to the ques- 
tion "How many times does 32 contain 4?" but to the 
question " What number repeated 4 times produces 32 ? " 

The sign of Division, -r, is read " divided by. ^^ In writing, 
it is preceded by the dividend and followed by the divisor, 
^•^•, 32"*-4=8. 

44. Division of Integral Numbers. The knowledge 
acquired in practising Multiplication enables us almost torn 
the first to answer with ease any question in Division, where 
the divisor and quotient are both less than i o. For example, 
if asked the quotient in the division of 15 by 5 we at once 
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say 3, because the product of the divisor and 3 is 15. Simi- 
larly, 72+8=9, 36+9=4, and so on. Also, with equal 
ease, we have such results as — 

i5o+5=3o> iSoo+S'^SoOj 15000+5000=3, &c. 
720+80=9, 72000+9=8000, &c.; 

and, more easily still, the following in which the divisor is a 
power of 10 : — 

iio+io=ii, 2800+100=28, 300000+1000=300, &c. 

We soon remark, however, that the answer to such ques- 
tions cannot always be stated so simply. Thus, if asked 
the quotient in the division of 23 by 4 we are at present 
only able to say that it cannot be any integral number j for 
there is no integral number the product of which and 4 is 
23. To distinguish such a case as this from those of the 
kind preceding it, we say that 23 is not exactly divisible by 4 ; 
an integer being said to be exactly divisible by another when 
the quotient likewise is integral. A more definite answer is 
obtained by seeking the first integer below 23 which is 
exactly divisible by 4, viz., 20, and reasoning thus : — The 
quotient of 23 by 4 is the same as the quotient of 20 by 4 
together with the quotient of 3 by 4, and therefore is the 
same as 5 together with the quotient of 3 by 4. Now, the 
quotient of 3 by 4 we shall afterwards see is the fractional 
number three-fourths^ the symbol for which is f ; conse- 
quently the quotient of 23 by 4 is 5 + }, or, as this is usually 
written, 5i. Similarly, 

17+8=16+8+ 1+8=2 + ^, or 2j. 

47+9=5*, 47-«-8=si, 
ii7 + io=iiiV, 31582+1000=31 i%y\>, &c. 

Exercises. Set XI. 
Give the quotients in the following cases of division :— - 

1. 30+5» 30+6, 35+6, 33+5. 

2. 56+7» 56+8, 58+7, 59+8. 
3- 29+3» 47+5» 83+9, 26+4. 
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4. 27+6, 27+8, 55+9, 61+9. 

5. 2700+9, 270+90, 640oa+8. 

6. 400+8, 40000+80, 4000+50. 

7. 1900+100, 1986+100, 1907+100. 

8. 407+10, 407+40, 1 7453 +10000. 

The general method of procedure in the division of one 
integral number by another can now be made dear. 

Example i. Divide 234 by 3. 

234 is the sum of 210 and 24, and as 210+3=70, and 
24+3=8, it follows that 234+3=70+8, that is 78. 

Instead of the self-explanatory arrangement of dividend, 
divisor, and quotient, 

234 + 3 = 78, 

the following is considered more convenient in practice, 

3 )234 
78 
Example 2. Divide 39466 by 7. 

7 )39466 

5638 

Here the process amounts to the breaking up of the dividend 
39466 into the items 35000, 4200, 210, and 56, the division 
of each of these by 7, and summing the quotients thus 
found. The actual work, however, is as follows: — 39 
(thousands) +7 is 5 (thousands) with 4 (thousands) still to 
be divided. Taking along with these 4 (thousands) the 4 
(hundreds) following, we have 44 (hundreds), and this +7 is 6 
(hundreds) with 2 (hundreds) still to be divided. These a 
(hundreds) with the 6 (tens) following make 26 (tens), and 
26 (tens)+7 is 3 (tens) with 5 (tens) still to be divided. 
Lastly, these 5 (tens) and the 6 following make 56, arid 56 -^ 
7 is 8. 



Divide 



Exercises. Set XTT. 

1. 34692564 by 2, by 3, and by 4. 

2. 83946285 by 3, by 4, and by 5. 

3. 51946320 by 4, by 5, and by 6. 

4. 21594325 by 5, by 6, and by 7. 
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5. 76420001 by 6, by 7, and by 8. 

6. 78456394 by 7» by 8, and by 9. 

7. 34956213 by 8, by 9, and by 11. 

8. 21431621 by 9, by 11, and by 12. 

9. 234856 by 12, 294728 by 12. 
10. 16451204 by 12, 1180137 by 12. 

Speaking generally, we may say that each step of the 
process just explained becomes more troublesome to the 
mind of the worker as the divisor becomes larger. 

Example 3. Divide 3186 by 127. 

127) 3186 

25AV. 

Our first difficulty here is to know what the quotient of 318 
by 127 is. Looking at the figure i in the highest place 
of the divisor, and the figure 3 in the highest place of 
the dividend, we see that the quotient cannot be greater 
than 3 ; and looking at the next figure in both we see that 
it cannot even be 3, the product of the divisor and 3 being, 
in fact, 381, which is much greater than the dividend 318. 
Trying 2, therefore, we find the product of it and the 
divisor to be 254, and on subtracting this from 318 there is 
64 left We thus discover that 318+127 is 2 with 64 still 
to be divided. Passing on to the next step we now inquire 
what 646+127 is, and find it in a similar manner to be 5 
with 1 1 still to be divided. The multiplications and subtrac- 
tions here performed being no longer easy to the unaided 
mind, but such as to force the learner to have recourse to 
figuring, it becomes a question how this can be most con- 
veniently arranged ; and the arrangement which has been 
generally adopted is as follows : — 

i27)3i86(25-AV=quotient. 

254 
646 

635 



II 



Example 4. Divide 1 2153609 by 39, by 392, and by 405. 

D 
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(r.) 39)12153609(311631 
117 


(2.) 392)i2IS36o9(3too4tW 
1176 


45 




393 


39 




392 


63 
39 




1609 
1568 


246 
234 




41 
(3.) 


120 




405)1 21 536o9(3ooo8Hf 


117 




1215 


39 




3609 


39 




3240 
369 




Exercises. Set XJll. 


Dinde 

1. : 

2. i 


J 1684256 by 103, and by 114. 
L8156004 by 1013, and by 1127. 



3- 47834527 by 234* and by 245. 

4. 793 1682 1 by 2345, and by 3456. 

5. looooooo by 748, and by 824. 

6. 39612945 by 9372, and by 4613. 

7. 37682105 by 941, and by 628. 

8. 51362747 by 2567, and by 1712. 

9' 19456325 ^y 386, and by 495. 

10. 51377284 by 4992, and by 6999. 

11. 38462173 by 898, and by 999. 

12. 9999800001 by 9999, and by 99. 

45. The fundamental principle of the process explained in 
the preceding paragraph is that " fAe division of ike sum of 
several items by any number yields the same result as dividing 
each of the items by the number and taking the sum of the 
quotients thus founds Thus in the division of 234 by 3 we 
reasoned as follows : — 

a34+3-(2io + 24)-i-3 
= 210+3 + 24-1-3 
-70+8 
. - 78. 



1 
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And since 234 is also the sum of 150, 69, and 15 we may 
obtain the same result in another way, viz., 

234-»-3=iSo-»-3 + 69-»-3 + iS-»-3 
= 50 +23+5 
- 78. 

There is, besides this, another general truth which is some- 
times serviceable, viz., that *'^ division by the product of any 
two factors yields the same result as division by one of them 
and division of this quotient by the other '^ Thus, to divide 
1008 by 28 we may divide by 4 and then divide by 7 the 
quotient thus obtained ; that is, in symbols, 

ioo8-4-(4x7)«(ioo8+4)+7. 

As a consequence of this, we have a similar truth in reference 
to a product of any number of factors, the order in which 
they are taken as divisors being immaterial. 

46. We have seen that every operation of division may be 
viewed as giving the answer to two different questions. 
This distinction is made more apparent when, instead of 
dealing with abstract numbers, we refer to a concrete unit of 
measurement such as the gcUlon ; for then the questions be- 
fore stated may take the forms : — 

(i.) " How many times could a 4-gallon measure be filled 
from a cask containing 32 gallons? " the answer to which is 
** 8 times:' 

(2.) " What size of measure will be filled exactly 4 times 
from a cask containing 32 gallons?" the answer here being 
" a measure of 8 gallons J' 

Further, it should be noted that in connection with ques- 
tions of the second kind there is a phraseology employing 
the terms half third part, fourth part or quarter^ &c., which 
is in very common use ; thus we ask " What is the tenth 
part of 40?" "What is the fourth part of 32 gallons ?" and 
80 forth. 

47. If we multiply by any number, and divide the product 
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by the same number, the result, of course, must be the original 
multiplicand. 

We thus see that multiplication by 5 is the same as multi- 
plication by 10 (ue.y 5x2) followed by division of the 
product by 2 ; and division by 5 the same as division by 10 
followed by multiplication of the quotient by 2 ; and, simi- 
larly, the result of multiplying or dividing by 25, 125, &c. 
(that is, 5*, 5', &c.), may be more easily got than by the 
ordinary direct method, 25 being= 100+4, 125=1000+8, 
and so on. 

If a number is to be multiplied by another, and the pro- 
duct divided by a third number, the same result will be 
reached if the first number be divided by the third and the 
quotient be then multiplied by the second : thus (315 x 60) 
+63=(3i5+63)x6o. When the first niunber is exactly 
divisible by the third, as in this example, the final result is 
more easily attained by performing the division first ; other- 
wise, by performing the multiplication firsts the learner will 
avoid being troubled by fractional numbers. 

Exercises. Set XIV. 

1. Divide three million two thousand one hundred by twenty-five, 

2. In an operation of division, the dividend was 986013 and the 
quotient 987. What was the divisor ? 

3. Find the ninth part of the seventh part of 21369537. 

4. How often is the third power of 5 contained in the fourth power 
of 80 ? 

5. 97 railway waggons cost 41 71 pounds. What was the cost per 
waggon ? 

6. How many yards of cloth at 17 shillings a yard can he purchased 
for 1683 shillings ? 

7. 4680 himdredweight of coal is to be distributed equally among 
312 families. How much should each family receive ? 

8. Find the twenty-ninth part of thirty million ten thousand and one. 

9. Divide the ninth part of 733689 by th6 ninety-ninth part of 34254. 

10. From a bag containing ;f 2500 a person withdraws a tenth, then 
a fifteenth of the remainder, and lastly a twentieth of what is still left. 
Find how much he has taken in all. 

Perform the operations indicated in the following expressions : — 

11. (999700029999+9999)+9999. 
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12. (170 + 4318— 214— 40 + 6)h-(6i3— 215 + 26). 

13. 120 x30H-(6— 4 + 98), 120X (30+6)— (4 + 98). 

14. (i6*-i-2«)+4*, (153+33)2^.(108+28). 

15- (97* + 2x97x3 + 32)H-(9i2 + 2x9ix9 + 92). 

16. l64-|-(2«-l-42), (63+23 + 82+48-93-|-38)+33. 

17. State in symbols the fact that if the fourth power of eight be 
divided by the sixth power of two the quotient is also the sixth power 
of two. 

18. A person buys 193 oxen for ;^5404 and 17 score of sheep for 
;f 680. How many sheep is one of the oxen worth ? 

19. Write down the following sentences in symbols : — (i) The differ- 
ence between the fourth part and the fifth part of a hundred is the 
twentieth part of a himdred. (2) The third part of the fourth part of 
twelve is one. 

20. Express by means of arithmetical s3mibols that the difference 
between the product of the three numbers four^ five^ six^ and the 
quotient of three hundred and fifteen by nine is to be multiplied by the 
sum of twenty -four and the faurth power of two. 

Examination Papers on §§ i — 47. 

1. 

1. Write in words the numbers 20010, 1002011, 200100010. 

2. Write in figures the numbers one hundred thousand and forty y 
fifteen million twenty thousand and eleven^ three thousand million 
three thousand and six, 

3. Explain and illustrate with examples the terms factor, product, 
quotient, 

4. Explain fully the process of subtracting 892 from 3001. 

5. Divide the pro4^ct of 3942 and 5876 by the difference between 
nineteen score and fourteen dozen. 

6. A shopman who on starting had 11 20 pounds of sugar sold in 
one week 526 pounds, and in the next 423 pounds, when he again got 
in a supply of 11 20 pounds. How much would he then have in stock ? 

7. Find a single number equivalent to 

109s + (318- 199) X (1728+36). 

n. 

1. How much does the product oi eleven thousand two hundred and 
one hundred thousand and sixty-nine exceed the sum of ten thousand 
million four hundred and twenty thousand and two thousand million 

four hundred and two, 

2. Find the number which subtracted from 80000 leaves 57735 ; and 
divide it by 365. 

3. Explain the terms dividend and quotient. When is an integer 
said to be exactly divisible by another ? 
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4. Find the number which divided by 398 gives the same quotient 
20736 divided by 432. 

5. Multiply 325 by 713, and explain the process. 

6. In one. workshop 14060 nails are made in a day, in another 
129400. How many nails more than the other must the first shop 
m^e in a year of 296 working days ? 

7. Perform the operations indicated in the expressions 

31 X 37-29-(i62-63-i-9), 31 x (37-29)-(i62-63)-i-9. 

m. 

1. Divide the difference between one billion forty-four thousand 
million three hundred and one hundred thousand and four million six 
thousand and one by the product of nineteen hundred and two and oru 
hundred and ninety-two, 

2. By what must the number whose twenty-fifth part is 639 be multi- 
plied so as to produce 158 1525 ? 

3. What is meant by the fifth power of any number ? Find the 
fiffli power of the second power of 5. 

4. Divide 832 by 13, and explain the process. 

5. Perform the operations indicated in the expression 

(i62- 12*) X 14 + 14 X (i6+22)2. 

6. A watchmaker purchases 15 watches at 17 pounds each, 13 at 15 
pounds each, and 26 at 16 pounds each. How much does he gain by 
selling them all at ;^20 each ? 

7. Express in words the general truths of which the following state- 
ments are particular instances : — 

(3 + 7 + 2) X 5=3x5 + 7x5 + 2x5. 

315^(5 x9)=(3i5-«-5)^-9. 

5i9-327=(5i9+ ioo)-(327 + ia>). 
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48. Numbers are first used, as we have seen, in connec- 
tion with natural objects separately existing; for example, 
six tnen, three apples ; and then later in the comparison of 
continuous magnitudes of the same kind, such as the UngtJis 
or weights of objects. This comparison is accomplished by 
fixing upon a magnitude (^^., the yard, pound, acre, &c.) of 
the same kind as the magnitudes to be compared, and 
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ascertaining how many times it is contained in each of 
them. In so doing we are said to measurt the magnitudes, 
and the fixed magnitude employed is called the unit of 
measurement 

If the unit be not contained an exact number of times 
in any one of the magnitudes, and there thus be a portion 
left unmeasured, we may proceed towards the exact 
measurement of the magnitude by two slightly different 
modes. One mode, which will be explained afterwards, 
introduces fractional numbers; the other is, to adopt 
a smaller unit {e^., the inch, ounce, rood, &a) to measure 
the portion remaining, and after this a still smaller if there 
be again a remainder, and so on ; so that the measurement 
comes to be expressed in terms of more than one unit. In 
this way there arises a set of units corresponding to each 
kind of magnitude which it may be found necessary to 
measure, one set for length, another for weight, a third for 
time, and so forth. 

49. At an early stage, great exactness would not be de- 
manded in the units employed; the unit of length, for 
example, might be the length of a marCsfoot^ and would thus 
vary with the individual; but as civilisation and science 
advanced, greater exactness would be required ; the instru- 
ments for measuring would be capable of greater accuracy, 
and laws would be enacted making the units more definite. 

Again, the units being arbitrarily chosen, there would arise 
in different countries, and often even in different districts of 
the same country, and among different classes of the same 
community, different sets of units for the measurement of 
the same kind of magnitude; German units of weight 
differ from English units of weight, and not long ago there 
was considerable diversity in these units in England itselfl 
As intercommunication increases this variety in the units is 
the cause of much inconvenience, which sooner or later must 
lead to the predominance of one set It is thus very com- 
mon to find at one time in a country many units more or 
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less obsolete, units in actual use, and units proposed to sup- 
plant these. 

From the first it would be necessary to know how the 
various units of a set were related in magnitude to each 
other. Thus, if two units of length were the foofs length 
and the thumFs breadth it would need to be known how 
often the smaller unit was contained in the larger. If it was 
not contained an exact number of times, the number of 
times which gave the nearest approximation would be taken, 
and thus each of the perfectly definite units which in time 
arose would contain the next smaller unit an exact number 
of times.' The same would necessarily happen when a new 
unit was obtained by breaking up a previous one into a 
number of equal parts and taking one of the parts (^^.9 
quart, &c.), or by repeating a previous one a certain number 
of times (^^., hundredweight, &c.). 

The number of times which one unit contains the next 
smaller of the set is a matter of much importance in regard 
to the ease and speed of calculation. After a little know- 
ledge of Arithmetic it is easily seen that it is best (i) to 
have it the same in the case of every pair of units, and (2) to 
choose for this purpose the numbet which is the base of the 
system of numerical nomenclature and notation. In the 
adoption of units these facts were not taken into account 
until the difficulty of change had become very great ; but in 
civilised countries they are now very generally recognised, 
and, as a consequence, decimal systems of units may soon be 
employed throughout the world. 

50, In our own country we have in use sets of units which 
in this respect are nearly as troublesome as could well have 
been devised. Besides, we have not yet got rid of the 
inconvenience of having different sets of units for measuring 
the same kind of magnitude j our grocers use one set of 
^^ weights,'^ goldsmiths another, and some apothecaries a 
third. In point of definiteness, however, little is left to be 
desired in regard to the units necessary for use in the ordi- 
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nary affairs of life, viz., the units of Time, Space (including 
Lengthy Surface^ and Solidity or Capacity)^ Mass (or Weight)^ 
and Money ; and much is being done to render the units of 
Heaiy Force, Electricity, &c., equally definite and uniform. 

The standard unit of Time, in this as in other civilised 
countries, is the Mean Solar Day. The solar day (that is, 
the interval between any two successive passages of the sun 
across the meridian of any place) and solar year are units 
suppHed by nature, and must have been unconsciously and 
of necessity adopted j but being afterwards found to be 
slightly variable the mean or average was fixed upon. Un- 
fortunately the smaller unit is not contained an exact number 
of times in the larger, the nearest integer being 365. 

The standard unit of Length is the Imperial Yard. It is 
fixed by Act of Parliament to be the distance between two 
points on a metallic bar kept in the office of the Exchequer 
in London, the bar being during measurement at the tem- 
perature of 62 degrees Fahrenheit. From this we derive a 
unit of Surface, viz., the Square Yard, that is, a square each 
of whose sides is a yard in length ; and a unit pf Solidity, the 
Cubic Yard, that is, a cube each of whose edges is a yard 
in length. For special purposes, however, another unit of 
this latter kind is employed, viz., the Imperial Gallon, which 
also is defined by Act of Parliament. 

The standard unit of Mass (or Weight) is the ImpericU 
Pound Avoirdupois, It is fixed by Act of Parliament to be 
the mass of a stamped piece of platinum kept in the office 
of the Exchequer in London. 

The standard unit of Money is the Pound Sterling, repre- 
sented by the gold coins known as " sovereigns,^^ 

51. The more important details which it is necessary for 
the learner to know in connection with these subjects will 
be found collected in the following " Tables of Units of 
Measurement," in which are given the names of the various 
units, the contractions most commonly employed for the 
names, the relation of any one unit to the next higher of its 
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set, and, following each table, any remarks that may be 
necessary regarding the more notable units which are limited 
in use or becoming obsolete. 

Tables of Units of Measurement. 

Money. 

^ farthings^ 1 penny (d,) 
12 pence =i skilling {s) 
2o shillings =i pound {jQ.) 

In writing, farthings are looked upon as parts of a penny, 
" one farthing," " two farthings," and " three farthings," 
being written " Jd.," " id.," " id.," respectively ; thus, 
6s. ojd., 2^., JQ$ i2S. iifd. The guinea^ an almost 
obsolete unit equal to 21s., has no coin corresponding to it. 

Time. 

60 seconds {sec, or *.)=i minute (min. or ".) 
60 minutes — 1 hour (hr, or **.) 

24 hours = I DAY {da, or *.) 

7 days =1 week {wk,) 

In measuring long intervals there is employed the mean solar 
year of very nearly 365 da. 5 hr. 48 min. 49^^ sec. ; that is, the 
average period between two successive passages of the sun 
through a certain point (the vernal equinox) in his apparent 
path. Astronomers use the sidereal day and sidereal year^ 
which differ but slightly from the mean solar day and mean 
solar year. The term j^^zr used, as it often is, without any 
specifying a4jective is an indefinite unit of about 365 days. 

Mass (or Weight). 

16 drams {dr.) — 1 ounce {oz.) 
16 ounces =1 pound {lb,) '^'j 000 grains (gr.) 

14 pounds =1 slone {st) 

28 pounds = I quarter {qr,) 

4 quarters = i hundredweight {cwt,) =11 2lb. 

20 hundredweights = I ton. 
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Besides this set of units, called ''Avoirdupois/' there is 
another set called " Troy," used sometimes in weighing gold, 
silver, jewels, &c., viz., ^t pennyweight (dwt), which=24 of 
the grains mentioned above, the Troy ounce, which =20 
pennyweights, and the Troy pound, which=i2 Troy ounces, 
or 5760 grains. Besides the grain many physicians continue 
to use in prescriptions the scruple (3) which=20 grains, and 
the dram (3) which =3 scruples; 8 apothecaries' drams 
being thus= i Troy oz. 

Length. 
12 inches {in. or ")=ifoot {ft or ') 

3 feet = I YARD {yd.) 

5i yards « i pole (po.) 

40 poles = I furlong {fur.)^220 yd. 

8 furlongs » i mile (mi, ) » 1 7 60 yd. 

Cloth is measured in yards and quarters (of a yd.), or some- 
times by the ell, which in our country is equal to 5 quarters 
(of a yd.) ; depth by ^t fathom, which varies, but is usually 
equal to 6 ft. ; the speed of ships by the knot or nautical 
mile, which also varies, but in the Royal Navy is equal to 
6086^^ ft. ; and the surveyor, who measures with a chain 22 
yards long and containing 100 links, reckons in chains and 
links. The league of 3 miles is now almost obsolete. 

SURFACE. 

144 square inches {sq, in,)^ i square foot {sq.ft,) 

9 square feet = i square yard {sq. yd.) 

30 J square yards = i square pole {sq. po.) 

40 square poles = i rood {ro,) 

4 roods = I acre (^z^.) ai484o sq. yd. 

640 acres = i square mile {sq. mi.) 

The chain of the land-measurer being=22 yards, a square 
chain must =484 square yards, and thus 10 square chains or 
100,000 square links =1 acre. 

SOLIDITY or CAPACITY. 

1728 cubic inches {cub. in.)^i cubic foot {cub. ft.) 
27 cubic feet = i cubic yard {cub. yd.) 
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The cubic mile also may be used in the case of the measure- 
ment of very large magnitudes. These four units like 
several of those of surface arise naturally from the units of 
length ; in ordinary affairs, however, liquids, com, &c., are 
measured by another set of units which long ago had their 
origin quite independently of the units of length. These 
are set forth in the following table : — 

4 gills = I pint (pt.) 

2 pints — I quart {qt,) 

4 quarts =i gallon (gall.)^2'jj-fifiF cub. in. 

2 gallons = I peck {pk.) 

4 pecks = I bushel {bus,) 

8 bushels = I quarter (^r.) 

In the measurement of liquids the peck, bushel, and quarter 
are not used, but various more or less indefinite units such 
as the barrel J firkin, hogshead^ &a, are employed. Coke is 
sometimes measured by the sack which =3 bushels, and chal- 
dron which=i2 sacks. 

In connection with the tables of the units of Length, 
Surface, and Solidity it should be observed that the number 
of feet in a yard being 3 it follows of necessity that the 
number of square feet in a square yard must be 3 times 3, 
and the number of cubic feet in a cubic yard 3x3x3, Thus, 
if a square yard be taken, it is easily seen to be divisible 
as in the following diagram : — 



Fig. I. . "Z 



I ft. 


I ft. 


I ft. 


Square 






foot. 


i'.. 
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Similarly the learner may satisfy himself that the number of 
square inches in a square foot must necessarily be 12 times 
12; and so on. 



DIFFERENT WAYS OF EXPRESSING THE SAME 

MAGNITUDE. • 

52. On account of the existence of a variety of units for 
the measurement of each kind of magnitude, it is possible 
to express any one magnitude in a variety of ways. Thus, 
there being the inch, foot, yard, &c., for the measurement of 
length, the same length is expressed by saying "72 inches," 
or " 6 feet," or " 2 yards" : similarly "50 farthings," " i2i- 
pence," and "is. ojd." all express the same sum of money; 
and " 4i stones," " 2 quarters 7 lb.,*' and " 63 lb.," the same 
mass (or weight). 

As it is often of use to be able to express a magnitude in 
other ways than that in which we find it, it is necessary for 
the learner to understand how this may be done, and to 
acquire by practice the requisite facility in doing it, 

53. In the first place, then, when a magnitude is given in 
terms of one unit, and we are required to express it in terms 
of a lower imit of the same set. 

Example i. Express ;^i6 mskillings,zxid^ 25s. m pence. 

(I.) £1 beings 20S., it follows that jQi6 must»i6 times 
20S., that is, 

320S. 

(2.) IS. beings 1 2d., it follows that 25s. must ^25 times 
1 2d., that is, 

3ood. 

It is thus seen that in every case the required number will 
be found on multiplying the given number by the number of 
times which the lower unit is contained in the higher* 
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Example 2. Express £326 m farthings. 

If we know that £i^f)6o farthings, we may proceed as 
before, and say that consequently 

^326=960 farthings x 326 
«3i296o farthings. 

If not, we cannot thus attain the result in one bound, so to 
speak, but must proceed by easy steps; finding first the 
number of shillings in £z^6j then from this the number of 
pence, and, lastly, the number of farthings. Thus, 

;;^326«2os. X 326=652os. 

« i2d. X 652o=7824od. 

=4 farthings x 78240 

-312960 farthings. 
In practice this is arranged simply as follows : — 

;^326 
20 

6520S. 
12 



78240(1. 

4 

312960 ^uthings. 

Example 3. Express 9 tons in pounds j and 16 furlongs in 
inches. 

9 tons 16 lur. 

20 220 



180 cwt. 320 

4 32 

720 qr. 3520 yd. 
28 3 



5760 10560 ft. 

1440 12 

20160 lb. 126720 in. 

Exercises. Set XV. 

1. Express 37d. in farthings^ and j^327 in shillings, 

2. Express ii8s. iapence^ and 250 guineas in shillings. 
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3. Express 24 hr. in minutesy and 216 min. in s^onds. 

4. Express 346 qr. in pounds^ and 3976 tons in hundredweights, 

5. Express 144 si. impounds, and 2016 lb. in ounces, 

6. Express 113 mi. mfurlongSy and 2194 y^. m.feet. 

7. Express 9174 fathoms in feet, and 204 chains m yards, 

8. Express 192 ac. in roods , and 17 sq. ft. in square inches, 

^. Express 28 cub. yd. in cubic feet, and 756 cub. ft. in cubic inches, 

10. Express 1748 gall, in quarts^ and 6992 qt. m pints, 

11. Express ;^298 m pence , and 3015s. in. farthings, 

12. Express ;^7i4, £^60, and ;f 1394 in pence, 

13. Express 3 da. in seconds, and 15 wk. in hours. 

14. Express 16 tons in pounds, and 19 cwt. in stones, 

15. Express 250 mi. in^^^, and 17 fur. in feet, 

16. Express 42 ac. in squhre yards, and 19 sq. yd. in square inches, 

17. Express 163 cub. yd. in cubic inches, and 13 gall, in gills, 

18. Express 191 qr. and 15 chaldrons in gallons, 

19. How many fourpenny pieces are equal to 76 crowns, and how 
many threepenny pieces to 76 guineas ? 

20. How many halfpence are equal to 94 half-crowns, and how many 
to 21 half-sovereigns ? 

21. Find how many indies there are in a mile, how many square 
inches in a square mile, an(l how ifiany cubic inches in a cubic mile. 

22. Find the difference in grains between 144 lb. Avoirdupois and 
175 lb. Troy. 

23. Make a table to show at a glance how any one of the four units 
farthing, penny, shilling, pound are rdated to the others. 

24. Do the same for the units of mass. 

54. In the second place, when a magnitude Is given in 
tenns of more than one unit and we are required to express 
it in terms of one unit not higher than the lowest unit men- 
tioned. 

Example i. Express £,\i i6s. 8d. \Xi farthings. 

Here we might find, as in the preceding exercises, the 
number of farthings in ;£i7, the number of farthings in i6s., 
and the number of farthings in 8d., and add the three results 
together, thus : — 

;^I7 = 17x20x12x4 ferthihgs= 16320 farthings 
i6s*= 16x12x4 „ = 768 
8d. = 8x4 » = 32 

and consequently ;^i7 i6s. 8d« 17 120 



9> 

n 

>9 
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But it is more easy to find the number of shillings in ;^i7 
and add i6 (thus getting the number of shillings in 
jQi*] 1 6s.), then the number of pence in this result and add 
8 (thus getting the number of pence in JQl^ i6s. 8d.), and 
from this the number of farthings. Performing by the mind 
alone the additions mentioned, we arrange the figuring as 
follows : — 

jQl^ i6s. 8d. 

20 



356 
12 

4280 

4 



17 120 farthings. 

Here in multiplying by 29 we first add to the o of the pro- 
duct the 6 of the i6s. and write down 6, then multiply 7 by 
2 and add the i of the i6s. ; and similarly in the next step 
we add the 8, not after all the multiplication by 1 2 has been 
performed, but on multiplying the 6. 

Example 2. Find (i) the number of seconds in 3 wk. 
2 da. 7 hr., and (2) the number of ounces in 2 tons 18 lb. 



3 wk. 2 da. 7 hr. 


2 tons 18 lb 


7 


20 


23 


40 


24 


4 


99 


160 


46 


28 



559 
60 

33540 
60 


1298 
320 

4498 
16 


2012400 seconds. 


26988 
4498 



71968 oimces. 

In finding how many yards are equal to a number of 
poles, it is necessary to multiply by 5 J. For the present let 
it suffice to say that this is done by taking the hcUf of the 
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multiplicand ^xiAfive times the multiplicand and adding the 
results, and that similarly we multiply by 30^, &c. 

Exercises. Set XVI. 

1. Express 17s. 2d., ^3 19s. 4d., and;^2 os. 6d. m pence. 

2. Express ;f 3 14s., ;^i6 6s. o^., and £'^ os. o}d. in farthings. 

3. Express ;^76 los. iid. m pence, and;^84 os. io{d. m farthings, 

4. Express 7^ 43°^ 27s in seconds, 15 da. 41 min. in minutes, and 
3 wk. 40 min. in seconds, 

5. Ebcpress 4 tons 9 c^, m pounds, 17 cwt. 2 qr. 15 lb, in ounces, 
and 5 tons i qr. 13 oz. in ounces. 

6. Express 17 yd. 10 in. in inches, 3 mi. 7 fiir. in yards, and 4 mi. 
412 yd. mfeet, 

7. Express 3 sq. yd. 1 17 sq. in. in square inches, 5 ac. 2 ro. in square 
poles, and 3 ac. 16 sq. po. in square feet, 

8. Express 9 cub. yd. 17 cub. ft. and 14 cub. yd, 328 cub. in. ip 
cubic inches, 

9. Express 17 qr. i bus. and 41 qr. i gall, in gallons, and 16 gaU. i pt. 
in gills, 

10. How many fourpenny pieces are equal to £16 i8s., and how 
many to £1^ 17s. 8d. ? 

11. How many sixpences are equal to £21 os. 6d. and how many 
halfpence to £2 14s. 3id. ? 

12. How many stones are equal to 5 tons 13 cwt. i qr. 7 lb., and 
how many halfcrowns to ;f 89 12s. 6d. ? 

13. How many seconds are there in a mean solar year ? 

55. In the third place, when the magnitude is given in 
terms of one unit and we are required to express it in 
terms of a higher unit of the same set. 

Example i. Express 8os. in pounds, and 578d. in shil^ 
lings. 

(i) 2os.=";^i, and 20s. is contained 4 times in Sos.; 
consequently 8os.=;;^4. 

(2) i2d. =' IS., and dividing 578 by 12 we see that 
i2d. is contained 48 times in 576d. ; consequently 5 ySd. 
»48s. 2d. 

It is clear, then, that in every case the nui^ber required 
will be found on dividing the given number by the number 
of times which the lower unit is contained in llie higher* 

s 
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Example 2. Express 3147 farthings in pena^ and 786d* 
in shillings. 

farthings. d. 

4 )3147 i2)786_ 

786id. 65s. 6d. 

3147 farthings being thus=786id. and 786d.=65s. 6d., 
we see that 3147 farthings » 65s. 6id. or ^3 ss. 6id., the 
usual way of expressing the sum. The figuring necessary 
to find this Ust form may, therefore, be arranged as 
follows : — 

farthings* 

4 )3 H7 
12 )786 3 far* 

20)65 ^^ 

^3 5s. 

Example 3. Express 37286 lb. in tons^ Sec, and 36725 
gall, in quarters^ &c. 

lb. gall. 

28)37286 2 )36725 

4 )1331 18 lb. 4)1^362 I galL 

20)33^ 3 qr. 8 )4590 2 pk. 

16 tons 12 cwt. 573 qr. 6 bus. 

The two results thus are 
16 tons 12 cwt. 3 qr. 18 lb. and 573 qr. 6 bus. 2 pk. 1 gall. 

It is necessary to remark in reference to division by 5^^, 
that to ask how often 5^^ yd. are contained in 34 yd. (say) 
is the same as to ask how often 1 1 half-yards are contained 
in 68 half-yards, the answer to ^ich is 6 times and 2 half- 
yards left over ; so that 34 yd.= 6 po. 2 half-yards., or 6 po. 
I yd. Similarly, instead of asking how often 30^ sq. yd. 
are contained in 102 sq. yd., we ask how often 121 quarters 
of a square yard are contained in 408 quarters, and the 
answer being 3 times with 45 quarters of a square yard left 
over, wehave 102 sq. yd.=3 sq. po. 45 quarters of a sq. yd., 
or 3 sq. po. tii sq. yd. 
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ExE&ciSBS. Set XVn. 

1. Express 3172S farthings m pence, and 2304d. in shiilmgs, 

2. Express 299520 £Mrtlungs in pmce^ 7488OCI. in shillings^ and 6240s* 
in pounds, 

3. Express 21624 far. in days, and 57600 sec. in hours, 

4. Express 41440 lb. in hundredweights, and 126720 gr. in Trey 
pounds, 

5. Express 25344 in. in yards, and 5760 po. in miles. 

6. Express 19360^. po. in acres, and 45648 sq. in. in square feet, 

7. Express 2673 cub. ft. in cubic yards ^ and 31808 pt. in gallons, 
8L Express 3152s., 2i04d., and 71073 £}rtliings impounds, &c. 

9. Express 11401 farthings, 31846 farthings, and 29001 farthings, in 
the nsnal form. *" 

10. Express 2183^042 sec. in efg^y Sec, and 240010 min. in weeks. Sic, 

11. Express 1234 tt>. in hundredweights, Sec, and 37804 et, in 
tons. Sec 

12. Express 9104 st. in tons^ Sec, and 21304 gr. in Troy pounds. Sec 

13. Express 2761 in. in yards, Sec, 4604 ft. in furlongs, Sec, and 
^374099 in. in milest Sec 

14. Express 2i7i'S(|. po», 31762 sq. yd^ and 6594278 sq. in. in 
acres. Sec . ^ ^ , 

15. Express I503i4c«b. hi, m euiic yards, Sec, 3141 pt. iagallons. 
Sec, and 01 723 gall, in quarters. Sect-* 

1 6b How many florins are equal to 7128 threepenny pieces, and how 
many halfcrowos to 18840 hal4)ence ? 

17. Express 30500 guineas in pounds , and ;f 39690 in guineas, 

18. How many Avoirdupois pounds are equal to i89Qolb. Ttoy, and 
how many Troy pounds to 518400 lb. Avoirdupois ? 

56. When two magnitudes of the same kind areexpi^ssed 
in tenns of difierent units it is often not easy to tell sH once 
which of them is the greater. No difficulty should be felt, 
however, in making such comparisons now that we are able 
easily to pass from oiie way of expressing a magnitude to 
another. Thus, if asked to name the greatest and least of 
the three magnitudes "113 stones>** "15 cwt./* and " 26000 
oz." the learner would probably at first be quite unable 
to say ; but if he expresses eadi of them in t^ms of one 
and the same unit, ^t pound say, thiis : 

113 st.*(ii3xi4) lb. «i582 lb» 
15 cwt.*(i5x 112) lb. -1680 lb. 
16000 oz.=s(i6ooo-i-i6) lb. ==1000 lb* 
the difficulty has quite vanished. 
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57. In many of the preceding exercises the labour of 
calculation is considerable, and in all of them it is much 
greater than it would be if our units were those of a well- 
devised system. To see this clearly let us compare the 
two following exercises :— 

(i) Express 73492 lb. in ounces. 
(2) Express ;j^73492 m florins. 

There being 16 oz. in a lb., the first number required is got 
by multiplying by 16, and there being 10 florins in a ;^ we 
find the number required in the second case by multiplying 
by 10. Now every learner knows how very much easibr it 
is to find the latter product than the former, and, conse- 
quently, must see to a certain extent how great an advan- 
tage it would be to have our units of measurement related 
to each other after the manner of the pound and floriiL 

{JSubf^ contmuid on p* 12a) 



OPERATIONS WITH MAGNITUDES WHICH ARE 
EXPRESSED IN TERMS OF MORE THAN 
ONE UNIT. 

58. Another consequence of having units of measure- 
ment related to each other as ours unfortunately are, is 
that additions, subtractions, &c., of magnitudes expressed 
in terms of more than one unit are often very troublesome ; 
and that, therefore, it becomes necessary for the learner to 
spend some time in acquiring facility in peiforming such 
operations. . 

59. Addition. — Example i. Find the sum of ;^2 i6s.4d. 
and ^12 68. 9d. 
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The sum of ^£2 and ^^12 is ^^14; 
the sum of i6s.and 6s. is 22s. ; 
and the sum of 4d«and 9d. is 13d*; 

so that j£2 16s. 4d. and ^12 6s. gd. put together amount 
to 

£14 22s. 13d. 

But in a sum of money where shillings are mentioned we 
very rightly never mention a number of pence amounting to 
more than a shilling; thus, instead of 22s. 13d. we say 
23s. id. Similarly, instead of ^^14 23s. we say j£is 3s. 
Consequently the proper way of expressing the sum found 
is 

£^S 3S. id. 

Example 2. Find the sum of ^36 12s. 4id., ;£22 13s. 
3}d., 2S. 5id., j£iS6 os. 7Jd., and 3id. 



£ 


S. 


d. 


36 


12 


4* 


22 


13 


3i 





2 


51 


186 





7* 








3i 



24s 9 o* 

Here we have placed the items so that the various numbers 
of pounds are in one column ready for addition, the various 
numbers of shillings in another, and so on. The sum of 
the numbers of farthings mentioned we find to be 11, and 
this being equivalent to 2 pence and 3 farthings, we write 
down f and add the 2 pence to the other numbers of pence 
mentioned. The total number of pence we thus find to be 
24, which being exactly 2 shillings, we write down o under 
the column of pence and add the 2 shillings to the other 
numbers of shillings mentioned. The result of this new 
addition is 29 shillings; consequently we write down 9 
under the column of shillings and add z pound to the other 
numbers of pounds mentioned. 

Example 3. Add together 6 ac. 3 ro. 36 sq. po. 27 sq. yd., 
109 ac. I ro. i8i sq. yd., and 2 ro. 5 sq. po. 24^ sq. yd. : 
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aa 


ro. 


sq. po. 


sq. yd. 


6 


3 


36 


^^ 


109 


I 





i8i 





2 


5 


ni 



"6 3 3 9i 

Here we first find the sum of the given numbers of square 
yards to be 69I. . To ascertaia the equivalent of this in 
poles and square yards, we must seek to know how often 
30 J sq. yd. are contained in 69^ sq. yd. \ or, what is the 
same thing, how often 121 quarters of a sq. yd, are contained 
in 279 quarters of a sq. yd. The answer is 2 times with 
37 quarters of a sq. yd. remaining; and this remainder 
being equal to 9^ sq, yd., we write down 9 J under the 
column of sq. yd., and carry on the 2 to the next column. 

When the number of items is great it will be found con- 
venient to separate them into groups, then ascertain the 
sum for each group and add the results. 



Exercises, Set XVin. 
Find the sam of each of the followmg groups :— 



I. 

2 7 

3 12 

7 13 



d. 
6 

2 

7. 



8 ID 10 





2. 

s. d. 

3 17 2 



i 

12 iS 10 

33 4 II 
72 16 8 

6. 

£ s. d. 

8 12 2} 

2 16 8i 

17 2 

8 13 4 

10. 

£ s. d. 
85 12 6 

v.n 

72 10 5 
94 16 7J 
33 7 4I 



3- 

75 16 
o 13 

92 18 

47 2 



d. 
8 

4 

9 
o 





61 12 6} 
27 13 4} 



4- 
£ s. d. 

3 i^ 7I 

ru 

8. 
£ s. d. 
15 2 6 
94 12 8J 
94 o 3 
72 17 8J 
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13- 


^^- , 


15* 


21. 


£ s. d. 


4" *• **• 

20 16 0^ 


£ 8. d. 


£ s. d. 


26 12 9 


122 


21 5 8 


33 15 H 


91 7 


17 8i 


J13 2 6 
814 12 9j 


76 12 3} 


48 I ol 
29 17 10} 


19 ici 


27 16 io| 


65 2 8J 


681 16 10 


19 11} 


33 13 4 


3 3 3, 


I 16 3| 


27 6 I* 


19 9i 


rii 


39 14 lof 
78 8 4 


93 oi 


18 11} 


IS 6} 


6 14 6 


47 3 7 

947 13 8 














275 12 7 


16. 


'^ , 


20. 


II '1 .? 

394 16 2j 
269 12 8} 


4 s. d. 
3184 2 6 


/ s. d. 
9481 13 6 


£ s* d» 
99996 7 8 


17392 12 9 


39968 17 lOj 


2134 6 5 


8194 16 5 


26 14 4 


81947 13 10 
I 16 4 
3 12 8 


355 14 2 


213 13 10 


39 9 9} 


220 


89784 16 5 


7297 12 7 


397 16 8 


7 12 10 


96814 13 8 
729 6 6J 


16 7 10 


2 10 


9 II 


39178 17 II 


984 IS I 
26 2 3 


8197 17 10 


77 iS 9 


276 18 3 
4 12 } 


29 6 8 


3814 7 10 
91S 18 3} 


83 19 4 
75 16 Sj 
29 15 " 


7 16 4 


307 

108 18 10 






18. 


. ^9. ^ 


384 I oj 


£ S' ^• 


;f s. d. 


^P^ i 

18416 2 8 
38893 12 7 


222 12 2 


Z3 ^3 6 


48 12 6^ 


3 16 3 


81 12 8 


943 17 H 


7 2 II 


31456 17 -5 


1304 6 9 


72118 13 9 


6 16 10 


300 


799 14 6 


7168 14 II 


15 8J 


17 5 6 


82 13 II 
94 iS 10 


3419 13 9 
79694 17 10 

eS 2 2 


8? 13 5 


529 


926 2 7 


2187 13 II 


7688 4 2 


333 13 9 


9468 12 10 


8941 12 9 


39 I S 


27 16 8J 


13 18 5 


9409 6 8 


7 16 4 


927 


76814 13 8 


7998 18 10 


34916 16 4 


84 12 6} 
76 18 4 


318J 2 6 
468 10 4 

759. 4 8 


4418 12 i^ 


3473 " I 


929 18 4 
827 16 8 


2673 13 10 
8192 


U2 7 "t 

2% 13 ij 

66 9 9 

187 18 10 


1304 12 2 
7846 6 9 


354 9 9 

27 7 7 

32 8 9j 


10 
99416 17 II 


21825 13 4 
62 3 8 


13 8 II 


342 12 11} 

67 II 10* 


95 19 9 


299 19 II 


139 9 9 


176 18 5 


134 6 4 


948 10 1} 


45 15 10 


3541 " 2t 


27 19 2 


27 12 8 


276 8 II 


71548 lO A 
3946 5 8 


31456 12 II 


345 14 7 


7747 12 8 


266 


728 19 


2857 7 4 


219 9 8 


8195 10 10 


37 14 81 


346 2 10 


J5 4 8 


487 16 6 


28 10 II 


29 14 9 


7682 12 I 


2994 19 " 


341 12 4 
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22. 


*3- 


24. 




25. 


oz. dr. 


lb. oz. dr. 


lb. oz. dr. 




qr. lb. oz. 


10 13 


25 14 2 


3 6 7 




I 26 12 


2 15 


4 10 12 


»3 13 14 




3 13 14 


H 13 
6 10 


5 6 10 
26 13 13 

27* 


22 i^ II 
i6 8 13 

28. 




2 23 6 




14 14 


26. 


29. 


cwt. qr. lb. 


cwt. qr. lb. 


tons cwt. qr. 


tons cwt. qr. lb. 


3 2 16 


6 17 


34 2 I 


I 


16 I 22 


10 I 12 


13 I 27 


72 II 2 


13 


18 17 


16 2 10 


725 


38 17 


76 


6 12 


16 6 


17 3 2| 
7 I 6 


5 14 3 


d 


13 2 5 


29 2 2 


17 3 


30- 


, 31* 


32. 




33- 


hr. min. sec. 


hr. min. sec. 


da. hr. mm. 


da. hr. min. sec. 


2 33 20 


17 2 S3 


12 13 41 
7 16 37 


2 


13 41 33 
23 30 3^ 


13 26 12 


3 39 39 

47 47 


I 


27 45 45 


2 21 2^ 
33 5 16 

36. 
yd. ft. in. 


6 


17 43 49 
21 28 7 


17 3 36 


21 50 26 


3 


wk. da. hr. 


yr. da. hr. 


yd. ft. m. 


2 5 17 


17 216 5 


12 2 7 




5 I " 


7 3 12 


7 320 21 


7 I 10 




25 2 7 


6 6 16 
31 2 23 


.1 '^ '1 


16 2 8 
925 




17 5 
922 


38. 
mi. fur. 3rd* 


mi. tur. yd. 


40. 
mi. fur. po« 


mi 


41. 

. fur. po. yd. 


12 3 2± 
216 7 118 


3 2 116 


15 6 32 


2 


3 16 5^ 
S 25 3J 


7 7 78 


6 3 18 


2 


78 6 219 


3 5 155 


5 


« 33 I 


74 I 79 


2 2 213 


25 7 7 


I 


7 7 3 


42. 


43. 


44. 




45- 


gall.qt. pt. 


ga]l.qt. pt. 


qr. bus. pk. 




qr. bus. pk. 


5 3 I 


16 2 li 


19 7 3 




55 2 2 


17 2 I 


39 I ij 


26 5 2 




73 6 I 


U \ '0 


721 
95 3 I 


18 I 2 
39 6 3 




53 4 2 
7 7 3 


46. 


47. 


48. 




49. 


bus. pk. gall. 


bus. pk. gall. qt. 


ac. ro. po. 




ac. ro. po. 


5 3 » 


5313 
6 I I 2 


16 3 20 




27 2 3c 
39 2 28 


16 2 I 


33 2 17 
18 3 33 




31 2 It 


5201 




16 3 37 


5 I 


9312 


7 I 13 




27 I 35 
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SO- 51. 52. ^ . 53. . 

ac. It), po. sq. mi. ac. ac. ro. po. sq. yd. sq. yd. sq. ft. sq. m« 

19 o 29 397 24 9 2 35 25 58 130 

5 I 27 25 468 I I 25 10 2 6 76 

28 3 39 330 226 3 2 7 23 24 139 

37 3 37 75 54^ 2 3 16 20J 3 i 29 

54. 55. 56. 

sq. yd. sq. ft. sq. in. cub. yd. cub. ft. cub. in. cub. yd. cub. ft. cub. in. 

3 5 68 38 17 1000 7 18 216 
9 6 79 16 22 685 19 26 495 

13 4 126 33 9 729 18 13 1543 

4 2 34 14 23 1643 75 8 273 



57. 58, 59. 60. 

cub. yd. cub. ft. cub. in. oz.dwt.gr. lb. oz.dwt. lb.oz.dwt.gr. 

13 15 1620 3 17 21 5 4 16 6 8 19 23 

20 9 394 2 12 7 6 II 15 5 7 15 22 

18 8 681 5 16 23 388 9 6 18 19^ 

29 25 1495 7 18 17 4 9 17 8 4 9 18 



60. Subtraction. — Example i. From ;^295 17s. 9id. 

take ;£i47 8s. 2id. 

£ s. d. 

295 17 9i. 

147 3 2i 

148 9 7t 

Here where the number under each denomination is 
greater in the first sum than in the second there is no 
difiSculty. 

Example 2. Subtract j£gf 13s. lo^d. from ;^i3 12s. S^d. 

£ s. d. 

13 12 8t 

9 13 loj 

3 18 9i 

In this case the number of farthings in the minuend is 
not enough to allow of 2 being taken away. Seeing this, 
we add 4 farthings to the i farthing already present, and 
perform the subtraction. This addition of i penny would, 
if not counteracted, cause an error in the result, but we 
make it with the intention of undoing it in the next step by 
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taking away iid. instead of lod. Again, however^ the 
number of pence in the minuend is not enough to allow of 
II being taken away, and as before we add to the 
8d. abready present i2d. more, thus making 2od., from 
which on taking the iid. there remains gdn To counter- 
balance the effect of the addition of these i2d. we now 
proceed to take away 14 shillings instead of 13: and so on. 
We may view this mode of performing the subtraction in 
another light, viz., as making repeated use of the principle 
that the difference between any two quantities remains un- 
altered if both quantities receive the same increase. We 
are asked to find the difference between £1^ 12s. 8^. and 
j£g 13s. lo^d., and adding to the one 20s. i2d. 4f., and to 
the other j£i is. id., we seek instead the difference between 
^13 32s. 2oid. and ;^io 14s. iiid., which is easily found, 
and is known to be the same as that sought. 

Example 3. From 7 fur. 13 po. 2 yd. take away 3 fur. 

35PO. 4iyd. 

fur. po. yd. . 

7 13 2 
3 25 4i 
3 27 3 

The practical value of what is stated in § 38A is easily 
seen in connection with these examples of subtraction. 
Thus in Example 2 above we performed the operations 
which are indicated as follows : — 

i2d.+ 8d.-iid. 
20S. + I2S.— 14s. 

whereas if we change the order of the operations, thus, 

i2d.-iid. +8d. 

20S.— 14s. + I2S. 

the result in each case is more easily got. 

ExE&ciSES. Set XIX. 

;f s. d. £ s, d. j£ s. d. 

I. From 172 15 8 2. From 374 16 ii| 3. From 76 8 6 

take 89 6 3 take 195 ii sj take 35 15 3 

;f s. d. £ s. d. £ s. d. 

4. From 381 17 5 5. From 199 21 6i From 216 4 a 

take 17 16 § take 74 12 10 take 138 15 8 
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£ §. d. 
7. From 13 12 4i 
take 7 13 9t 

10. From 317 16 II 
take 198 18 iij 

lb. oz. dr. 

13. From 13 12 2 

take 6 13 8 

cwt.qr. lb. 
16. From 25 2 2 
take 18 2 II 

wk. da. hr. 

19. From 5 6 II 

take 2317 

hr. min. sec. 



22. From 6 
take I 



13 13 

yd. ft. in. 
25. From 6 2 10 
take 32 II 

mi. fm-. yd. 
28. From 16 2 II 
take 9 5 89 

gall. qt. pt. 
31. From 27 2 I 
take 18 3 1} 

qr. bus. pk. 
34. From 64 3 I 
take 37 7.2 

ac. ro. po. 
37. From 37 I 32 
take 18. 2 17 



8. From 128 3 6| 
take 74 II 7I 

£ s. d. 
II. From 211 19 ii| 
take 194 19 ii| 

qr. lb. oz. 

14. From 5 20 12 

take 3 22 5 

tons cwt. qr. 
17. From 35 17 I 
take 18 18 2 

da. hr. min. 
2a From II 13 20 
take 5 16 30 

yr. da. hr. 

23. From 5 112 14 

take 2 226 17 

yd. ft. in. 

26. From 17 I 5 

take 8 2 10 

mi. fm*. po. 
29. From 23 2 36 
take 17 5 17 

gall. qt. pt. 
32. From 45 I o 
take 29 2 1} 

bus. pk. gall. 
35. From 34 2 I 
take 17 3 oj 



£ s. d. 

9. From 397 17 Si 

take 198 18 lit 

£ s« ^' 

12. From 312 13 8 

take 194 17 4f 

cwt.qr. lb. 

15. From 16 I 5 

take 8 3 12 

tons cwt. qr. lb. 

18. From 2 A 3 16 

take I 10 I 25 

hr. min. sec. 

21. From 23 25 36 

take 17 29 50 

da. hr. min. sec 

24. From 2 12 5 20 

take I 16 12 45 

mi. fur. yd. 

27. From 10 5 III 

take 6 7 210 

mi.fur.po.yd. 

30. From 3 6 25 3 

take I 6 32 4 

qr.bus.pk. 

33. From 46 3 2 

take 27 5 3 

bus. pk.gaU.qt. 
36. From 17 I I 2 
take 811^ 



ac. ro. po 
38. From 29 o 16 
take 19 3 



26 



ro. po. 

1 II 

2 35 



ac. 

39. From 314 

take 157 

sq. yd. sq. ft. sq. in. 
41. From 273 I 164 
take 189 5 260 

cub. yd. cub. ft. cub. in. 
43. From 390 20 27 

take 147 22 123 

cub. yd. cub. ft. cub. in. 
45. From 741 3 1154 

take 394 12 1265 

lb. oz. dwt. gr. Troy oz. gr. 



sq. yd. sq. ft. sq. in. 
40. From 174 8 17 
take 39 8 100 

ac. ro. po. sq.yd. 
42. From 7 2 14 17 
take I 2 31 25 

cub. yd. cub. ft. cub. in. 
44. From 179 2 219 

take 37 18 884 

oz. dwt. gr. 
46. From 26 15 15 47. From 3 10 14 3 48. From '7 217 
take 13 10 22 take i 10 5 19 take 2 453 

49. A man's yearly income is ;^6oo, and his expenditure ^^467 13s. 2^. 
'What is the excess of his expenditure over his saving ? 
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50. A railway 10 miles long was to be constructed by a squad oC 
men beginning at the one terminus, and a squad beginning at the 
other. At the end of the first year they had nnished 3 miles 260 yd. 
and 3 miles 157 yd. respectively. How much shorter is the unfinished 
part than the finished part« and how much longer than the separate 
portions of the latter ? 

61. Multiplication. — Here we have more than one 
method in use for obtaining the desired result, and though, 
any one is sufficient it is instructive to practise all of them. 

I. The multiplier is dealt with in a sense as a whole. 

Example i. Multiply ;^i93 12s. 8^4 by 5^ 

£ s. d. 
193 12 81^ 

S_ 

968 3 6i 

Here the process is : — 

2f. x5=:iof.=«2jd, 

^. put down and 2d. carried on. 

8d. ^ 5»4od. ; this and 2d.->42d.»3s. 6d. 

6d. put down and 3s. carried on. 

I2S. X 5=6os. ; this and 3s.=63s.=»;;^3 3s. 

3s. put down and £^ carried on. 

£3 ^ S'^jG^S i t^is and ;^3=;£i8 ; and so on. 

With this may be compared the process of finding the 
sum of 5 items, each of which is ;£ 193 12s. 8^. 



Exercises. Set XX. 
I. Multiply ;^I3 16 3 by 2, and by 3. 



2* , 


£^7 18 


4i ty 3» and by 4, 


3. » 


, /164 18 


6J by 4, and by 5. 


4- 


, ;fi75 16 


8^ by 5, and by 6. 


5- » 


» £9^ " 


3j by 6, and by 7. 


6. 


, ;f2l8 12 


2j by 7, and by 8. 


7. , 


» £S7 16 


0} by 8, and by 9. 


8. 


, ;f2l7 16 


1} by 9, and by 10 


9- 


, £ZH 7 


6J by ID, and by 7 


10. , 


» ;f397 10 


4^ by 10, and by 8 
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II, Multiply ;f 764 18 3} by lo, and by 9. 



12. 

13- 
14. 

15. 

16. 

17. 
18. 

19. 
20. 



£Z91 i6 7f by 10, and by 11. 

£9\ 3 7iby II, and by 12. 

;f 68 3 9j by 12, and by 10. 
3 tons 14 cwt. I qr. by 6, and by 7. 
5 cwt. 2 qr. 13 lb. by 5, and by 9. 
16 yd. 2 ft. 7 in. by 8, and by 10. 
12 ac. 3 ro. 27 po. by 1 1, and by 10, 
3 gall. 2 qt. I pt. by 12, and by 20. 
19 sq. yd. 8 sq. ft. 134 sq. in. by 7, and by 30. 



When the multiplier is small, as in the preceding 
examples, no part of the process of calculation need be 
written down. The mind without aid of this kind can do 
the required work, and the results only are taken note of. 
When, however, the multiplier is large, the writing out of 
the process is a great and more or less needful assistance, 
the best mode of arranging it being as follows : — 

Example 2. Multiply £i9Z '^s. S^d, by 5. 







S 










' 


2 












4)10 






- 






2 


i 










40 
12)42 












3 
60 


6 










20)63 












3 
965 


3 










968 








£'^9Z 


I2S. 


8id.x5- 


£9^^ 


3S. 


6id. 



Result, — 

This is the example already dealt with at the beginning of 
Ae paragraph, and has been reproduced in order that the 
learner may the more easily see, by comparison with the 
explanatory process there given, that we have in the above 
merely arranged in order on paper that which before would 
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pass through the worker's mind without being taken note 
of. 

Example 3. Multiply 215 ac. 3 ro. 17 po. by 341. 

341 
17 



2387 

341 

40)5797 

144 37 
1023 

4) 1167 

291 3 

1705 

341 
682 



73606 ac. 
Result, — 215 4^. 3 K>. 17 po. X 341=73606 ac 3 ro. 37 po. 

Exercises. Set XXI. 



I. 


Multiply £fi 18 


4 hy43. 


2. 


Multiply ;f 12 3 4j by 143. 


3- 




&^ 15 


5ihy3i3. 


4- 




£7 16 8tby285. 


5. 




£1 6 


5l hy 295W 


6. 




£31 18 iijbyii;. 


7. 




it 12 


^ by 741. 


8. 




£6 16 10 by 377. 


9. 




£^ 17 


II by 839. 


10. 




£S 15 3iby994. 


II. 




£>n 4 


7J by 1847. 


12. 




£7 13 of by 317. 


IS- 




£t 


of by 2347. 


14. 




;fo 15 6J by 773. 


IS. 




£0 


6} by 21304. 


16. 




;f 9 5 by 3197 



17. Multiply I qr. 141b. 30Z. by 207, and by 336. 

18. ff 2 ac. 16 sq. po. by 305, and by 194. 

19. „ I hr. 13 min. 43 sec. by 423, and by 579. 
20.- „ 3 mi. 117 yd. by 4356, and by 2099. 

II. The multiplier is viewed as, in a sense, a composite 
structure, the result of operations with small integers ; thus, 
36 may be looked upon as 6 x 6, and 43 as 6 x 7 + 1. 

(i.) When the multiplier is a product of small integers ; 
Y"^., 160, which« 10 X 4 X 4. 
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Example i. Multiply ;£$ 3s. 2ld. by 160. 

£ s, d. 

S 3 2i 
10 



51 II ioJ^=given sumx 10. 
4 



206 7 6 « given sum X 40. 

4 
825 lo o =given sumx 160. 

The foundation for the mode of procedure here is the 
fact that 1 60 =10x4x4. Similarly, since 160 = 5 x 4 x 8, we 
may proceed also as follows : — 



£s. 
5 3 


d. 

2i 

5 


25 IS 


"i 
4 


103 3 


9 
8 



825 10 o 



Exercises. Set XXn. 



3- 

5- 
7. 
9- 



Multiply ;f I 3 4ibyi6. 

£2 13 8J by 24. 

£7 6 loi by 72. 

£3 18 7I by 100. 

£6 7 Iijby320. 



tf 



»> 



tf 



tf 



2. Multiply £z ^2 5 J by 20. 

4. tt £7 10 3J by 35. 

6. „ ;fi2 13 i|by84. 

8. „ j^i 19 oi by 1000. 

10. „ £7 17 7 by 2100. 



tt 



II. Multiply I ton 14 cwt. 3 qr. by 88, and by 96. 
i^* >> 5 yd. I ft. 7 m. by I2i, and by 144. 

13. „ 3l^r. I7min. 27 sec. by 1760. 

14. „ I qr. 7 bus. 3pk. by 1728. 

15. n 3 ac. 13 sq. po. by 2250, and by 1320. 

16. ,y 2 cub. yd. 1400 cub. in. by 1280. 



(2.) When the multiplier is not a product of small 
int^ers, but there is a number near it which h; e^,, 167, 
which is only 7 more than 160. 
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Example 2. Multiply j£s 3s. 2id, by 167. 

;£ s. d. 

S 3 H 
10 



51 XI loi 

4 

206 7 6 

4 



825 10 o »given sum X 160 
36 2 3i «*given sum x 7 

861 12 3i»given sumx 167. 

The explanation of this process starts with the £Eu:t that 

i67«iox4x4 + 7, 

We first find 160 times the given sum exactly as in the 
example preceding the last set of exercises, then 7 times, 
and then add the two results. 

Exercises. Set XXin. 

I. Multiply jf 3 12 7j by 29 (which«4 x 7 + 1). 

£7 5 6f by 183 (which«9x 5x4 + 3). 
£3 4 7tby 211 (wliich«3x7x lo+i). 
£S 16 ioibyi7. 
j^i 12 4 by 26. 
£2 12 Sjby82. 
£S o 6ibyi03. 

5 da. 13 hr. 42 min. by 145. 
20Z. I2dwt. 13 gr. by 186. 

3 ac. 3 ro. 17 sq. po. by 122. 

6 cub. ft. 1 2 14 cub. in. by 103. 

4 cwt. 23 lb. by 134. 

Although there are usually various ways in which a large 
multiplier may be viewed as a composite structure, the 
result of operations upon small integers, still it will generally 
be found convenient to follow that which is at the basis of 
our system of numerical notation. Thus, if 327 be the 
multiplier, we look upon it as 3x1004-2x10+ 7, and 
find first 300 times the multiplicand, then 20 times, then 
7 times, and add these three results. 



2. 


»> 


3- 


99 


4. 


»f 


5. 


»f 


6. 


f> 


7- 


» 


8. 


» 


9. 


f» 


10. 


99 


II. 


99 


12. 


»> 
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Example 3. Multiply ;^2 is. 3id. by 34126. 

£ s. d. 
2 I 3i 



10 



20 12 ii=given sum x 10. 
10 



206 



9 2- 
10 



» 



X 100. 



2064 II Z— 

10 

20645 16 8= 
3 



61937 10 0= 
Sum in 7th line X 4 » 8258 6 8= 
Sum in 5th line = 206 9 2 — 
Sum in 3rd line x 2 = 41 . 5 io« 
Sum in I St line X 6 » 12 7 9» 

Hence, by add""- 70455 19 5« 

Here 34126=30000+4000+100 + 20 + 6, 

or=3 X loooo + 4 X 1000 + 100 + 2 X 10 + 6 ; 

and this fact forms the basis of an explanation of the mpde 
of procedure. 



» 


X lOOQ. 


» 


X 1 0000. 


» 


X 30000. 


» 


X 4000. 


»9 


X 100, 


}y 


X 20. 


99 


X 6. 


» 


X 34126. 



Exercises. 

I. Multiply jf 2 13 4jby3i4. 

3- 
S- 
7- 



» 



>* 



jfi 12 5jbyi3i4. 
^5 o 2i by 2715. 
^6 16 iijby3896. 



Set XXrV. 

2. Multiply £\ 2 ioiby223. 

4- »» ^3 6 2j by 3142. 

£,^ 16 loi by 1057. 



6. 
8. 



)) 



>> 



j^\2 3 5i by 2003. 



9. Multiply 2 qr. 3 bus. i pk. by 1030. 
10. „ I yd. 2ft. 5} in. by 20430. 



>f 



III. A third method of obtaining products of this kind is 
explained in § 63. 

62. Division. — It has been already pointed out (§ 46) 
that when no concrete unit of measurement is referred to, 
every operation of division gives the answer to two quite 
distinct questions. When, however, as here, units of 

F 
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measurement are specified^ no such ambiguity is possible. 
Thus the result of the operation 

;s^968 13s. 6td.+5 

can only be viewed as the answer to one question, viz.. 
What sum of money repeated 5 times amounts to £968 
13SJ 6^d. ? and the operation 

;;^968 13s. 6id.+;;^i93 14s. SJd. 

can arise only from the question, How many times is ;;f 193 
14s. 8id. contained in ;^968 13s. 6id. ? 

These two kinds of questions it is necessary to consider 
separately. 

I. When reference is made to a concrete unit of measure- 
ment in the dividend only. 

Example i. Divide £968 13s. 6id. by 5, 

£ s. d. 
5 )968 13 6i 

193 14 8i 

The process here is as follows: — ;f968-i-5=;;^i93 
with j£s still to be divided. These j^3=6os., and the 
13s. specified in the dividend being added, there results 
73s., dividing which by 5 we have 14s. with 3s. still to be 
divided. Expressing these 3s. in pence, and adding the 6d. 
specified in the dividend, we have 42d.-i-5=8d- with 
2d. still remaining to be divided. Lastly the 2d. are 
expressed in farthings, the 2 farthings (|d.) of the dividend 
are added, and division again performed. 

Example 2. Divide £2*1$ 6s. oid. by 7, and by 8. 

;^ s. d. j£ s. d. 

7 )273 6 oj 8) 273 6 of 

39 o loif 34 3 3^f 

Exercises. Set XXV. 

I. Divide £gS 3 6 by 2, and by 3. 

2- »» jf4i7 14 6 by 3, and by 4. 

3- »i £^3S 18 5i by 4, and l^ 5. 
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4« Divide ;f 766 5 ij by 5^ and by 6. 
5- .» ^314 o oj by 6, and by 7. 

6. » ;f 205 7 10 by 7, and by 8. 

7. ,, ;fiS9 15 loi by 8, and by 9. 

^' » ;£^^9^ i^ 9 ^y 9> ^i^<i ^y 10. 

9. ,, jfi40 o 2^ by 10, and by ir. 

'o* »» ji^9 <> o by II, and by 12. 

11. „ .290 hr. ifldun. 5 sec. by 5, and by 11. 

12. „ 4 tons 9 cwt. I qr. 21 lb. by 9, and by 10. 

13. ,f 28 yd* 8 in» by 8, and by 12. 

14. „ 20 ac. 3ro. 35 sq. po. by 11, and by 12. 

When the divisor is small, as in the preceding examples, 
no part of the process of calculation need be written down, 
but merely the result When, however, the divisor is large, 
the process becomes troublesome to the unassisted mind, 
and the writing out of the steps is resorted to, the usual 
mode of arrangement being as follows : — 

Example 3. Divide £968 3s. 61^d. by 5* 

;f s. d. ;^ s. (L 
5)968 3 6i( 193 12 8i 

_5_ 
46 

18 
It 

3 
20 

6i 

60 

3 
12 

42 
40 

2 

10 

so 
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The divisor here is not large, indeed the example is the 
same as Example i, preceding the last set of exercises ; the 
object in repeatmg it being to enable the learner easily to 
see that the process now given is simply an arrangement on 
paper of the process which before would pass through his 
mind without being taken note of. 

Example 4. Divide 270 tons 17 cwt. i qr, 171b. i oz. by 

135. 

tons cwt. qr. lb. oz. tons cwt. qr. lb. oz. 

135)270 17 I 17 i( 2 o o 14 7 
270 



17 

_4 

69 
28 

569 
138 

1949 

135 

599 
540 

59 
16 



355 
59 

945 
945 



Exercises. Set XXVI. 

I. Divide jf 8003 4 if by 103. 2. Divide ;f 689 4 7jbyiooi. 

3- » jfi854 5 7iby347. 4. „ ^^2645 4 4*^7141. 

5- >» £SOSO 12 loi by 154. 6. „ ^f 7379 9 0} by 465. 

7- » jfi7i 19 5ibyi94. 8- »» jf949 H 6} by 79. 

9. „ ;^2ii7 I 2iby29. 10. „ £ioos 8 3 by 3972. 

11. Divide 14 tons 19 cwt. 231b. by 47, and by 113. 

12. „ I cwt. I qr. 9 lb. 5 oz. 4 dr. by 19. 



13- 

14. 

15- 
16. 



5 da. 30min. 46 sec. by 98, and by 128. 
5 wk. 2 da. 8 hr. i min. by 37. 
4fTir. 35 po. I yd. by 57, and by 69. 
196 mi. 256 yd. by 192, and by 299. 
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17. Divide 542 ac. 3 ro. 37 sq. po. by 591, and by 398. 

18. f, 262 sq. yd. 4 sq.ft. 71 sq. in. by 29. 
19< if 51 V' 4 bus. I pk. by 194, and by 79. 
20. i, 42 cub. yd^ 18 cub. ft. 450 cub. in. by 67. 

Owing to the ease with which the quotient is obtained in 
the division of an integer by a power of lo, the above 
process in the case of such divisors may be much sim- 
plified. 

Example 5. Divide ;^23i 17s. 6d. by 100, and 
^1034 7s. 6d. by 1000. 

;£ s. d. j£ s, d. 

2,31 17 6 1,034 7 6 

20 20 



6,37 ,687 

12 12 



4,50 8,250 

4 4 

2,00 1,000 

Quotient, j£2 6s. 4id. Quotient, j£i os. 8jd. 

If, however, the divisor, though large, be a product of 

small integers, the process followed in Examples 3 and 4 

may be departed from. Thus, since i3S=5x3><9> the 

result in the case of Example 4 may be obtained as 

follows : — 

tons cwt. qr. lb. oz. 
5 )270 17 I 17 I 

3 )54 3 I 25 ^3 
9 )18 I o 17 15 

2 o o 14 7 

Exercises. Set XXVn. 
I. Divide ;f 7770 2 i by 100. 2. Divide ;fi396 15 5 by 100. 

3- „ £5U3 15 o by 1000. 4. »f jf 13967 14 2 by 1000. 
5. „ j^688 10 10 by 1000. 6. „ ;f 20010 8 4 by loooo. 

7. Divide 95 tons i cwt. 3 qr. 41b. by 1000. 

8. ,, 24 qr. 4 bus. 3 pk. i gall, by 100. 
9- » jf432 5 oby 112 (i>. 4x4x7). 
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lO 

II 

12 

■3 

15 
16 



Divide £4^6 18 5} by 165. 

15 tons 1 1 cwt. 3 qr. 21 lb. by 49. 
I cwt. I qr. 17 lb. 3 oz. by 20. 
5<la« I hr. 44 min. 33 sec. by 99. 
4fiir. 31 po. 4 yd. 6 in. by 56. 
271 sq. yd. 4sq. ft. 138 sq. in. by 30. 
42 cab. yd. i cub. ft. 108 cub. in. by 66. 



II. When reference is made to a concrete unit in both 
dividend and divisor. 

Example i. How often is j£igs 12s. 8^d. contained in 
;^968 3s. 6id.? 

;^968 3s. 6id.+j£igs 12s. Sjd. 
=464725 halfpence+92945 halfpence, 

Or, 

» 929450 far. -I- 185890 far. 

= 5- 

The two given quantities are expressed in terms of one 
common unit, which is so chosen that a single whole 
number is thus obtained as the expression for each quan- 
tity. The required division is then performed. 

Example 2. How often is 3 qr. 12 lb. contained in 
6 cwt. ? 

qr, lb. cwt 

3 12 6 

ii __4 

36 24 

96 192 

48 

96)672(7 
672 

This is the actual process, but the following abridgment 
gives all that is necessary, and, what is important, is fully 
self-explanatoiy : — 

6cwt.-»-3qr. 12 lb.»672lb.-»-961b. 

-7. 
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Exercises. Set XXVXn. 

Perform the following divisions : — 
I. ;fo II loj-i-j^o 3 1 1 J. 2. jfiSy II loj-i- £o 2 loj. 

3. 17 guineas+;f I 9 9. 4. ;f 102 12 6f -h £0 16 8J. 

5. ;^I492 II i6^-¥£s 14 4f 6. ^^348 12 6}+ ^fS 10 o}. 

7. j^27i o 7t-*-;fo 17 2i. 8. ;^i2i6 o 7i+;f" " 7j- 

9. 5 da. 30min. 46 sec.-!- 1 hr. 13 min. 47 sec. 

10. 3cwt. 3qr. 271b. 15 oz. I2dr.-i-7lb. 13 oz. 12 dr. 

11. I4fiir. 25po. 3yd.-h3po. 2 yd. ift. 

12. 542 sq. 3rd. 8 sq. ft. 142 sq. in. -^-9 sq. yd. 67 sq. in. 

13. 42 cub. yd. 18 cub. ft. 450 cub. in. -h 17 cub. ft. 342 cub. in. 

14. 103 qr. 2 pk.+2 bus. I gall. 

63. Products obtained with the help of Divi- 
sion. — After a knowledge of the process of division has 
been obtained, many multiplications can be performed more 
easily than before. Thus, if asked to multiply 6s« 8d. by 
23840, we may reason as follows : — 

jQi repeated 23840 times « ;^2 3840. Now 6s. 8d. is 
exactly the third part of jQi ; .*.* 6s. 8d. repeated 23840 
times = the third part of ;^2384o, />., ;£23840+3, or 
;£"7946 13s. 4d. ^ 

Here, instead of the long process of calculation used in 
multiplying 6s. 8d. by 23840, we have substituted a process 
which is very much shorter, and gives the same result, viz., 
dividing ;^2384o by 3. 

Example i. Multiply 2s. 6d. by 18041. 

2s. 6d.x 18041 «;^i8o4i -1-8 

=»;£2 255 2s. 6d. 

The possibility of these simplifications lies in the fact 
that the multiplicands 6s. 8d. and 2s. 6d. are each contained 
an exact number of times in a pound ; or, to employ the 
usual term, are aliquot parts of a pound. In order, there- 
fore, to take advantage of such short methods, the learner 
must be familiar with the aliquot parts of the various units 

* For shortness* sake the symbol .*. is used instead of the word 
therefore^ which necessarily occurs often in reasoning. 
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of measurement. Thus, in connection with the pound, he 
should know that — 

I OS. is the halfn 3s. 4d. the sixth part 

6s. 8d. the third part. 2s. 6d. the eighth part 

5s. the fourth part. 2 s. the tenth part 

4s. Hatjifth part is. 8d. the twelfth part. 

Exercises. Set XXIX. 

Find the following products : — 

I. IDS. X 81643, 5s. X 4276. 2. 5s. X 13845, 4s. X 8402. 

3. 4s. X 7681, 2s. X 68417. 4. 2s. X 19853, 2s. 6d. X 28. 

5. 2s. 6d. X 7416, 3s. 4d. X 76. • 6. 3s. 4d. x 16182, 6s. 8d. x 16. 

7. 6s. 8d. X 31861, IS. 8d. X25. 8. is. 8d. x 10751, is. x 2167. 

By repeated application of the principle employed in the 
preceding examples, we may deal with multiplications in 
which the multiplicand is not an aliquot part of a higher 
unit. Thus, to multiply i6s. 8d. by 2165, we may say — 

los.x 2165=^2165+2 =;^io82 10 o 
and 6s. 8d. x2i65=*;^2i6s-i-3« ;^72i 13 4 

therefore, adding these two results, we have 

16s. 8d. X 2i65=;;^i8o4 3 4 

The amount of actual calculation here is small, viz., a 
division by 2, a division- by 3, and an addition ; and in 
practice, where it is not intended that what is set down 
shall be self-explanatory, very few figures would suffice. 
The full process may be arranged as follows : — 

;^ 2i65 ^£\ X 2165.. 

los. is \ oi £^1 :, 1082 10 o=ios.x2i65. 
6s. 8d. is i of ;^i .•. 721 13 4« 6s. 8d. X2165. 

.'. by add"', ;^i8o4 3 4=i6s. 8d.x2i65. 
Example 2. Multiply 12s. 9id- by 18415. 
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;£ i84i5 =-;^l^ 18415. 

los. is 4^ of ;^i .'. 9207 10 o «ios.xi84i5. 

2s. 6d. is i of los. /. 2301 17 6 « 2s. 6d.x 18415. 

3d. is tS" of 2S. 6d. /. 230 3 9 «3d. X18415. 

Jd. is i of 3d* /. 38 7 34-4d. X 18415. 

/. byadd"-, jQii^JJ 18 64=i2s. 94d. x 18415. 

Here we view 12s. 94d. as being=ios. + 2S. 6d. + 3d. + 4d. 
There are, however, other ways in which it may be broken 
up to suit the process ; such as 5s. + 4s. + 3s. 4d. + 5d. + 4d., 
&c. 

Exercises. Set XXX. 

Find the following products : — 

I. I2S. 6d, X 375. 2. 7s. 6d. X 191. 

3. 13s. 4d. X 312. 4. 5s. 8d. X 176. 

5. 8s. 4d. X 79. 6. 7s. 4d. x 999. 

7. 17s. 6d. X 37. 8. 6s. 6d. x 797. 

9. i8s. 4d. X 723. 10. 7s. 8d. x 92. 

II. 3s. 6idx27. 12. 5s. io|d. X85. 

13. 2s. 9jd, X 87. 14. I2S. 9jd. X 45. 

15. 14s. 7}d. X 117. 16. 6s. 9|d. X 314. 

17. i6s. 3^d. X 29. 18. 19s. 4}d. X 197. 

19. 2s. 9}d. X417. 20. 7s. ii^d. X315. 

If in the multiplicand the highest unit itself occurs, we 
must proceed as in the following examples : — 

Example i. Find the cost of 1 107 articles at ;;^io 9s. 74d. 

;^iio7=cost at ;^i each. 
Mult^ by 10 

we have 11070 o o = cost at ;£'io each. 
5s. isjof;^! .-. 276 15 o « „ 5s. „ 
4s. isiof;;^! /. 221 80= „ 4s. „ 
6d. is i of 4s. /. 27 13 6 = „ 6d. „ 
lid. is 4 of 6d. /. 6 18 44= ,» lid. „ 

/. by add*", ;s^ii6o2 14 ioJ=costat;^io9s. 74d.each. 

Example 2. What is the total weight of 315 coal waggons 
which weigh each 6 tons 16 cwt. 3 qr. ? 
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Mult« by 
we have 



tons cwt. qr. 

315 o 0= weight at i ton each. 
6 



1890 o 
10 cwt. is i of I ton/. 157 10 
5 cwt. is i of 10 cwt. .'. 78 15 

1 cwt. is i of 5 cwt. .'. 15 15 

2 qr. is i of I cwt. . /. 7 17 
I qr. is i of 2 qr. .'. 3 18 



o» weight at 6 tons each. 



0= 
0= 

2a» 

3^- 



99 



if 



99 



99 
99 



10 cwt. „ 
5 cwL. „ 
I cwt. „ 


2 qr. y, 
I qr» yj 



:, by add", 2153 16 i« weight at 6 tons 16 cwt. 

3 qr. each. 

It will now be quite evident that this method may be fol- 
lowed in ^ery case where the multiplicand is expressed in 
terms of several units, and the multiplier is an integer ; but 
it must also be clear that the more divisions we have to 
perform in any instance, the less advantage has the method 
over the ordinary processes of multiplication. 







Exercises. 


Set XXXI. 




I. 


£3 " 


6x 114. 


2. £7 7 


6x 127. 


3- 


£2 13 


4x152. 


4. £3 5 


8 X 342. 


S- 


£5 8 


4x371. 


6. £S 17 


6x175. 


7. 


£1 18 


6 X 134. 


8. £2 13 


8x317. 


9. 


£7 12 


10 X 782. 


10. ^8 13 


7i X 374. 


II. 


£z 15 


loix 115. 


12. £6 13 


6JX217. 


^3' 


jf 2 14 


9|x37i. 


14. £7 8 


11JX397. 


15. 


£3 17 


6^ X 289. 


16. £7 II 


8f X 184. 


17. 


£^s 18 


9ixi54. 


18. ;f 10 17 


"fx235. 


19. 


jf" 15 


iif X276. 


20. £2S 18 


114x713. 



Sometimes it is of advantage to view the multiplicand 
not as the sum of several items, but as a difference in which 
the subtrahend is an aliquot part of the highest unit. 
Thus looking upon ^£4 19s. as ;;^5-is., we may find the 
result of multiplying jC^ 19s. by 3147 in the following 
way : — 

;£5^3i47 '';^i573S o <> 

is.x3i47«;^3i47+20 « 157 7 o 
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And subtracting we have 

;£4 19s. X 3147 -;£iSS77 13 o 

Exercises. Set XXXII. 

Find the following products : — 

I. 17s. 6d. X 394. 2. i6s. 8d. X 217. 

3. 19s. 6d. X 377. 4. i8s. 4d. X 399. 

5. 95. 2d. x^ 372. 6. 6s. 7d. X481. 

7. ;f9 19 4x117. 8.;fi9i7 6x315. 

9. ;f99 19 lOix 714. 10. ;f49 18 II X 375. 

Examination Papers on §§ 48 — 63. 

I. 

1 . What are the standard units of time, length, and mass ? Explain 
how each of them is defined or fixed. 

2. Express £11 os. lojd. in halfpence, and 39103 farthings in the 
usual way of expressing a sum of money. 

3. From the sum of 6 ac. 37 sq. po. and 13 ac. 3 ro. 19 sq. po., 
subtract 9 ac. 2 ro. 29 sq. po. 

4. Multiply 653 cub. yd. 1 1 cub. ft. 1332 cub. in. by 11, and divide 
the result by 12. 

5. How often is 5 lb. 7 oz. contained in 6 cwt. 2 qr. 22 lb. 6 oz. ? 

6. Which is the greater, and by how much, 857 fathoms or i mi. 
3 fur.? 

7. Starting with j^io, I pav a railway fare of 6s. 3d., and purchase 
5olb. of tea at 2s. iid. per lb., and 11 yd. of ribbon at is. 7^. per 
yard. What sum must I then have remaming ? 

n. 

1. Show by a diagram that there being 12 inches ia a foot there 
must be 144 square inches in a square foot. Explain what is meant by 
a cubic yard. 

2. Express 19 ac. 32 sq. po. in square yardsj and 3170802 oz. (avoir- 
dupois) m tons, &c. 

3. In a barrel of beer there are 36 gallons. Find the number of 
half-pints in 3 barrels. 

4. If 13 times the ninety-ninth part of 41 mi. 6 fur. 5 po. be taken,' 
what is the result ? 

5. Explain and illustrate by an example the process of finding the 
number of poles in a number of yards. 

6. If I have j^io is. 4^., to how many persons can I give the sum 
of 3s- Sid. ? 

7. A clock gains exactly I min. 47 sec. every day. How much will 
it gain in 6 weeks ? 
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m. 

1. Explain and illustrate by an example the disadvantages attending 
the use of our present units of measurement. 

2. Express 172945A4 sq. in. in a^r&r, &c., and i cwt. 3 lb. (avoirdu- 
pois) in troy pounds ^ Sec. 

3. How often must a wheel 1 1 ft. 5 in. in circumference turn round 
in going 2 mi. 1275 Y^* ? 

4. Find by three different methods the cost of 573 acres of land at 
jf3 17s. 4d. per acre. 

5. Multiply by 4 the excess of a mean solar year over 365 days, and 
subtract the result from i day. 

6. One cask of whisky contains 42 gall. 2 qt. i pt., a second 40 gall. 
3 qt., and a third 29 gaU. The contents of the three are divided 
among 29 persons. How much does each receive ? 

7. If I present ;f20 in payment for 7 cwt. i qr. 17 lb. of sugar 
at 5jd. per lb., what change snould be returned to me ? 



PRACTICAL EXAMPLES INVOLVING BOTH 
MULTIPLICATION AND DIVISION. 

64. Were we to put the question — Jf 7 cwf. of sugar cost 

£13 I J. 4//., what is the price per cwt. ^ the learner would 

have now no difficulty in finding the answer. He would 

proceed thus :— 

Price of 7 cwt. =;^ 13 is. 4d. 
therefore, price of i cwt.==seventh part oi £^1'^ is. 4d. 

^£\Z IS. 4cl-+7 
^£\ 17s. 4cl. 

Again, were we to- ask — If the price of sugar per cwt. be 

£1 1 7 J. 4^., what would, g cwt. cost? he would say : — 

Price of i cwt.=;^i 17s. 4d. 
therefore, price of 9 cwt. ==9 times £1 17s. 4d. 

^£1 17s. 4^1. X 9 
= £16 i6s. 

From these examples, therefore, it may be seen that 
he is able to answer a more difficult question than either, 
viz. : — 
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If 7 cwL of sugar cost jQi^ is. 4//., wAat would 9 cwt^ 
cost? 

For, knowing the cost of 7 cwt., he is able to find, as 
above^ the cost of i cwt. ; and then, knowing the cost of 
I cwt., he can find the cost of 9 cwt. 

£xample i. A railway train going at a constant speed 
travels 285 mi. 1350 yd. in 15 hours. How far would 
it go in 7 hours ? 

In 15 hours it travels 285 mi. 1350 yd. 
/. in I hour „ 285 mi. 1350 yd. +15 . 

/>. 19 mi. 90 yd. 
/. in 7 hours „ 19 mi. 90 yd. x 7 

/>. 133 mi. 630 yd. 

Example 2. A pedestrian travelling 4 hours each day 
performs a certain journey in 21 weeks. How many weeks 
would he take travelling at the same rate* during 7 hours 
per day? 

Travelling 4 hr. per day he requires 21 weeks 

„ I „ ,) I, „ 21 WK. X 4 

or 84 weeks 
and /. „ 7 „ „ „ „ 84 wk.+7 

or 12 weeks. 

In these and similar exercises the result evidently is 
reached in two steps. When the question was, "What 
would 9 cwt. cost ? " we made the first step by finding what 
I cwt. would cost ; when asked " How far would it go in 7 
hours ? " our first step was to find how far it would go in 
I hour j and such is the mode of procedure in all similar 
cases. In other words, we first calculate the rate (at which 
the sugar is sold, or at which the train goes), and thence 
proceed to calculate the result wanted. 

Exercises. Set XXXIII. 

1. 15 yd. of cloth cost;^i 3s. i^. What would 37 yd. cost at the 
same rate ? 

2. The rent of a field contauung 7 ac. is ^8 3s. 4d. At this rate 
what would the rent of 100 ac. be ? 
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3. A pumping-engine raises 17 gall. 2 at, of water in 10 seconds. 
Working at tne same rate, how mudi womd it raise in 66 seconds ? 

4. If 12 tons 13 cwt. of coals cost ^ii, how much may be bonglit 
far;fi7? 

5. What must be paid for 33 doz. of wine at the rate of ;^i05 for 
120 doz. ? 

6. How many acres of land may be rented for;^i53 at the rate of 
jfi8 for 6ac. 3ro. 36 po. ? 

7. If 5 men mow a certain quantity of hay in 14 hours, how long 
would 12 men take to do the same, aU the men working at the same 
rate? 

8. The tax upon a house-rent of £17$ is £7 5s. lod. At this rate 
what tax inust one pay in the case of a house rented at ;^33 ? 

9. What must sheep cost per score at the rate of ;£'I76 19s. 3d. for 
121? 

10. A pedestrian walking at the rate of 117 yd. per minute perfiExrms 
a certain journey in 6 hours. How long would he take if he travelled 
at the rate of 52 yd. per minute ? 

65. The learner is already familiar with the fact that when 
one number is to be divided by another and the quotient to 
be multiplied by a third, the same final result may be got^ 
and in many cases more readily, by performing the opera- 
tions in the reverse order. This should be steadily borne 
in mind in dealing with exercises like th« present 

Example. A field of 26 ac. is rented for;;^62. What would 
be the rent of 200 ac at the same rate ? 

Rent of 26a.c.^j£62 
„ I ac«;^62+26 

and.*. „ 200 ac.=?^62+26)x 200 

=(;^6 2x200)+ 26 
«j^ 1 2400 +2 6 
«;^476 i8s. 5id A- 

Here, instead of dividing by 26 and multipljmig the 
result by 200, we multiply by 200 and divide the result by 
26 — an easier way of reaching the same conclusion. 

ExB&cisss. Set XXXJV. 

X. If 15 cwt. of sugar cost £2^, what will 31 cwf. cost at the same 
rate? 

2. If 16 tons of iron cost;^42, what wifi 157 tons cost at the same 

rate? 
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3. For a railway journey of 288 mi. the fare is £^, At this rate 
what would the fare be for a journey of 517 mi. ? 

4. What would 119 yd. of cambric cost at the rate of £^2 for 
36 yd.? 

5. 6960 sq. yd. of matting cost ^^270. How much of it may be 
bought for ;^iooo at this rate ? 

6. A person who has used 48 thousand cub. ft. of gas is charged 
j^i I for it. What must another consumer pay who has used 37 thou- 
sand cub. ft. ? 

7. How much wine may be bought for ;f 173 at the rate of ^^40 for 
50 gallons ? 

8. How many acres of land may be rented for ;^763 at the rate of 
I05ac. forj^ii2? 

9. A machine makes 24 cwt. of nails in 37 hours. Working at this 
rate, how long wiU it take to produce 115 cwt. ? 

10. Two tradesmen have respectively /*48o and £Bj^ invested in the 
same business, and the investor of the former sum receives j^3i as his 
share of the profits. What must the other receive ? 

66. In all these questions it must have been observed 
that there are given two magnitudes of the same kind, to 
one of which there corresponds in some way a third given 
magnitude, and to the other in the same way a fourth 
magnitude not given, but to be found. For example, in 
No. 4 of the questions immediately preceding we have two 
given magnitudes of the same kind, viz., "36 yd.** and 
"119 yd.," to the former of which there is given a corre- 
sponding magnitude, viz., its price, and the magnitude cor- 
responding in the same way to the latter the learner is 
asked to find. 

In the preceding examples the two given magnitudes 
of the same kind have always appeared in terms of one and 
the same unit. Thus in (9) it is the hundredweight^, in (3) 
the mile, and so on. The point now requiring the learner's 
attention is that if they be not thus expressed when given, 
the necessary change must at once be made. 

Example. If 27 cwt. of coal cost £^1 9s. 3d., how much 
may be bought for 4S» 4d. ? 

Here the two given magnitudes of the same kind^ viz., 
j£i 9s. 3d. and 4s. 4d., are not in terms of one aiid the same 
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unit^ and we therefore proceed to express them both in 
pence alone. Thus — 

£i 9S. 3d. =35 1 pence 
4s. 4d.» 52 pence. 

Now 35 id. is the price of 27 cwt. 

id. „ „ 27 cwt.-4-35i 

and.-. 52d. „ „ (27 cwt.+35i)x52 

which=(27 cwt. x52)+35i 
= 1404 cwt. +35 1 
=4 cwt. 

Exercises. Set XXXV. 

1. If the cost of 3 bus. 3pk. of wheat be jf i is. 3d., what will be the 
cost of 5 qr. 7 bus. at the same rate ? 

2. The price of i ton 13 cwt. of coal is £1 i8s. 6d. What will 
3 tons 12 cwt. cost at the same rate ? 

3. Groing at a constant speed a railway train accomplishes 97 mi. 
in 3 hr. 14 min. At this rate how far would it go in 7 hr. 36 min. ? 

4. If I ton 13 cwt. of coal cost £1 i8s. 6d., how much may be 
bought for £s 19s. ? 

5. Going at the rate mentioned in (3) how long would a train take 
to run a d^tance of 1 1 7 mi. 44 yd. ? 

6. How much land may be rented for ;^50 8s. 4d. at the rate of 
;^7i IIS. lod. for 3 ac. 2 ro. 8 sq. po. ? 

7. The weight of 21 pints of water is 26 lb. 4 oz. What wiU 
7 gaJl. 3 qt. of the same water weigh ? 

8. At the rate mentioned in (6) what would the rent of 17 ac* 
3iosq. yd. be? 

9. A vertical rod 2 ft. 3 in. long throws a shadow 31 ft. 6 in. long. 
What must the length of a flagsptadS* be which at the same time throws 
a shadow 98 yd. long ? 

10. A bankrupt pays £2 6s. 8d. to a creditor to whom he owed 
jf40. What jpxist he pay to another to whom he owed ;f 113 2s. 6d. ? 

1 1 . One gentleman'sincome is£i 152 1 7s., and another's /'3 1 74 14s. 6d. 
If the former pays £g6 is. 5d. ofmcome-tax, what must the latter pay ? 

12. The occupier of a house whose rental is ;^8i 4s. is charged 
15s. 2^. for the school board ; another is charged j^i os. 4^. What 
rent must the latter pay ? 

67. Many questions, as easy as any of the foregoing, may 
present difficulty to the learner on account of being stated 
in a less direct way, or in technical language with which he 
is unacquainted. All the guidance that can be given in 
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reference to them is the general advice to make sure of the 
meaning of every word and phrase used, and, separating 
clearly the iilformation given from what is desired to be 
known, to restate the question in the simplest form possible. 

Exercises. Set XXXVI. 

1. What is the dividend oii;^6i8o los. at 5 per cent. ? 

2. A bankrupt whose debts amount to /■3177 pays £^ i8s. 4d. to a 
creditor whose account is;f35. What is the total value of the bank- 
mpt's e£Fects ? 

3. A bankrupt's debts amount to ;^8405, and his effects are worth 
ODly;^322i 1 8s. 4d. What loss will a creditor sustain whose account 
is ^ 105 2s. 6d. ? 

4. After income-tax at the rate of 5d. in the pound has been de- 
ducted from a gentleman's income there remains j^979 3s. 4d. What 
must his income be ? 

5. After income-tax at the rate of 7d. in the pound has been de- 
ducted from a gentleman's income there remains ^ 1902 i6s. 8d. What 
is the amount of his tax ? 

6. A man travels 559 miles in 43 da3rs walking 4 hours a d£^. At 
this rate how many miles would he travel in 22 da}^ walking 6 hours a 
day? 

7. 108 men are started upon a piece of work which they can finish in 
24 days ; when half of it is done 54 additional men are engaged. In 
how many days after this will the work be completed ? 

Exercises. Set XXXVII. 
Miscellaneous. 

1. The difference of two numbers is nine hundred and nine, and the 
larger is two thousand and forty. Find the other. 

2. How often is the fourth power of 8 contained in the eighth power 
of 4? 

3. One parcel weighs 2 lb. 5 oz. and another five times this. What 
is the weight of both together ? 

4. ;^I3 17s. 6d. was expended in paying is. 3d. each to a number ot 
workmen. Find how many workmen there were ? 

5. One piece of cloth contains 27 yd. at is. 7^. per yd., and another 
35 yd. at IS. 3fd. per yd. What is the difference in the price of the 
pieces? 

6. A contractor employs a gang of 327 navvies, each of whom receives 
3s. 2d. a day. In 15 days what will the wages of the gang amount to ? 

7. A person who owed £s^S ^^s. 4d. agreed to pay it in monthly 
Instalments of £^ 19s. 6d. ^ter 57 payments how much does he 
owe? 

8. After paying for 13 yd. of cloth at 12s. 6}d. a yd. I have 
£2 los. 4d. remaining. What sum had I before ? 

G 
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9. A farmer sells 26 oxen valued at £1 1 12s. 6d. each, and then bays 
150 sheep at 27s. 6d. each. What balance of money remains in 
hand? 

10. In a factory 215 persons are employed, 195 of whom receive 
2s. 4d. a day each, and the others 6d. more. .What is the total sum 
paid to them daily ? 

11. Every sheep in 15 score cost j^i 7s. 6d. What was the total 
cost? 

12. If the cost of 117 doz. of handkerchiefs be £"^2 3s. 6d., what is 
the cost of one handkerchief ? 

13. A person possessing 130 ac. of land sells a comer of it con- 
taining loooo sq. yd. How many acres has he remaining ? 

14. A person whose fortune amounted to jf 6745 '^* ^^^ ^^'^ ^^ ^^ 
it to be divided equally among six nephews, and the other half equally 
among four nieces. What would eacn nephew and niece receive r 

ic. In a book of 315 pages there are 42 lines on each page. If the 
author be paid at the rate of i^. a line, what sum should he receive ? 

16. What will 3 cwt. i qr. 17 lb. of sugar cost at 5jd. per lb. ? 

17. At the rate of 15s. 4^. for a napoleon, what sum should I 
receive on changing 17 napoleons and 3 half-napoleons into English 
money ? 

18. A draper buvs 13844 yd. of cloth for £^^ 19s. 4d. and sells it 
for ;f 733 IS. 5d. What does he gain per yd. T 

19. The sum of two numbers is two thousand and sixteen, and the 
one exceeds the other by ninety. Find the numbers. 

20. In payment of a sum of 10 guineas I gave 15 half-sovereigns, 
15 half-crowns, and the remainder in sixpences. Find the number of 
sixpences. 

21. 17 casks of treacle weigh 56 cwt. i lb., and the nett weight after 
deducting the weight of the casks is 54 cwt. 4 lb. What is the avemge 
weight of an empty cask ? 

22. The double of a fifth part of a number is thirty thousand and 
ten. Find the number. 

23. A fanner who bought 17 oxen at £16 13s. 6d., and 210 sheep at 
25s. 3d. each, sold each ox for;^i8 and each sheep for 23s. lod. What 
did he thereby gain or lose ? 

24. A person is found to take 119 steps in a minute. At this rate 
how far ^ml he go in 3 hours, supposing the length of each step to be 
2ft.8in.? 

25. The sum of a certain number and forty score is a thousand 
dozen. Find the number. 

26. For 1 1 28 bottles of wine I pay £210^ 3s. What is the rate per 
doz. ? 

27. A wheel going constantly for 7 weeks turns 22226400 times. 
How many times does it turn in a minute ? 

28. The sum of three hundred and one and nine times a certain 
number is a million and five. Find the number. 
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29. In a granary there are stored 71235 bushels of com. What is 
the value of it at the rate of 17s. 6^. per sack of 5 bushels ? 

50. Seven times a certain number is greater than ten thousand four 
hundred by eight hundred and seven. Find the number. 

31. A tract of land containing 500 ac. 2 ro. is divided amone 89 
persons, ot whom 49 receive each 3 ac. i ro. 7 sq. po., and the omers 
receive the remainder in equal lots. What is the size of one of these 
lots? 

32. In dividing a certain number by 39 the quotient is 207, with 27 
remaining still to be divided. Find the dividend. 

33. In dividing 9009 by a c^ain number the quotient is 310, with 19 
remaining to be divided. Find the divisor. 

34. One cask contains 75 gall. 3 qt. i pt. of wine and another 
64 gaU. 2 qt. I pt. How much must be transferred from the one to the 
other so as to have the same quantity in each ? 

35. The fourth part of a certain number is multiplied by seventeen, 
the result being thirteen hundred and nine. Find the number. 

36. One man's wage is 4s. 2d. a day, and another's 33s. 6d. a week. 
If the former work six days a week, what will be the difference in their 
incomes in 47 weeks ? 

37. A ninth part of the sum of nineteen hundred and nineteen and a 
certain number is nine thousand and ninety-one. Find the number. 

38. A pipe conveys i gall. 3 qt. of water every second into a basin 
which is capable of holding 8916 gall. 3 qt. What time will be 
required to ml the basin in tlus way ? 

39. A man whose quarterly expenditure amounts on an average to 
;^49 7s. 6d. saves 750 guineas in 15 years. What is his annual income ? 

4.0. A certain number is multipUed by seventy-one and the product 
divided by seventeen, the quotient obtained being a million ana thirty- 
five. Find the number. 

41. The land possessed by two proprietors amounts to 512 ac. 3 ro. 
24sq.po. After the one has given the other 16 ac. 35 sq. po. their 
portions are equal. How many acres did each previously possess ? 

42. The engines of a factory consume 364 cwt. of coal per day, and 
in a year of 300 working days the expense in this way for coal was 
jf 6370. What did it cost per ton ? 

43. A certain number divided by 508 gives the same quotient as 
2604315 divided by 357. Find the number. 

44. A bankrupt's effects are worth ;^35 700 and his debts amount to 
;^6i200. What will he pay in the pound ? 

45. One pipe supplies 1046078 cub. in. of water in 17 hours, and 
another 935845 cub. in. in 19 hours. How much more per hour does 
the one pipe supply than the other ? 

46. A person seUs 573 yd. of cloth at 5s. 7^. per yd., and thus gains 
jf 3 I IS. 7 Jd. What did it cost him per yd. ? 

47. A boy divides a certain number by 9, increases by 9 the quotient 
thus obtained, multiplies this sum by 9, and subtracts 9 from the pro- 
duct, his final result being 198. What number did he start with ? 
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48. For 7 barrels of beer each containing 36 gallons I pay 12 
guineas. What does it cost per pint ? 

49. A woman bu3rs 19 doz. of eggs at io}d. per doz., loses 36 eggs 
by breakage, and sells the remainder at is. o^. per doz. What 
does she gain or lose by the transaction ? 

50. A waggon Aill of coal weighs 8 tons i qr., and the tare (<>., in 
this case, the weight of the empty waggon) is 2 tons 15 cwt. 2 qr. Find 
the cost of the coal at £1 is. Sd. per ton. 

51. 3 cwt. 3 qr. 13 lb. of raisins are to be packed in 17 boxes, so that 
one box may contain 91b. less than each of the others. How much Is 
put into each of the 16 boxes ? 

52. 17 bushels of com are worth £2 19s. 6d., and 100 bushels of 
wheat are worth ;^30 12s. 6d. How many bushels of wheat must be 
given in exchange for 133 bushels of com ? 

53. The sum of two numbers is 3948, and the quotient obtained on 
dividing the greater by the less is 19, with 108 still to be divided. 
Find the numbers. 

54. A certain number of threepenny pieces, the same number of 
fourpenny pieces, and the same number of crowns, are in all equivalent 
to ;^7. How many coins are there altogether ? 

55. One traveller whose rate of walking is 4 mi. 1430 yd. per hour 
leaves a town 3 hours after another whose rate is 3^ miles per hour. In 
what time will the second overtake the first ? 

56. A person buys eggs at los. 5d. a hundred, and sdls them at 
IS. 4M. a doz., thereby gaining 6s. 3d. How many eggs did he 
buy? 

57. While the small wheel of a carriage turns 17 times, the large 
one, whose circumference is 12ft. 6 in., turns ii times. How many 
turns will the small wheel make in going a distance of 77 mi. 5 13yd. i ft.? 

58. An agent buys 213 ac. of land at £\ 6s. 6d. per acre, and resells 
194 ac. at £^ 5s. 8d. per acre. At how much per acre must he sell the 
remainder so as to realise a clear gain of£g6 17s. lod. ? 

59. A wine merchant bu3rs 314 gall, of wine at 1 6s. 6d. per gallon, 
and 273 gaJl. at £1 os. 4d. per gallon, and mixes the two quantities, 
losing in the process 7 gallons. What will he gain by selling the mix- 
ture at 19s. lod. per gafion ? 

60. In a constituency 10405 electors voted for two candidates, and 
the successful candidate had a majority of 289, his election expenses 
being ;f 10705 2s. 9jd., while his opponent's were only ^f 5690 5s. What 
on an average did a single vote cost each candidate ? 
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INTEGRAL NUMBERS VIEWED AS PRODUCTS 

OF OTHER INTEGERS. 

68. An acquaintance with the mutual relations of num- 
bers, especially integers, and with their properties is of 
much importance to the calculator in enabling him to 
shorten and simplify his work. This truth we have already 
seen illustrated in some very simple instances. For 
example, he who knows that 125 is the eighth part of 1000 
can attain the result of multiplying or dividing by 125 with 
greater ease than one who is ignorant of the existence of 
this relation between the two numbers. For the reason 
stated we propose, in what immediately follows, to increase 
the learner's knowledge of properties of integral numbers 
and relations between them of the kind indicated in this 
example. 

69. Every multiplication we perform teaches us a 
property of the number which results from the operation. 
For example, we obtain 483 on multiplying 7 by 69, and 
we thus know, what probably we were before ignorant 
of, that 483 is exactly divisible by two integers other 
than itself and unity, viz., by 7 and by 69. That very many 
integers have this property is a fact we can therefore assert 
from experience. But on trial of the small integers in 
order, we find at once that it is not true of all: for example, 
7 is exactly divisible by no integer except itself and i. 
We may consequently divide integral numbers into two 
classes, those which have this property and those which 
have not; the former are called composite numbers, e.g.j 
4^ 6, 8, 9, ... , and the latter prime numbers, ^^., 2, 3, 5, 

7» • • • 

70. Many facts regarding this subject of exact divisibility 

are soon discovered by the learner himself, e,g. : — 

(i.) A number is known to be even, t.e,, exactly divisible 
by 2, if it have o, 2, 4, 6, or 8 for its last digit. 
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(2.) A number is known to be exactly divisible by 5 if it 
have either o or 5 for its last digit 

(3.) A number is known to be exactly divisible by 10 
if it have o for its last digit ; by 100 if it have its last two 
digits each o ; by iooo if it have its last three digits each 
o ; and so on. 

Less likely to strike one are the following properties : — 

(4.) A number is exactly divisible by 4 if the part of it 
represented by its last two digits be so divisible. 

^5*) A number is exactly divisible by 8 if the part of it 
represented by its last three digits be so divisible. 

Still less evident properties are the following : — 

(6.) A number is exactly divisible by 3 or by 9 if the sum 
of its digits be so divisible. 

(7.) A number is exactly divisible by 11 if the difference 
of the sum of the digits in the odd places and the sum 
of the digits in the even places be o or exactly divisible 
by II. 

71. When we find two or more integers other than unity 

whose product equals a given composite number we are 

said to have resolved the given number into factors. Thus, 

knowing that 395 is exactly divisible by 5 we may perform 

the division, and so resolve 395 into two factors^ 5 and 79. 

Having resolved a composite number into factors we may 

find that these factors are all prime numbers, and if so, we 

say that the given number has been resolved into prime 

factorSy e.g,y 15=3x5. But as any factor which is not 

prime may be itself resolved into factors, and so on until 

resolution is no longer possible among them, we see that 

every composite number can be resolved into prime factors, 

e,g.^ 

120=12x10 

-4x3x2x5 

= 2x2x3x2x5. 

Further, it can be shown that for any given number only 
one set of such factors is possible. 
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72. With the knowledge of the properties given in § 70 it 
is easy to resolve many composite numbers into their prime 
factors. 

Example. Resolve 403920 into its prime factors. 

403920= 10 X 40392 

«2x 5x8x5049 

s2X 5x 2X2X 2X II X459 

= 2x5x2x2x2x1.1x9x51 

»2 X 5 X 2 X 2 X 2 X II X 3 X 3 X 3 X 17. 

Here, observing that the given number ends in o, we 
resolve it in the first line into 10 and another factor. 
In the second line 10 is resolved into 2 and 5, and 
observing that 392 is divisible by 8 we resolve 40392 into 
8 and another factor. In the third line we first resolve 8 
into its prime factors, then observing that the sum of the 
digits in the even places of 5049 is 9, and in the odd 
places also 9, and therefore the difference of the two sums 
o, we resolve 5049 into 1 1 and another factor ; and so on. 

It is easily seen, however, that resolution into prime 

factors may sometimes be a matter requiring very great 

time and labour. If, for instance, the given number were 

921 1, we soon know from § 70 that it is not exactly 

divisible by 2, 3, 5, or ii j but as for other prime numbers, 

7, 13, 17, &c., there is no course open to us except making 

trial with, each of them by the ordinary process of division. 

In this laborious way we find that the first prime by which 

the given number is exactly divisible is 61, the quotient 

being 151. After a little more trouble we find that 151 is 

a prime, and thus conclude that the prime factors of 92 11 

are 61 and 151. 

Exercises. Set XXXVIII. 

Resolve the following numbers into prime factors : — 
I. 100, 32, 72. 2. 144, 63, 180. 

3- 75. 125. 175- 4- "7, i53» 207. 

5- 57, 87, 147- 6. 255, 441, 555. 

7. 765, U28, 516. 8. 374, 517, 1045. 
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9. 2376, 8415. 10. 77517, 275517. 

II. 377, 221, 323. 12. 2527, 1 183, 6877. 

13. Find all the priin^ numbers between 50 and 100. 

14. Find all the prime numbers between 160 and 180. 

73. When we know the prime factors of a number we 
are able to tell every one of the integers by which it is 
exactly divisible. Thus, knowing that the prime factors of 
42 are 2, 3, 7, we thence know that 42 is exactly divisible 
also by 2x3, ue, 6, by 2 x 7, i,e. 14, and by 3x7, ue, 21, 
and by no other integers except 42 itself and unity. 
These numbers, 

are called measures of 42, a measure of a number being 
defined as a number which is contained in it an exact 
number of times. 

As another instance, we may find all the integral measures 
of 315. The prime factors of 315 are easily seen to be 3, 
3, 5, 7, and thence we have 

3 ^ 3 '>• 9 3 ^ 3 '^ 5 '•^- 45 

3x5 1.^. 15 3^ 3^ 7 ^'^' 63 

3x7 i>. 21 S^S^I ^'•^- 105 

S^l '>-35 
the full list of integral measures thus being 

', 3, S, 7, 9> iS> 21, 3S» 4S» 63, los, 315- 

74. If we compare these two lists, the integral measures 
of 42 and those of 315, we see that the numbers 

I, 3, 7» 21 
are common to both, and we therefore say that i, 3, 7, 21 
are common measures of 42 and 315 ; a common measure of 
two or more numbers thus being a number which is con- 
tained in each of the numbers an exact number of times. 
Further, of these four integral measures, i, 3, 7, 21, com- 
mon to 42 and 315, the greatest is 21, which is in conse- 
quence naturally called the greatest common measure of 42 
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and 315, or, for shortness' sake, the G. c. m. of 42 and 

315. 

Similarly, finding the integral measures 

of 1 2 to be I, 2, 3, 4, 6, 12 
of 18 to be I, 2, 3, 6, 9, 18 
and of 30 to be i, 2, 3, 5, 6, 10, 15, 30, 
we say that the common measures of 12, 18, and 30 are 

h 2, 3, 6, 
and that the greatest common measure is 6. 

75, Should one of two given numbers be a measure of 
the other, the former is of course the greatest common 
measure of the two. Thus, 12 being a common measure 
of 12 and 36, and being the greatest possible measure of 
1 2, must therefore be the greatest common measure of 1 2 
and ^6. 

76. It is often, as will be seen, of considerable import- 
ance to be able to find readily the greatest common 
measure of two numbers. For this purpose the method 
used above may be shortened as in the following ex- 
ample : — 

Example. Find the greatest common measure of 84, 540, 
and 330. 

84=2 X 2x3x7, 
540=2x2x3x3x3x5, 
330=2x3x5x11, 

/. G. C. M. =2x3 

=6 

Here, after resolving each of the numbers into its prime 
factors, we do not as before find all the integral measures 
of each of the numbers, and then select the largest which 
is common, but, as a short way to this, we at once take the 
greatest product of prime factors which is seen to be con- 
tained in all the numbers. That is to say, we look at the 
numbers in their resolved forms and observe that 2x3 
occurs in all, and that this cannot be said of any product 
of a greater number of prime factors, and we thus conclude 
that 2 x 3 is the greatest common measure sought for. 
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As other instances we have from the above — 

G. c. M. of 84 and 54o=«2x 2x3=12 
G. c. M. of 540 and 33o«2 x 3 x 5=30. 

Exercises. Set XXXIX. 

Find the greatest common measure of — 

I. 18, 42. ** 2. 42, 49. 

3- 75> 225. 4. 12, i8, 45. 

5- 30» 39, 72. 6. 64, 84, 144. 

7. 504, 720. 8. 14, 18, 36, 48. 

9. 459, 594- 10- 693, 1287. 

77. Resolution into prime factors being often a work of 
great labour, the method followed in the preceding exercises 
is not generally serviceable. It can, however, be shown that 
if the greater of two irUegers be divided by the other ^ the greatest 
common measure of divisor and dividend is the same as the 
greatest common measure of remainder and divisor ; and from 
this principle a better method is easily arrived at Thus, if 
the greatest common measure of 299 and 221 be wanted, we 
divide 299 by 221, 

221)299(1 
221 

T8 

and hence know that the greatest common measure of the 
divisor and dividend, 221 and 299, is the same as the greatest 
common measure of the remainder and divisor, 78 and 221. 
This latter may therefore be sought for instead. 
Well, dividing 221 by 78, 

78)221(2 

65 

we learn in the same way that the greatest common 
measure of 78 and 221 is the same as the greatest common 
measure of 65 and 78; and this which is more easily 
obtained we now seek for. 
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Dividing then again, 

65)78(1 

we know that the greatest common measure of 65 and 78 
is the same as the greatest common measure of 13 and 65, 
which, as the numbers are smaller, is still more easily 
found. 
Dividing once more, 

13)65(5 
65^ 

we see that the greatest common measure of 13 and 65 is 
13, and 13 is thus the greatest common measure also of 
the given numbers 221, 299. 
The process here followed may be arranged thus : — 

221)299(1 
221 

78)221(2 
156 

"65)78(1 

G. C. M.- 13)65(5 

the last divisor being always the greatest common measure 
of the given numbers. 

78. We may fitly describe this method of finding the 
answer to the question regarding the greatest common 
measure of two numbers as one of continued substitution of 
a simpler question. This will be more easily seen from 
the following explanatory abbreviation of the process which 
is given above in detail. 

G. c. M. of 221 and 299-0. c. m. of 78 and 221 

=G. c. M. of 65 and 78 
=G. c. M. of 13 and 65 

-13- 
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Example 2. Find the greatest common measure (x) of 
3528 and 40488, (2) of 87 and loi. 

3528)40488(11 87)101(1 

3528 87 

5208 

35^8 
1680)3528(2 

G. C. M. = 168)1680(10 

1680 




79. Two integers, such as 87 and loi, which have no 
common measure except unity, are said to h^ prime to each 
other. The learner must consequently distinguish between 
two uses of the word " prime ** in arithmetic; first, as applied 
to a single number, and, secondly, as applied to two num- 
bers with the modifying phrase " to each other," or some 
equivalent word added. Thus 11 is a prime number or 
prime; 4 and 15 are prime to each other ^ mutuaUy prime or 
relatively prime. 

Exercises. Set XL. 

Find the greatest common measure of — 

I. 221, 303. 2. 361, 437. 

3. 189, 448. 4. 1353, 2387. 

5. 1099, 1841. 6. 1897, 2282. 

7. 5759, 8593- 8- 3073, 22483. 

9. 8772, 1450. 10. 16307, 32522. 

80, If we leave out the quotients and omit to rewrite the 
divisors when in the succeeding step they are made divi- 
dends, the above process of finding the greatest common 
measure of two numbers may be still more concisely 
arranged. Thus in the cases before dealt with we should 
hav< 
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221 

65 


299 
221 

78 

65 


3528 
3360 

G. CM. = 168 


40488 
3528 

5208 
3528 


87 
84 

3 
2 

G. C. M.ssi 


lOI 

87 

14 

12 


G. CM.= 


= 13 


1680 
1680 


2 
2 



8i. If in the process a prime factor of any divisor or 
dividend be evident, it may be struck out. Should it not 
be common to both divisor and dividend, it will then of 
course be entirely neglected; otherwise, it is a prime 
factor of the greatest common measure, and must be set 
aside as such. 

82. The greatest common measure of three or more num- 
bers may be found by finding first the greatest common 
measure of two of them, then the greatest common measure 
of this result and the third, and so on. 



Exercises. Set XLI. 

find the greatest common measure of — 

I. 2873, 4862. 2. 812, 1554. 

3. 18829,27892. 4. 25116,40755. 

5. 182, 494, 1 1 70. 6. 1870, 1700, 2125, 3587. 

83. Besides the greatest number which is contained an 
exact number of times in each of a set of integers, it is im- 
portant to be able to find also the least number which 
contains each one of the set an exact number of times. The 
former in the case of the numbers 4, 6, 8 we know to be 
2 ; and the latter may be seen to be 24, for 24 contains 4, 
6, 8 each an exact number of times, and the same cannot 
be said of any smaller number. 

84. A number which contains another an exact number 
of times is called a multiple of that other ; for example, 
since 21 contains 7 exactly 3 times, 21 is said to be a 
^lultiple of 7, so 15 is a multiple of 3, and 12 of 4. 

Recalling the use of the word measure we thus see that 
if one of two numbers be a multiple of the other, the latter 
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is a measure of the former, and vice versd ; that is, the 
words multipU and measure are correlative; 21 being a 
multiple of 7, 7 is a measure of 21 ; and 3 being a measure 
of 15, 15 is a multiple of 3. On account of this relation 
and to be suggestive of it, the term ** sub-multiple** has some- 
times been used for measure, 

85. Exactly similar to the use of the expression '' common 
measure " is the use of the expression " common multiple." 
2 being a measure of 4, of 6, and of 8, is called a common 
measure of 4, 6, and 8 ; so 24 being a multiple of 4, of 6, 
and of 8, is called a common multiple of 4, 6, and 8. 
Further, there being other common multiples of 4, 6, and 
8, such as 48, 72, &c., but none less than 24, 24 is naturally 
named the least common multiple of the numbers in ques- 
tion, and often, for shortness' sake, their l. c. M. 

86. When the numbers whose least common multiple is 
wanted can be easily resolved into their prime factors, very 
little work is necessary. 

Example. Find the least common multiple of 4, 6, 12, 
I Si 3o> 20, 70, 18. 

12 — 2x2x3 

30 = 2 ^ 3 >^ 5 

20 » 2 X 2 X 5 
70 = 2 X S X 7 
18 « 2 X 3 X 3 

.\ L. C. M. = 2 X 2 X 3 X 5 X 7 X 3 
= 1260. 

The numbers 4 and 6 are left out of consideration, since 
if we find a number which contains 12 we are sure that it 
will also contain 4 and 6 ; similarly 15 is neglected on 
account of the presence of 30. Of the factors 2, 2, 3, 5, 7, 
3, taken to form the least common multiple, the 2x2x3 
is introduced in order that the number we are forming may 
contain 12 ; that it may contain 30 we introduce only 5, the 
other prime factors of 30, viz. 2, 3, being already put in ; 
that it may contain 20, nothing further requires to be done, 
the prime iactors of 20, viz. 2, 2, 5, being already Intro- 
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duced ; that it may contain 70 we introduce 7 ; and that 
it may contain 18 we introduce a second 3. 

The resulting number found in this way clearly contains 
each of the given numbers, that is, is a common multiple 
of them- ; and as not one of the prime factors taken to form 
it can be dispensed with, it must therefore be the least com- 
mon multiple. 

ExE&cisES. Set XUI. 

Find the least common multiple of— 

I. 4, 6, 15. 2. 6, 8, 10. 

3. 8, 10, 12. 4. 10, 12, 14, 16. 

5. 9, 12, 15, 18. 6. 15, 18, 20, 24. 

7. 21, 27, 30, 36. 8. 32, 36, 40, 48. 

9. 40, 50, 65, 75, 80. 10. 42, 49, 56, 63, 84. 

II. 12, 20, 24, 60, 95, 100. 12. 7, 15, 21, 35, 63, 108. 

87. In using the foregoing method difficulties may arise 
in trying to resolve the integers into their prime factors. 
Such resolution is not required in the method now to be 
explained, which besides being more generally applicable is 
also more expeditious. 

Example i. Find the least common multiple of 9, 12, 
30, 63, 18, 49, 70. 



12 


^, 12, 30, 63, 18, 49, 70 


35 


5, 21, 5, 49, 35 



3i 7, 

L. C, M. = I2 X 35 X 3 X 7 = 8820. 

Here we first of all strike out as before any one of the 
numbers which is contained an exact number of times in 
any of the others ; then we proceed as follows to obtain 
one by one a series of numbers whose product must be the 
number sought. First we set aside 12, which, being one 
of the given numbers, must consequently appear as a factor 
of the required number. But in doing this we ensure also 
that the 6 which occurs as a factor of the next number, 30, 
will be represented in the number we are finding, so that 
pronsion has only to be made for the other factor, 5, and 
on this account the 5 is taken note of. Similarly under 63 
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we write 21, the other factor, 3, having been provided for ; 
and so on. In other words, we divide 30 by the greatest 
common measure of 1 2 and 30, we divide 63 by the greatest 
common measure of 12 and 63, and so with the others. 
The numbers 5> 21, 3, 49, 35 are now treated like those of 
the pre\dous row ; but the numbers of the next row being 
mutually prime, there is no necessity for proceeding farther; 
and multiplying together the numbers found, viz. 12, 35, 3, 
7, we have the number required. 

Example 2. Find the least common multiple of 32, 40, 
48, 6, 21, 10, and of 57, 95, 20. 

48 I 32, 40, 48, 6, 21, *& 95 I 57, 95, 20 



2, 5f If 3 4 

L.C.M.=48x 2x5x7 L.C.M. = 95x3x4 

=3360. =1140. 

ExE&cisES. Set XUn. 

Find the least common multiple of— 

I. 2, 3, 4, 5, 6, 7, 8, 9. 2. 6, 9, 12, 15, 21, 24. 

3. 10, 12, 14, 16, 18. 4. 22, 26, 33, 39, 12. 

5- 3» 5» 7» "» i3> 57- 6. 54, 81, 117, 104, 169. 

7. 407, 481, 65. 8. 685, 959, 49. 

9. 1 127, 69, 3703. 10. 5627, 6289. 
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88. The ideas conveyed by such terms as "flf Aaif" " a 
thirdy^ " a quarter ^^ &c., are usually acquired long before 
entering formally on the study of arithmetic. All that is 
previously necessary is an acquaintance with the ideas 
" iwoy' " threei^ ^^four^^ &c., and the conception of the 
breaking up of a naturally existing whole into equal parts. 
For example, if we are familiar with the idea '' six^^ and see 
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an apple cut into equal, portions which we find to be six 
in number, on thinking of one portion in its relation to the 
whole apple we seize the idea of '' a sixth of an appie^* and 
thereafter the abstract idea '* a sixth!^ As any number less 
than six of these portions would form only part of the 
original whole, the terms " a sixth^** " tw<hsixths" " three- 
stxthsy* ^* four-sixths" ^'Jive-sixths " are called fractions, 
or FRACTIONAL NUMBERS — that is, numbers less than unity. 
For the present we confine ourselves to fractions like the 
above, which are expressible as so many times some par- 
ticular aliquot part of unity. 

89. Fractions thus arise in connection with the actual 
separation of naturally existing units into equal parts. But 
their great value, like that of numbers in general, is in con- 
nection with arbitrarily chosen units of measurement. 

Let us recur to the example of measuring a piece of 
wood. Suppose we have fixed upon a unit of length, say 
the foot, but on appl3ring it have found that it is not con- 
tained an exact number of times in the piece to be mea- 
sured — more than five times, for example, but less than six. 
This of course may be given as the result of our measure- 
ment, but it obviously fails in point of exactness. To over- 
come the difficulty one way of proceeding has already been 
pointed out, viz., adopting a second unit shorter than the 
former — ^the inch — ^finding how often it is contained in the 
part of the wood remaining after the measurement of the 
five feet, using in the same way a third unit if there remain 
a portion less than an inch still to be measured, and so on 
until we attain the degree of accuracy we may require, the 
result of the measurement being expressed in terms of 
several units. The use of fractions, however, ^affords us a 
second mode of expressing the length with exactness. The 
part of the wood remaining after the measurement of the 
five feet, although too short to be measured by the foot, 
may contain an aliquot part of the foot an exact number of 
times. That is to say, by tr3ring one after another the suc- 

H 
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cessively smaller aliquot parts of a foot, the half, the third, 
the quarter, &c., we may at last find one which is either 
contained an exact number of times in the portion to 
be measured, dr sufficiently nearly so for the degree of 
accuracy aimed at. For example, the eighth of a foot may 
be contained exactly seven times, and if so, the length of 
the whole piece is expressed with perfect exactness in the 
form ^^feve feet and seven-eighths^ Here, instead of several 
units explicitly mentioned, we have only i\it foot. 

90. The point of diflference between these two modes of 
expressing the measure of any magnitude is that, after 
using one unit of measurement, we try in the one case to 
find such an aliquot part of this unit (e.g., the eighth^ in 
the above) as is contained an exact number of times in the 
portion remaining to be measured ; while in the other case 
we use at once a part of it already fixed and named (the 
incK)^ without regard to whether it be contained an exact 
number of times in the part to be measured or not, so that, if 
it be not, a third still smaller unit must be used, and so on. 

The former may be called the one^init system, although 
there are in reality two units (the foot and etghthrof-orfoot^ 
in the above), the latter the several-unit system. The one- 
unit system will be easily seen to be the more perfect, be- 
cause in the other we may soon exhaust all the fixed units 
at our disposal without attaining the necessary exactness, in 
which case firactions must after all be called into t^e. Thus 
we continually meet such expressions as two feet three inches 
and five^ghths, five minutes fifteen seconds and three- 
fourths^ &C. 

91. The NOMENCLATURE of fi^ctious is very simple. The 
name given to each of the equal parts into which the unit 
is supposed to be divided is in £nglish the (ordinal adjec- 
tive corresponding to the number of parts; thus, in the 
case of seven parts, each is called a seventh. The excep- 
tions, are half instead of second^ quarter as well 9S fourth, 
and in compound words oneth instead oi first {e^., twenty- 
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oneth). A name oi this kind is called the denomination of 
the fraction, just as we speak of the dencMninations '' inch," 
" foot," &a 

. Evidently, in the name of eveiy fraction there are two 
numbers involved. The one is the number of equal parts 
into which the unit is supposed to be divided, and this as 
implying the denomination of the fraction is called the 
denominator; the other is the number of such parts actually 
in the given fraction, and is called the numerator, ^qt 
example, in the fraction ^^ five-sevenths,^^ the denomination 
is sevenths, the denominator seven, and the numerator y^^. 

92. Notation. — On looking at the fractions "three- 
fourths," " five-sixteenths," &c., as written at length, a short 
mode of writing them, which may occur to every one, is 
" 3-4ths," " 5-i6ths," &a, and this form is in reality some- 
times used. The mode generally adopted, however, is 

3 J 

that is, a horizontal line is drawn, the numerator is written 
in figures above it, and the denominator below it. 

When a number consists of an integer and a firaction, 
the symbols for the integer are first written, and then, with- 
out any connecting sign, those for the fraction ; thus 

53iT*r stands for 531 +tV. 

93. Integers in Fractional Form. — If the unit be 
divided into three parts, one of these is expressed by the 
firaction " a third^^ two of them put together form the frac- 
tion " two-thirds i^ but three of them constitute the original 
unit, and cannot be spoken of as a fraction. The expres- 
sion " three-thirds " has the form of a fraction, but is in 
reality the integer one. Similarly six-thirds is the integer 
two in fiactional form, nine-thirds is the integer three, and 
so on. It is thus clear that all integers can be expressed 
in the form of fractions. 

But, further, the integer one, besides being three-thirdsj 
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is also iwd-haheSf four-fourths^ fivefifths^ &c.y and thus we 
see that there is an infinite variety of ways in which an 
integer can be expressed in fractional form. 

Example i. Change six into fractional form with the 
denomination tenths. 

ONE is ten-tenths^ 
therefore six is sixty-tenths. 

Example 2. Express 19 in fractional form with the 
denominators 4 and 10. 

i«4 . T^» 4x19 ^76 

and I-!? .-, i9-l°iil9«I2?. 

10 ^ 10 ID 

94. Further, it is evident from this that a number whidi 
is partly integral and partly fractional may be expressed 
wholly in fractional form. 

Example i. Express three and two-thirds wholly in 
fractional form. 

THREE is nine-thirds, 
therefore three and two-thirds is eleven-thirds. 

Example 2. Express 61V and iSTfv- wholly in fractional 

form. 

6A -6 + 1 =72^ 7:^79. 
12 12 12 12 

Exercises. Set XUV. 

1. Express 2 ft. 6 in. in terms of Hit foot alone; is. id. in terms of 
the shilling alone ; and £i 7s. 6d. in terms of the pound alone. 

2. Write in wonis an4 in figures the fincdon obtained by dividing 
a whole into ten parts and taking seven of them. 

3. Write in figures ^/^ hundredtfu^ a hundred and one thousandths^ 
a hundred and one thousandth^ thirteen ten-millionths, twenty-one 
hundred'millionths, 

4. Express 5 in fractional form wit^ the denomination,;^^, tenths, 
hundredths, thousandths. 

5. Express 2, 7, 13, 20 in the form of fractions— (i) with 4 for deno- 
minator, (2) with 48 for denominator. 

6. Convert 3, 13, 23, 103 intp the form of fractions — (i) with denomi- 
nator I, (2) with denominator 144. 
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Express each of the following numbers wholly in fractional Torm : — 
7- 3if 30l» 2f, 200fc 20oo}f. 

9. i7Tfc, iStt/W, 24Tififey, 34a»riWn^ 
10. 26ff, 26|fc ii2Hfc 347»J, ioitSA:. 

95. Although it may be convenient at limes to express 
in fractional fonn numbers which are not fractions, it must 
be remembered that the change is made merely for a tem- 
porary purpose, and that otherwise the fractional form is 
never used unless for real fractions, just as we occasionally 
find it serviceable to express in the unusual form of pence 
or ferthings a sum of money which amounts to several 
pounds. Now unity being equal to two-halves, three-thirds, 
four-fourths, &c., it must before this have been evident that 
in any case where the numerator is not less than the de- 
nominator there is an integer in disguise. We are there- 
fore now prepared to detect such sham fractions, and to 
express them in their proper form* 

Example i. Express ihirtem-fifths in its proper form. 

Thirteen-ffths is the sum <A five-fifths dsAfivtfifths and 
threefifths; hvXfiyefifths is one, consequently Mrtemfifths 
is the same as two and threefifths. 

Here our aim was to ascertain how many times five- 
fifths are contained in thirteen-fifths, that is, how many 
times unity is contained in the given number ; and such 
being the object in every case, division of numerator by de- 
nominator clearly gives all that is required 

Example 2. Express V and ff in their proper form* 

8 8 8 8 8' 
o 

18 -2» 
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ExsKCisis. Set XLV. 

Express the following numbers in their nsaal fotm :— 

3 10 12 19 33 55 91 
'•2' 3 ' 12' 8 » ly 39' 13' 

113 667 41769 30007 34? 499 
10* 100' 1000' 1000* 31* 99* 

246 3265 28192 948 I 134 8419 
3" 7 » 11 » 9 » 237* 126* 30 ' 

4. 3f, 7V. 198m, 4«. iW, 109HS*. 

96. It has been already remarked that if we multiply a 
number by another, and divide the product by a third 
number, we obtain the same final result as we do when the 
operations are reversed. There is a particular case of this 
which, under a different form, now deserves special atten- 
tion. When we divide a number by 8, and multiply the 
quotient by 3, the result is three-eighths of the given 
number. When, on the other hand, we multiply by 3, and 
divide the product by 8, the result is the eighth part of three 
times the given number. But the two results being the 
same, we see that three-eighths of a number is the same as 
the eighth part of three times the number; and if the 
number be unity, this amounts to sayin*g that three-^ghths 
is the same as the eighth part of three, or, in symbols, 
1^3-1-8. With the truth of this we are quite familiar, and 
would act upon it unhesitatingly. For example, if we were 
asked to divide 3 equal-sized apples among 8 boys, that is, 
to give each boy the eighth part of 3 apples, we should 
doubtless do so by giving each boy an eighth part of each 
of the apples, that is, three-eighths of one of them. 

A noticeable result of this is that the symbol of division, 
-►, is to a great extent supplanted by the fractional nota- 
tion. The quotient of 19 by 7, which is written 19+7, 
being the seventh part of 19, and this being the same as 
nineteen-sevenths, which is written V, it clearly follows 
that we may use with much convenience V^ for 19+7. 
And this change of notation is not confined to the case 
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where the divisor and dividend are mtegers, but is perfectly 
general— ^^., 

5 is used for si-t-i 
2l^ is used for (i-i)+(2i++), &a, 

the names numerator and denominator being extended 
so as to be synonymous with dividend and divisor. In this 
usage, however, unless care be taken, ambiguity may arise ; 

thus f may mean either f +5 or 3+f . To avoid this, all 
that is necessary is to make the line separating any dividend 
and divisor more conspicuous than any line of the same nature 
occurring aheady in the dividend or divisor — e.g,^ 

3-i-f is written | or -|-, 

f +5 is written y or -f-, &c. 

Further, this explains the mode shown at page 31 of deal- 
ing with the remainder obtained on dividing an integer by 
an integer. 

97. We have seen that any integer is expressible in frac- 
tional form in an infinite variety of ways ; the same, how- 
ever, is true of any fraction also. For example, the forms 
tJtree-fourths^ six-eigkiks, nine4welfihSy &c., all express the 
same fractional number. 

That three-fourths is the same as six-eighths is easily made 
clear. When a fourth of any whole is divided into two 
equal parts, each of them must be an eighth of the whole ; 
and one-fourth thus being two-eighths, three-fourths must be 
six-eighths; in symbols, f » f . Similarly we may show 
that 4 « -A, or H, or Ht . . • • 5 and, generally, it is true 
that if the numerator and denominator of a fraction be both 
multiplied by the same number the magnitude of the fraction is 
unaltered. For, taking as an example the multiplier 7, each 
of the parts of the second fraction is 7 times less than each 
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part of the first, but there are 7 times more parts taken in 
the second than in the first ; e.g.^ f and -H^. 

Remembering what has just been said regarding the sign 
of division, we see that we have had already to deal with 
this truth under another form, viz., if divisor and dividend be 
both mtdiiplied by the same number the quotient is unaltered. 

Example i. Express nine-tenths in other fractional 
forms. 

One-tenth is two-twentieths; therefore nine-tenths are 
eighteen-twentieths. Similarly, nine-tenths are twenty-seven 
thirtieths f &c. 

Example 2. Express i and A as. fractions with the de- 
nominator 24. 

The denominator 8 must be multiplied by 3 to produce 
24, and, in order to preserve unaltered the value of the frac- 
tion, the numerator also must be multiplied by 3. Thus — 

8~"8x3''24' 
Similarly, i-iJi^-I?. • 

*" 12 12x2 24 

ExB&ciSES. Set XL VI. 

1. Write in words and in figures the fraction of a florin obtained by 
taking the hundredth part of seventeen florins. 

2. Express } as a fraction with the denominators 9, 12, 27, 300. 

3. Express ^, f , Ii iV as fractions with the denominator 24. 

4. Express }, f, i» i^» A ^ fractions with the denominator 30. 

5. Express f i it H) ii» i ^ fractions with the denominator 7a 

6. Express f as a fraction with the numerators 9, 15, 72. 

7. Express f , f i A> A ^ fractions with the numerator 54. 

8. Express ^, f , f , l» Af A ^ fractions with the lowest possible 
power of 10 for denominator. 

98. Conversely, it is clear that if the numerator and de- 
nominator have a common factor, we may divide both by 
this factor without altering the value of the fraction. For 
example, observing that 27 and 72 have the common factor 

9, we conclude that 

27 3 
72"5* 
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A fractional form derivable in this way from another is, 
for an evident reason, said to be simpler than that other ; 
and when division like this is no longer possible, «>., when 
numerator and denominator are mutually prime, tiie fraction 
is said to be in its simplest form. 

As fractions are always spoken of and used in their sim- 
plest forms, unless for some temporary purpose, practice in 
deriving the simplest from any oUier form is desirable. 

Example i. Express H and Hi in their simplest 

forms. 

32^4JL? ^4 
72 9x8 ^9 ' 

And 326^36xn^36^4x9^4 
693 63x11 63 7x9 7 

If no factor common to numerator and denominator be 
apparent, and we cannot at the same time affirm with cer- 
tainty that they are mutually prime, we must have recourse 
to the known process of finding their greatest common 
measure. 

Example 2. Change fHH- to its simplest form. 

One common factor of numerator and denominator is 
here apparent, viz., 5, and we thus have 

2405 _ 481 
5135*1027* 

But now, as we may not be able to tell whether 481 and 
1027 have a common factor or not, we apply the testing 
process, and find their greatest common measure to be 13. 
This at once leads to the required simplest form, viz., 

37. 
79 

The simplest form of a fraction is naturally that from 
which we can acquire most easily a definite idea of the 
magnitude of the fraction. Thus, we may have some idea 
of the magnitude of the number specified in the form f]^, 
but the idea is more easily obtained from considering the 
form 1^, and still more so by thinking of the simplest form }. 
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When a fraction, unlike this example, has in its simplest 
form a large numerator and denominator, an idea of its 
magnitude may be got by considering simpler forms which 
are approxtmaidy equal to it The mode of finding these 
is explained farther on (§ 104, &c.). 

ExERCTSES. Set XLVn. 
Express each of the following fractions in its simplest fonn :— 

^ 57 141 252 
72' 162' 261* 
121 352 319 

^ 297' 8Sb' 429' 



I. 


48 


30 180 


A • 


120' 


135' 315' 


1 


117 


936 972 


9' 


135' 


1008' 1053 


5. 


91 


112 IS3 


221' 


133' 187' 


7. 


215 


1944 1397 


399' 


2817' 2255' 



g 3130 1029 2853 
• 4695' 1176' 3170* 
g^ ^987^ 4627 3465 

' 31426' QI98' 4851 

99. When we have two fractions of the same denomina- 
tion, iwo-Jifths and three-fifths^ we can at once tell, as in 
similar cases already seen, which is the greater, the sum of 
the two, and their difference. In the case of fractions of 
different denominations, such as twofifths and three-fourths^ 
this is not directly possible. We have learned, however, 
that a fraction can be expressed in an infinite variety of 
denominations ; that twofifths is expressible as a fraction 
with a denominator which is any multiple of 5, ^^., four- 
tenthsy &c.; and three-fourths as a fraction with a denomina- 
tor which is any multiple of 4, e^,, six-eighths^ &c. Now 
ao is a multiple of both 5 and 4, and thus twofifths and 
threefourths can each be expressed as so many twentieths^ 
and this being done, comparison, addition, and subtraction 
are possible. Moreover, as there is an infinite number of 
multiples of 5 and 4 besides 20, we see that the given frac- 
tions can be expressed in the same denomination in an 
infinite variety of ways. The lowest multiple, however, is 
clearly preferable. 

Example i. Express i and iV ^ fractions of the same 
denomination. 
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48 is a common multiple of 8 and 12, and therefore the 
given fractions may be expressed as forty^ghths^ viz.^ 

5.30 
8 48' 

and 7.28 

12 48 

48, however, is not the lowest common multiple, but 24 ; 
and thus, 

8 24' 

and l^li. 

12 24 

Example 2. Express in the simplest way t, f, iV as 
fractions of the same denomination. 

The lowest common multiple of 8, 9, 15 is 360 ; there- 
fore each of the fractions can be expressed in 36oths. In 
order they are iM, W*, VWr. It will be found, however, 
that these may be put in the simpler forms -AV, iW, iWr ; 
so that 36oths is not the lowest denomination in which the 
fractions can be expressed. The cause of this is that we 
omitted to notice that one of the given fractions (f ) is not 
in its simplest form. 

It is worthy of remark that if we wish only to compare 
the magnitudes of the fractions, the expressing of them as 
fractions with the same numerator is equally effective. Thus 
two-fifths and three-fourths^ being equal respectively to six- 
fifteenths and six-eighths^ we see that the latter is the greater 
because an eighth is greater than 2^ fifteenth^ just as we know 
that six guineas are more than six pounds. 

ExE&dSSS. Set XLVIII. 
Express as fractioiis with the lowest possible common denominator — 

I 3151. -3275 ,357 II 

4' 2' 8' 12* ^' s' Ts* ro' 6' ^' 8' T2' i6* To 

.489 13 4 27853 

^ 7' 2I' 3"5' is' 49 ^" il' is' 5l' 44* ^' 

,358 14 29 84 18 79 

""' iV i8' 63' 45' JS ^* is' 39' 6? ? is 
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27 30' 45' 54* 48' ^' Tf 36' 12' i^' rf 

T? iSf 34' 85' 255 51 19 3 171 114 W 45 

Arnnee each of the following sets of numbers in ascending order of 
magnitade :~^ 

12 ^ 1 ^ *4 « 13 « 9 i_ 

5 r II 35 49 7 35 " 

13 67 100 167 -.3* jjL. 632 57 

^ 30' 154' 231' 385 -^ 2»' 253' 23 

100. Addition. — ^After what has been said incidentally 
in the preceding paragraph, little explanation on this head 
or the next is necessary. 

Example i. Find the sum of three-ffths and two4hirds. 

Thru-fifths is the same as ninefifteenths, and iwo4hirds 
is the same as ten-fifteenths; therefore the required sum is 
the sum of ninefifteenihs and tenfifteenths^ that is, nineteen- 
fifteenths, or one and /our fifteenths. 

Example 2. Find the sum off, f, f, and H* 

£ + S + 3 + 23«i6^3J+4? + 46 * 
7 8^4^28 55 56 56 56 
^ 16+35 + 42+46 
56 

^139 
56 

Example 3. Simplify the expression sJ+f +xooA-+iai*o- 

Given expression «3+ioo+i2+ i+?+4+:^ 
'^ 4 5 15 10 



T T c + I5 + 24±i6+i8 
*^ 60 



•* 60 
-116H. 

If, in the items, integers occur in the form of fractions, 
there is some little advantage in changing them at once into 
their proper form. 
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ExE&ciSBS. Sbt XLJX. 
Peifonn the following additions :— 

, 3.1.i..l . 1071 9.3. "7 

5 15 20"*" 10* *• ioooo"'"ioo"*"io"'" 1000' 

7 7 7 ^ 4 " 5 16 

7. 1+3^15 2. 8.Ii+5_ + L^y. 

21^7^35^10 14^21^20^30 

9. 6l+f, + 2«+|. 10. |+ioAr+7+g5+n. 

II. ii2H+6iftr+ioA+5f#. 12. ^ + i9*+3A+8^+i6tt. 
13. 2A+^+^+ioiJl+^. 14. 3A+3i+6A+i^+4tt. 

¥5. 2A+iof+|+iTftr+^. 16. ^+2A+^+5*f 

t^ iij. '^^ ^3^,,^ ,0 31 „ju,_^i7^37 

'7- n9"*"TB5+3^+*^' '^- i55 + ^3*ir+4i + i65. 

1 01. Subtraction. — Example i. What is the difference 
between three-sevenths and one-half t 

Three-sevenths is the same as six- fourteenths^ and one-half 
is the same as seven-fourteenths; consequently the required 
difference is the difference between sixfourteenths and seven- 
fourteenths^ that is, one-fourteenth. 

Example 2. Subtract ^ from H • 

I?-3.„3?_?I«i7 
35 10 70 70 70* 

Example 3. From 16 take 2iV« 

i6-2-iV-isH-2tV-i3H. 
Example 4. From 4} take 2f . 

-i + if -A+iH 
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Or, 4*-2H4A-2«-3H-2« 

-iH. 

Example 5. Perform the operations indicated in the 
expression 3i + «i-(ii-*+i)-3i- 

Given expression - SiWr + ^iVr- ( iiWr-^flr + iWr) - SiWr 

"4AV-3AV 
127 

EXEKCISBS. SXT L. 

Perfonn the operations indicated in the following expressions :— 

J «_4 ii_5^ 3i_i9 79_54, 
19 19' IB 18' 64 64' 100 100' 

2. 2H-1A, i2Tfc-8Ai 5*ir-2iftfifc, 32i-i7i. 
3_a 4 _a i7_ 3 i7 i? 
5 7' 15 9 35 49* ^"39* 

^ 108 96' 1000 680' 700 iBib* 720^1728 • 

5. ia-7j, 20-iit, 35-9M. "-"*«. 

6. i3j-iof, i3t-4f. 2A-iM» IOOH-9H- 
} 7. iooi«y-9o|«, 8i-2|-2j, 12J-7J-3A. 

^"^ 8. i5-3J-»f i6f-iii4-i«, iol-(7f-aA). ' 

-3i-(4i-i-l)-r4-f8-M)- 

"• (laA-ioA- J) + (6i-3i*ff-2i) + (itt-|- 1). 
«. (i3j+2i-2j)-(7j-6| + l)-(3j-it-g). 

102. Multiplication. — Multiplication of a fraction by 
an integer presents no new feature, and therefore no diffi- 
culty. 

Example 1. Multiply t by 4 and i by 5. 



I 
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\w ^x4 means -+- + -+^» 

5 ^ ^«*"^^ 5 5 5 

and this sum»^ or 3^. 

5 ^ 

9 ^ 9 9 ^ 
When, however, the multiplier is a fraction, a little more 
consideration is necessary to obtain the product. If, for 
instance, the multiplier in the above example were f instead 
of 4, this we know means that instead of taking four times 
the multiplicand we are to take only twihthirds of it Our 
object then is to find twice the third part of four-fifths. 
Now the third part of ^^i^fifth is a fifteenth, therefore the 
third part of four-fd^^ is four-fifteenths, and consequently 
twiu the third part of four-fifths is eight-fifteenths. Thus— 

4 2 4x2 8 

5 3 5x3 IS 

Example 2. Multiply 4 by i. 

The fifth part of 4 is i, therefore three fifth parts of 4 are 
the same as 3 times \^ that is V-> or 2f . 

Example 3. Find the product of -sV> \% If* 

4 ^3^^5,4 x3^ 25 
35 S 27 35x8 27 

_ 4 X 3x25 ^300 
35x8x27 7560 

126 
The factors that may be struck out of numerator and 
denominator are generally more easily seen before perform- 
ing the multiplication than after ; and if removed then there 
is considerable saving of labour. Thus, in the above, before 
finding in the second line the product of 4, 3, 25, and of 35, 
8, 27, we see that 4 being a common &ctor of 4 and 8 is a 
common factor of numerator and denominator, and simi- 
larly also 3 and 5. Striking these out at this stage, we have 

1x 1x5 
7x2x9* 
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and now performing the multiplication indicated there 
results tIt as before. 

Example 4. Multiply together H9 H9 and ih 
27 14 28 27 X 14 X 28 
49"" 15 ** 45*49x15x45 

_ 3x 2 x28 _ lx2x4 
*'7x i$x 5 "1x5x5 
^8 
"25* 

Here we first notice, perhaps, that 27 and 45 have a 
common factor 9, which leads us to substitute for them in 
the next line 3 and 5 respectively ; similarly we put a and 
7 instead of 14 and 49; and 15 and 28, having no common 
factor, are rewritten. The expression thus obtained is now 
treated like the preceding, and at length, when no factor 
common to numerator and denominator exists, the neces- 
sary multiplication is performed. 

Factors which are partly integral and partly fractional are 
more easily dealt with when expressed wholly in fractional 
form. 

Example 5. Simplify the expression (t+2i-i)x j^. 
Given expression- (2 + lS±±zl2.^ x 1^ 

-4?x!?«49 
20 9 18 

We observe from the mode of finding the product that in 
the case of fractional factors, as in the case, already noticed, 
of integral factors, the order is immaterial; e.g., ^xf is the 
same as i x ^, a statement which is more astonishing when 
put in the form — If three-sevenths of four-fifths (of a foot, 
say) be taken, the result is the same as if four-fifths of three- 
sevenths were taken. 

Any two numbers whose product is unity &re said to be 
reciprocals the one of the other. Thus, \ and i are 
reciprocals, 4 is the reciprocal of i, &c. 
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Finally, as a matter of notation, it is to be remarked that 
instead of "f xf " there is in use the mixed notation "f 
of i," an alternative of the same kind as if we were in the 
habit of writing " 9 times 7 " instead of " 7 x 9." 

EXERCISES. Set LI. 
I. Multiply ^^^ by 3, 4, 5, 6, 7. 2. Multiply^ by 10, 11, 12, ij. 

Perform the operations indicated in the following expressions : — 

36 2 15 7 ^48 . 10 6 21 87 57^46 

4 7' 5 24* 180 '^ 49' ^ 27 25* 29 91' 69 95 

5. 2^x^. 2H*x3Jf. 6. i2|x2A, 2i|xiAV 

12 5 21 ,120 16s 637 g 39 51 21 39 82 185 
' 35 18 ''22' 77 iB2''i7oo- 14 65 85' 74 195 24<5* 

85 6 

9- -X21X4J, ~x2t^yx4. 10. ioox-x4i, 3ix6ixiA. 

". 5 X (ii)S (3i-g)x 16. 12. (3i-2A)x(5-^y x8J. 

'3. (M)' H3i-ro-p'- '^' ^'<(7*-3*)-(,^x'A). 

/ I Iv2 /T I Ix ,^ /13 7 I\' /I2 5 II \» 

IS. (.-3 + 5) x(5--xg). .6. (4XI-5) xC-ji-,^- 

103. Division. — Example i. Divide f by 4. 

The quotient sought we know to be such a number that 
if it be taken 4 times the result is f ; it therefore must be a 
fourth part of f , that is, t^h Hence — 

7^74 
_3 

~28' 

Example 2. Divide i by f . 

f of the quotient we know to be i, therefore f of f of the 
quotient must be i of i. But f of f of the quotient is 
exactly the whole of the quotient ; consequently the quotient 
is 1 of i, or ixf ; that is — 

|+?=|x3 
8382 

„i5 
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Or we may reason thus : — ^When i x f is multiplied by i 
the result is J xfxf, which equals f x i, or simply i. We 
have thus found a number, viz,, t^t, such that if it be 
multiplied by the given divisor, the result is the given 
dividend : it must therefore be the quotient sought 

We thus see that division by any number whatever re- 
solves itself into multiplication by the reciprocal of the 
number. 

Example 3. Simplify the expression ^rz^' 
Given expression«(2i+3i)+(5i-ii) 

-(2A+3A)-s-(5A-iH) 

28 79 7 79 
-906 ^j^ 

553 
Exercises. Set LII. 

I. Divide ^ by 5, 7, 21, 48. 2. Divide 7^ by 11, 60, 64, 140. 
41 457 

Perform the operations indicated in the following expressions : — 

^ 5 15 13 8 13 15 48 125 100 

- 27 18 39.52 51. 68 g 58 85 92 69 74 31 

^' 35 49' 58^8^' 55 ^- ^5 5^' 93^ 8i-^37' 

7. 2j+ii. 6J+4J, lof+iA. 8. eT^-t-iih IA+2A-, 4if-*-^- 
_2 9 * ii 3 2f 

9- f ' T' T' 27;- '°- 5' t' 4P W 

10 3 2 2j 2j lOji 

II. (3*-ii)+ii 7»+(3l+|). 12. (ioi-2|)+(|x6J-3A). 

,. I2}-3| 2f I 2f-3A 12ix2* 

15. (3*-^*)x3j|iy 16. gZ«|+(4^,3j.J^.). 

(3t.7A)x^4-;) ^^ (2»,||-, A)+(2i-H ) 
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9 • 20. » -jL. 



19.-: » z . 2a 



2+1^ 3 + '-^^- i+i_:^3i + '* 



a+i^' S*'—^ 2 + 5--.T 3i + *i 



104. Approximate Simpler Forms of a Fraction. — 
It has already been remarked that when a fraction has in its 
simplest form a large numerator and denominator, and an 
idea of its magnitude is not easily obtainable, we may with 
advantage consider simpler forms which are approximately 
equal to it. How these approximate simpler forms may be 
got will now be shown. 

Example i. Find an approximate simpler form of the 
fraction M. 

Although 35 has no factor, except unity, in common with 
52, 36 has. Now H- is very nearly equal to M, and if - A, 
which is thus an approximate simpler form of {f. 

Trying for another number near 35 which has a factor 
in common with 52 we light upon 39. Thus — 

35^33. £ 
5» 52 52 

4""i3* 
\ is therefore another approximate simpler form of W, the 
diflference between it and \i being only tV- 

Conversely we may seek for numbers nearly equal to the 
denominator and having a factor in common with the nume- 
rator. Thus — 

f-% nearly, 
= /o nearly; 

and ||=f| nearly, 
■ y nearly. 
Further, we may seek for two numbers having a common 
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factor, one of which lies near- the numerator and the other 

near the denominator. Thus — 

35_34 ^^«j„ 
~j^ nearly, 

**- nearly. 

ExE&cisss. Set Lin. 
Find approximate simpler forms of the following fractions :— 
, '9 2 92 ,299 49 37 g 115 

24 105 ^700 ^108 "^ 65 171 

105. There is another mode of finding approximate 
simpler forms of firactions which is in itself more important 
and more interesting than the above. To explain it, let us 
consider the fraction if. 

Dividing numerator and denominator by the numerator 

we have — 

16^1 

59 ..II 

from which if we reject the H we have i as an approxi- 
mate simpler form of H. 
Treating now the H as we treated the given firaction we 

have — 

16^1 

59 3+i 



i + i- 



II 

and rejecting from this the -fy we have another approximate 

simpler form, viz., — ^^, or i. 

3 + 1 

Contmuing the process, we find— 

16 I 

59^3 + ? 



i+i 



2 + '^ 



5 
and rejecting frt)m this the i there results a third appioxi- 



FRACTIONS. 117 

mate simpler form, viz., i-— — , or A. The process evi- 

i + - 

2 

dendy camiot be pursued farther. 

The numbers 3, i, 2, 5 occurring in the peculiar expres- 
sion from which we get these approximate simpler forms 
are evidently the quotients obtained on dividing 59 by 16, 
this divisor by the remainder 11, this second divisor by the 
second remainder 5, and so on— exactly as if we were seek- 
ing the greatest common measure of 16 and 59. The work 
of finding them may thus be considerably shortened. 

Example 2. Find the approximate simpler forms of ff. 

The quotients obtained in the ordinary process of find- 
ing the greatest common measure of 26 and 67 are 2, i, i, 
2, I, 3. Therefore 

26 I 

--= » 

<*7 2+! 



r + i 



i + i 



2 + L 



i + l 



3 

26 
nfaence we have as approximations to gi the fractions 



I 



* 2 + i 2 + L_ 

' I + i 



&c. ; 



I 

or, on simplification, i, i, f , &c. 

A fraction having a complex form like several of those 
preceding is called a continued fraction^ which may be 
defined as a fraction whose denotninaior is a number 
increased or diminished by a frcuiiony this second fraction 
having its denominator a number also increased or dimi- 
nished by a fraction^ and so on to any length. When 
the successive numerators are each i, the fraction is called 
a continued frcKtion with unit numerators. This last is 
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evidently the kind of continued fraction into which ve 
have changed the numbers above in order to find ap- 
proximate simpler forms of them. The simpler forms 
found are called convergents of the continued fracHofiy or 
convergents to the given number^ because each one can be 
shown to be a closer approximation than the one preceding 
it, and indeed closer than any fraction with a lower de- 
nominator. 

ExBKCiSES. Set LIV. 
Express the followiag as continiied fractions with uoit nvmerators :— 



Examination Papers on {§ 64—109. 

I. 

1. 3 yd. 2 ft. of wire cost 8|d. At this rate what length of wire 
might be bought for half-a-crowii ? 

2. Find the prime factors of 12, 20, 28, 32, 36, and thence obtain 
the lowest common multiple of these five numbers. 

3. Fmd the greatest common measure of 112, 140, 189. 

4. Perform the operations indicated in the expression — 

(6t-3t + 4i)+(iJx2|). 

5. What fraction is 4}d. of 3} florins ? 

6. Express i gr. in terms (i) of the lb. aooird, and (2) of the oz, 

troy. 

7. Find approximate simpler forms of ^. 

8. The half of a sum of money is divided equally among five persons, 
each of whom thus receives an eighth of a shilling. Find the original 
sum. 



, 17 30 


t.'^. 


37 




3. 


34 


45 




30 17 


37 


14 




ss' 


ii6' 




109 119 


s. '". 


1561 




6. 


300 


611 




'* 142' 256 


225 


1430 






199 


743 




Find the convergents of the continued fractions-* 








?. ' 


8. 2 + ' 




9- 


3 + ' 








2 + ' 


I 






7 + - 


I 
I 


— 


5*6 


4 + 


a + i 

4 






] 


f5+— 
1 + 


"T 


Find a series of convergents to the fractions — 










10. "3. 


II. 1^. 


12. 


19 




13* 


169 




ass 


612 




30 




*# 


408' 
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n. 

1. A piece of work may be done in 12 ho. dO min. by 16 men, but 
36 men are started upon it. What time will tliey take, supposing all 
the men mentioned work at the same rate ? 

2. Find the prime factors and the integral measures of 112. 

3. Find the lowest common multiple of 361 and 380. 

4. Perform the operations indicated in the expression 

5. What fraction of i^ cwt. is 6 st. 12 lb. ? 

6. Express ^ lb. in terms of the cwt,, and ^ cwt. in terms of the lb, 

7. Prove that f x f « A* 

8. After walking five-eighths of the distance between two towns, 
there remains to be walked a quarter of the distance and six miles 
more. What is the distance between the towns ? 

in. 

1. If two men or three lads could dig a piece of ground in 12 days, 
what time would i man and i lad take to do it ? 

2. Find the lowest common multiple of the multiples of 7 which lie 
between 20 and 60. 

3. Find the greatest common measure of the measures of 60 which 
are greater than 12. 

4. Perform the operations which are indicated in the expression — 

/'3i-li + 4i-2f.2i + 6i\ ^3 

\ If 2t loA / -.3 

4+ — 

4 + ^ 

5. Find the fraction which the eleventh part of a guinea is of the 
ninth part of a pound. 

6. Express -^ as a continued fraction with unit numerators, and 
thence derive a series of fractions approximate to -fff. 

7. Prove that i+if =A. 

8. The first of three fractions is half of the second, the third is %, 
and the sum is iff . Find the first fraction. 
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DIFFERENT WAYS OF EXPRESSING THE SAME 

MAGNITUDE. 

{Continued Jrom p, 52.) 

106. The knowledge of fractional numbers which we 
now possess enables us to obtain a more complete under- 
standing of a subject already partially developed, viz., the 
various forms in which one and the same quantity may be 
expressed. 

We know well already, for example, that " 3 ft. 4 in." 
and " 40 in." are two forms of expressing the same quantity, 
two units of measurement being used in the one case and a 
single unit in the other. Hitherto, however, if a number 
was given in terms of several units, and it was desirable to 
express it in terras of one, we could only, as in the example 
just given, employ for this purpose a unit not higher than 
the lowest of the several units mentioned ; 3 ft. 4 in. we 
could express in terms of the inch alone, but not in terms 
of the foot alone, or the yard alone. This difficulty now 
no longer exists ; 3 ft. 4 in. clearly may be expressed as 
3i ft., and also, as we shall soon see, in the form li yd. 

The object now before us, then, is to consider the various 
additional forms which fractions thus afford us of expressing 
any given quantity. 

107. In the first place the quantity when given may be 
expressed in terms of a single unit 

Example i. Express 41 oz. avoirdupois in terms (i) of 
the pound, (2) of the cwt.y and (3) of the ton, 

(i) ioz.«^lb. 

41 oz.=~ lb. or 2tV lb. 



• • 



(2) The number of oz. in a cwt. is 16x112, or 1792, 
so that — ' 
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I 0Z. = ,-7 — -7- CWt. 
lox 112 






41 oz.«p^ cwL 



792 

(3) The number of oz. in a ton is 16x112x20, or 
35840, so that — 






The primary requirement in such cases, viz., where a 
change is made from one unit to another, evidently is to 
know how the two units are related. If the change be 
from the shilling to the guinea, we must know that i 
shilling =flS: of a guinea ; if it be from the shilling to the 
farthing, we start with the fact that i shilling=^i2 X4 or 48 
fJEUthings. 

Example 2. Express iV yd. in terms (i) of the y^^/, (2) 
of the inch^ (3) of the miley and (4) of the usual variety of 
units. 

(i) I yd.=3 ft. 

(2) I yd. « 36 in. 

••• f8 yd. -(36 X /g) in. = 14 in. 

M is yd' ^ 7 yd. + i8 = I ft. 2 in. 

Exercises. Sst LV. 
Express-^ 

I* £ifit iA* ^ terms of the shilling, 

2, |s., fd., f guin. in terms of the j^. . 

3* ;f M» As- IJi the usual way of expressing a sum of money. 

4. lAr hr. in terms (i) of the day^ (2) of the second, (3) of the week 
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5. if cwt. in tenns (i) of the ^aund, (2) of the tan. 

6. ^ lb. troy in terms of the cevoirdupois ^ound. 

7. ^ fur. in tenns (i) of the^anf, (2) of the miU. 

8. ft sq. po. in terms (i) of the acre^ (2) of the square inch. 
9- -h g^- u^ terms (i) of the ^m/, (2) of the bushel. 

10. 2f oz. avoirdupois in terms of the ounce tray. 

Express in the nsoal way, viz., by means of integral nnmbers and 
lower units — 

11. ^da. 12. ^ton. 13. fsy**- '*• 99 ~- '5. £5 bus. 
16. 2^ mi. 17. 8^ cub. yd. 18. 3 A ac. 19. 6Alb. 20. 3i^po. 

108. In the second place the quantity, when given, may 
be expressed in terms of the usual variety of units. 

Example i. Express 4 sq. yd. 3 sq. ft in terms (i) of 
the square pole^ (2) of the acre, 

(i) 4 sq. yd. 3 sq, ft. « 39 sq. ft. 

39 

» sil sq. po. 
(2) 4 sq. yd. 3 sq. ft. « 39 sq. ft. 

*" 9 X 30} X 40 X 4 ^ 

13 
■" 14520 ^• 

We have thus only to express the given quantity in terms 
of the lowest unit mentioned, and then change from this 
unit to the one required, as in the examples of the pre- 
ceding paragraph. 

Example 2. Express 12 lb. 3 oz. 21V dr. in terms of the 
ton. 

X2 lb. 3 oz. 2-A- dr. « 31 221V dr. 

** l6x i6x II2X 20 ^^' 
'""^^ ton, 



573440x15 
4300800 •-""• 
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Example 3. Express £2 6s. 4d. in terms (i) of the 
shillingy (2) oitht pound, 

(i) £2 6s. « 46s. ) 

4d. « is. ) 

£2 6s. 4d. = 46is. 

(2) 6s. 4d. = 76d. 

= j^iAftr or £H 

••. ;f2 6s. 4d. =j;^2i*. 



Exercises. Set LVI. 
Express — 

I. 3s. 4d., 14s. 5}d., j^y 12s. 6d., £2 os. o}d., in terms of the pound 
{jQ alone. 

2- Si^'f i6s. 8^., £6 I2S. 5d., in terms of the shilling only. 

3. 14 St. 8 lb., 3 cwt. 7 St. 7 lb., 3 tons i cwt. i qr., in terms of the 
hundredweight only. 

4. 10 hr. 16 min., 10 hr. 17 min. 8f sec., as fractions of a day. 

5. 2 yd. 2 ft, 6 po. 2 yd., as fractions of z. furlong, 

6. 5 yd. 2 ft. 2 in., in terms of the surveyor's link, 

7. I ac. 3 ro. 20 sq. po., i ro. 2 sq. po. 15 J sq. yd., in terms of the acre 
only. 

8. 3 qt. lipt., 2 pk. I gall. 3 qt., in terms of the gallon only. 

9. lib. I if 02. (avoirdupois), in tenns of the troy pound, 
10. I lb. I if oz. (troy), in terms of the avoirdupois pound, 

109. In the third place, two quantities of the same kind 
may be given, each expressed in terms of one or more 
units, and we may be required to compare them by express- 
ing the one in terms of the other. 

Example i. What fraction is^5 los. 2id. of £6 1 2s. 3d. ? 

;;^5 los. 2id. - 5290 far. 
and £6 12s. 3d. = 6348 far. 

so that I far. = grrg of £6 12s. 3d. 
and .". 5290 far. - ^ of £6 12s. 3d. 
that is, ;;^5 los. 2id. - f of £6 12s. 3d. 
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Example 2. Express 90° in terms of the nK&i/whidi is 
nearly 57° 17' 45". 

90° — 324000* \ 
Sf 17' 45" - 20626s" j 

ExE&ciSES. Set LVn. 

V 

1. Express £j I2s. 6d., is. s^d,, as fractions of £100, 

2. What fraction of 10 guineas is £1 5s. Qd. ? 

3. What fraction is £2 13s. 5jd. of ;f 2 i6s. 3d. ? 

4. Express i ac. 3 ro. 17 sq. po. as a fraction of 6 ac. 3 ro. 9 sq. po. 

5. Express 2 cwt. i st. as a fraction of 7 cwt. 3} St., and 5 cwt 2 lb. 
8 oz. ab a fraction of 6 cwt. 15 lb. 8 oz. 

6. What fraction is I fiir. 20 po. 2} yd. of I nu. 200 yd. ? 

7. What fraction of 31b. 11 oz. (avoirdupois) is 31b. ii oz. (Troy) ? 

(Subject continued an p. 151.) 

Exercises. Set LVIII. 
Miscellaneous, 

1. Three-fifths, one-ninth, and two-fifteenths of a piece of work have 
been perfonned. How much of it remains to be done ? 

2. How much greater than ^ is the fraction got by increasing this 
numerator and denominator by 7 ? 

3. What fraction added to the thfee fractions 1^, A, ^ produces A ? 

4. Perform the operations indicated in the expression — 

(2i+i»-«) + (4i+»). 

5. The Kohinoor diamond weighed 180 carats, bat in the catting 
it lost f i of its weight. What did it weigh after the operation ? 

6. if of a certain number is ^f. Find the number. 

7. When a certain number is divided by 3f the quotient is 31^. 
Find the number. 

8. Simplify the expression — 

(2i+if-H)+(4Jx«). * 

9. What is the cost of f yd. of cloth at -fts. per yard ? 

10. What would 9^ cwt. of cotton cost at £i\i per cwt. ? 

11. f ac. of ground cost;^i-^. At this rate, what would an acre 
cost? 

12. What is the price of coal per ton when the price of A cwt. 
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13. Simplify the expression — 

{ Si-(2i-i) ) X (6}+sA). 

14. A tourist in Austria bought 19^ ells of doth at 5I florins per ell. 
Redconing the florin at lijs., find the cost of the doth in English 
money. 

15. A person who has lost ^ of his fortune has £Z9^ ^^^^ ^^^^' 
What sum has he lost ? 

16. A father left -^ of his fortune to one son, i to another, 1^ to the 
third, and the remainder, viz.» ;£58i 9s., to the fourth. What was tlie 
total sum left ? 

17. A stove consumes 25} lb. of coal per day. At this rate, how 
long will 6f cwt. of coal supply it ? 

18. Simplify the expression — 

l+i- 4-3— 

3 2 

19. A labourer did f of a piece of work in f hr. At this rate, what 
time would he spend on the whole work ? 

20. A person sells an estate for ;^8i840, and thereby loses -fg of what 
he paid for it. What did jt cost him ? 

21. Three workmen are employed at a piece of work, of which one 
does -^ per day, the second ^, and the third ^, How many days 
will they require to finish it ? 

22. ^ff of the surface of our globe is water, and Europe occupies 
Ti(f of the land surface. WMt fraction of the whole surface does 
Europe occupy ? 

23. Find the difference between 

and — 3 . 



3-? 2 + 3 



3-i- 2 + 3_ 

3-? 2 + 3 

3 2 

24. What fraction of the half of the half of the half of a thing is the 
tenth of the tenth of it ? 

25. Wine wdgfas t^ of the weight of the same bulk of water, oil 
weighs n of the weight of the same bulk of wine, and 

" A pint of water 
Weighs a pound and a quarter." 
What is the weight of a pint of oU ? 

26. A person lost in one year ^ of his fortune, and in the next f of 
what remained, and then he was found to have ^900. What did his 
original fortune amount to ? 

27. From a cask which is } full, a flagon which holds i^ pt. is filled 
nine times, and then the cask is found to be only i fuU. How many 
pints would the cask hold ? 
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28. One man could do a piece of work in 16 honrs, another could 
do it in 12 hours, and a third in 48 hours. In what time could it be 
accomplished by the three working together ? 

29. Simplify the expression — 

30. Ajar contains 12} gall, of water, and 2of gall, of milk. How 
much water must there be in one gallon of the mixture ? 

31. A draper sells a piece of cloth at H of the cost {Mice, and 
thereby loses £^i. What did it cost him ? 

32. Simplify the expression — 

{ (2i)'-(ii)'+(ii)*} + { (21)" X (li)' X (i««). 

33. A farmer buys two pieces of land at the same rate per acre ; but 
one piece is ^ of the other, and costs jf 1050 less. What did he pay 
for both ? 

34. A piece of work is performed by two workmen. The one 
havmg done only ^ of it receives ;^i i^ less than the other who has 
done the rest. How much does the latter receive ? 

■ 

3$. Simplify the expression — 

36. A vessel when full of water weighs 44} lb., and when f of the 
water has been withdrawn it weighs only 35f lb. What does it weigh 
when empty ? 

37. Simplify the expression — 

( 7i-3i)x{4i-(2i-tA)} 

{7i-H3J)+(ii-9ixT^) 

38. A certain number is increased by ), the sum found is then multi- 
plied by f , this product is next diminished by ), and the remainder thus 
obtained is divided by f ; and } is the quotient resulting. Find the 
original number. 

39. An estate and ;^48300 were left to be divided f qually between 
two persons, and, in accordance with this, one of them received f of 
the money and ^ of the land. What was the value of the estate ? 

40. Simplify the expression — 

[3i-{3i-(3i-i*))l-«-g^fij 



DECIMAL FRACTIONS. I2*» 



DECIMAL FRACTIONS- 
EXPRESSION OF FRACTIONAL NUMBERS BY MEANS OF THE 
ORDINARY SYSTEM OF NOTATION FOR INTEGERS. 

11 0. Having had hitherto to speak of fractions of every 
denomination, — halves^ thirds^ quarterSy fifths^ &c., it was 
utterly impossible to indicate the denominations in any 
other way than by explicitly writing them. This led to the 
introduction of a special notation for fractions, so that 
integral numbers were indicated according to one system, 
and fractional numbers according to another. Our object 
is now to show that by restricting ourselves to the con- 
sideration of fractions with denominators of a particular 
kind it is possible to indicate the denommation without 
explicitly writing it, and to embrace all numbers under one 
system of notation. 

111. The fractions to which we thus limit our attention 
are deomal fractions, that is, fractions whose denominators 
are powers of lo, e.g,f -A-, tJttj tAtt. 

112. To see then how a simpler mode of writing these is 
8ugfi;ested let us recur to the notation of integers. We 
know well that there the denominations hundred^ thousand^ 
&c., are not explicitly written but indicated merely by the 
position of the figures which tell the number of hundreds, 
thousands, &c., in the given integer. The fact, for ex- 
ample, of a figure being the farthest to the right of a group 
representing an integer is held to indicate that this figure 
specifies the number of separate or simple units in the integer. 
Now suppose for a moment that we make a slight change in 
this system, viz., indicate the place of simple units by a special 
mark, say an asterisk. As an example consider the number 

eighty-five, which would thus be written 85 instead of 85. 
If immediately to the right of the figure 5 in the latter form 
we place the figure 7, thus, 

8s7 
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the effect is that the place of simple units is altered; instead 
of 8 tens and 5 simple units we have now 8 hundreds 
and 5 tens, and the 7 denotes 7 simple units. But by 

appending 7 in the same way to the form 85 no such 
result follows. For in 

857 
the 5 having the asterisk above it must still stand for 5 
simple units and consequently the 8 for 8 tens ; concerning 
the 7 we can say nothing, not having as yet contemplated 
the possibility of figures occurring to the right of the place of 
simple units. If, however, we now agree that units having 
such places shall be included in the convention already made, 
viz., that any unit is a tenth of the unit whose place is 
immediately to the left of that of the former, then the 7 has 
a perfectly definite value. For, just as the unit which 
occurs 5 times is a tenth of the unit which occurs 8 times, 
so the unit which occurs 7 times is a tenth of the unit which 
occurs 5 times; and the unit which occurs 5 times being 
the simple unit it follows that the unit which occurs 7 times 

is tV- Thus 857 would denote 85+1^. Similarly the unit 
whose place is immediately to the right of the 7 is a tenth 
of tV> that is, Thr ; the next in order ttjW, and so on ; the 
denominators being clearly the various powers of 10 in 

order; ^^.,85701003 would stand for 85+-iV + TTAnr + 
TTT d 8 6 6 » It is evident therefore that by adopting a special 
mark to indicate the place of simple units a possibility 
arises of expressing all decimal fractions after the manner of 
integers. 

113. Instead of an asterisk the special mark used to 
indicate the place of simple units is in this country a round 
dot put immediately to the right of the place ; for example, 

4'3~4"A-, .ooi«TTiW« 

This dot separating the integral portion of the number from 
the fractional portion is called the units^ mark or decimal 
point. 
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114. Since, as we shall see, all decimal fractions can be 
expressed in this^way, and all fractions of whatever denomi- 
nation can be expressed to any degree of accuracy as 
decimal fractions, we have thus in the Arabic system of 
notation for integers a system applicable not only to integers 
but to numbers in general. 

115. The learner is already perfectly familiar with this 
notation, the reading and writing of it, and the performing 
of the fundamental arithmetical operations with integr^ 
numbers written in it. The same practice remains now to 
be gone through with fractional numbers. 

116. Reading the Notation.— We have already seei^ 
that numbers of several figures may be read in various wa3rs, 
but that there is one way which is generally recognised. 

The fundamental and simplest of all is that of naming the 
figures in order and adding to each the name of the unit 
whose place the figure occupies; for example, 84.3015 
would in this way be read dghi tens four simple units thru 
tenths one thousandth and five ten-thousandths. 

Secondly, we may separate the figures into groups in any 
way whatever, provided we do not alter the order, and then 
read each group as if it were a separate integer, adding in 
each case the name of the unit whose place is occupied by 
the last figure of the group ; for example, separating the 
figures of the above number, thus — 

; ^ 84.I30I1S 
we read it as if written 

**84 units 30 hundredths 15 ten-thousandths;^* 
or separating thus — 

8I4.3I01S 
we read it as if written 

** 8 tens 43 tenths 15 ten-thousandths ; " 
or^ again, thus — 

84.301IS 
and read it 

'* 84301 thousandths 5 tendhmisandths^ 

K 
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That each of the numbers now read is in reality 84.3015 
is easily seen on examination. For example, the first of 
the three is 



84^^- '' 



100 lOOOO 

Now — = -5^» 
^"^ 100 10' 

^^^ ioooo~ioooo ioooo> ^^ 1000 ■ lOOOO' 
30 ^ 15 o . . 3 . I 



noo imm / 



.-. 84 + ^ + -^^-84 + -i + ^^ ■♦ 

^ inn vnnnn **^ rr> Tnnn 



100 loooo ^ 10 1000 lOOOO 

= 84.3015. 

Of all these modes of reading, the one most generally 
adopted is that which follows fix)m separating the figures 
to the right of the units* mark, as we do in the case of the 
same number of figures to the left ; in other words, fix>m 
assimilating the reading of fiactions to the reading oi in- 
tegers. For example — 

.6 is read " 6 faUAs." 
.13 is read "13 hundredths^ 
.417 is read ''417 thousandths r 
.0153 is separated thus^ 

•oiSI3» 
and read 

''15 thousandths 3 ien4housandths" 
.50074685 is separated thus, 

.500(746185, 
and read 

" 500 thousandths 746 milltonths 85 hundred-millionths'* 

.0000153000027 i^ separated dius, 

•000015)30000217, 
and read 

" 15 mitlumths 30000a bUHonths 7 taMUumths,^ 
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ExxaciSBS. Set LIX» 

Read or write in words the numbers indicated as follows :— > 

1. .007, .03, .0004, .000001, .00005. 

2. .0000009, •oooooooo;, .000000000003. 

3. 1.05, 10. 1, 2oo;02, 3000.0003. 

4. .31, .312, .3123, .03123, .003013. 

5. .000312, .0013, .231231, .618186. 

6. .130019, .300003, .012012012. 

7. .0500607, .0004001, .10000005. 

8. 1000000D.0000007, .0000110001. 

9. .000006304027, .007300001002. 

10. .0000100010001, .00000010000001. 

117. Writing the Notation. — Here, as in the pre- 
ceding exercises, the fundamental requirement is a know- 
ledge of the places of the various uirits. As a step towards 
this, let it be remembered that the third place to the right 
of the units* mark is the place of thousandths, the sixth 
place that of fnillionths, the ninth that of thousand-millionthsy 
the twelfth that of billionths, &c. These being known, no 
diflSculty will be felt regarding the places of the intermediate 
units. The figures for the integral portion of the given 
number named are of course first written, and the units' 
mark placed at the end ; then the figures denoting the num- 
ber of thousandths, or whatever may be the first unit men- 
tioned in the fractional part, are so placed that the last of 
them is in this unit's place ; and so on with the other units 
mentioned, vacant places being filled up in the manner 
abready known, viz., by zeros. For examj^e, if the number 
be three hundred and fourteen, twelve thousandths five millionths 
and thru hundred-tnillionths, we first write the integral 
portion and append the units' mark, thus 

314- 
then we place the figures 1 2, denoting the number of thou- 
sandths, so that the last figure, 2, is in the thousandths' 
place, and fill the vacant tenths' place with a zero, thus 

314.012. 
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and the millionths and hundied-millionths which are men- 
tioned being similarly taken note of, we have finally 

314.01200503. 

Again, suppose the nmnber were ten thousandths two hun- 
dred mUlionihs four thousand six hundred and two biUionths. 
There being no integral portion, we should first write the 
units' mark ; then, the number of thousandths being 10, 
we should place the figures 10 so as to have the o in the 
third right-hand place, filling up as before the first right- 
hand place with a zero ; next, the number of millionths 
being 200, we should write these three figures in order with 
the last of them in the sixth right-hand place ; lastly, the 
number of billionths being 4602, the 2 would be written 
in the twelfth right-hand place, with the three other figures 
in order before it, and the two vacant places (viz., the 
seventh and eighth) would be filled with zeros. We should 

thus have 

.010200004602. 

EXE&CISXS. SST LX. 

Express the foUowing numbers in the general decimal notation — 

1. Three tenths; four thousandths; nine miUumths; sityen. hundred- 
thousandths* 

2. One hundrwd-mtHionth ; five billionths; seven ihousand4nU' 
tenths. 

3. Four whole units and seven tenths ; sixteen whole units and three 
hundredths ; nine thousand whole units and nine thousandths; one 
hundred whole units and one ten-millionth, 

4. Fifteen thousandths; twenty-seven hundred-thousandths; foor 
hmidred and two million^ ; one thousand and seventeen billionths. 

5. Two hundred and three thousandths fourteen millionths; fifty 
thousandths seven hundred-millionths ; six hundred and six millionths 
two thousand and twelve billionths, 

6. Ten millionths; three thousand and three millionths ; four hun- 
dred and seven ten-thousandths ; two thousand and sixteen hundredths, 

7. Fifteen thousandths two hundred and two millionths ; one hun- 
dred and ten thousandths twelve millionths; fifteen millionths two 
hundred and two billionths, 

8. Two hundred and five tenths; seventeen thousand and eleven 
millionths; ten whole units and four million three hundred bHUonths, 
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9. Thirty thousandths four hundred and sixteen tefp-miUionths ; 
seventy-six hundredths two ten-thousandths one millionth ; five hun- 
dred and four ten'thousandths eighteen ten'tnillionths, 

10. Forty-one whoU units two hundred and sixty ten^thousandths ; 
one thousand and forty-three miUionths ; three tenths two hundred 
and sixty-five teu'-millionths, 

1 18. It has been already remarked that decimal fractions 
may be found representing as approximately as we chose frac- 
tions of any other denomination whatever. Let us con- 
sider the fraction f . To represent it as a decimal fraction, 
the denominator must be changed from 4 to some power 
of 10 ; so that we have to find an integer such that, on 
multiplying the present denominator, 4, by it, the result will 
be 10, loo, 1000, or some higher power ; in other words, 
we must find some power of 10 which is a multiple of 4. 
Now the lowest such power is loo^ which contains 4 
exactly 25 times, and we thus have 

3^ 3x25 ^75 
4 4x25 loo' 

Similarly, 

15 15x125 1875 

8 8 X 125°* 1000' 

From this it is clear that the denominator of a fiuction 
expressible as a decimal firaction must be contained an 
exact number of times in some power of 10 ; and as the 
powers of 10 can contain no prime factor except 2 and 5, 
it follows that, if the given denominator contains any other 
prime &ctor than 2 or 5, the fraction cannot be expressed as a 
decimal fraction. Thus, suppose the given fraction were i, 
where the prime factors of the denominator are 2 and 3 ; 
then the presence of the factor 3 enables us to say at once 
that there is no integer the product of which and 6 is a 
power of 10, and consequently that i cannot be accurately 
expressed as a decimal fraction. 

ExBRcisEs. SstLXI. 

X. Find the lowest integer by which 2, 5, 25, 16, 125, 32, 3125, must 
be multiplied sp as to produce a power of 10. 
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Express the ioSkamia^ aa decimal ftactioiis in both noCatioiis — 

^- 2 s' 25' ^ S* 40' 16' ^ 32' 125' 1600 ^ 625' 3?^' 6i' 

6i. What nanbcis mdcr 20 are such that, when they are used as 
denommalDis, the fractions they bdong to are not accurately expres- 
sible as dfrima] fracdoos ? 

Another way of treating this problem is as follows, i is 
the fourth part of 3 ; and 3 being 30 tenths, the fourth part 
of 3 is 7 tenths, with 2 tenths stiU remaining to be 
divided ; but 2 tenths is 20 hundredths, the fourth part of 
which is 5 hundredths. Thus, as the fourth part of 3 we 
find 7 tenths and 5 hundredths, or .75 as before. 

Similarly, ^"'5+ « = 1-875 

_= I -s-i6=.o62S. 

What this in fact amounts to is that we need not as hitherto 
stop our process of division at the place of simple units, 
since we now recognise units of a lower order, and have 
places for them farther to the right. For example, instead 
of saying that the result of dividing 275 by 8 is " 34, and 3 
remaining to be divided," we may now say that it is "34.3, 
and 6 tenths remaining to be divided,*' or '' 34.37, and 4 
hundredths remaining to be divided,'' or that it is exacdy 

34-375- 

Exercises. Set LXn. 

Express the following as decimal fractions — 

13 n7 214 ^ ± 7. ^ 

'• i6* 160' 125' ^' 25' 80' 125* 

19 3 17 lOI I II 

^'1540' 3200* 3125* 4" 12800* 1562^* 102400' 

Let us now examine in this way a fraction of the refrac- 
tory kind referred to above (Ex. 6, Set LXI.). Although 
it be impossible to find a decimal fraction which shall be 
the exact equivalent of such a fraction, still we can always 
obtain one which is as close an approximation to it as may 



DECIMAL FRACTIONS. 1 35 

be desired. Consider the faction h Dividing the 3 by 
the 7 we find 



that is, 



9 

-».428, with remainder 4 thousandths ; 

I-.428+ ^ • 



7 •'^'^^"^ 7000' 

so that as a decimal fraction approximate to -f (viz., within 
less than a thousandth of it) we find 

.428. 

Proceeding, however, with the division farther than the 
third right-hand place, we have 

7^-42857 1 + 7-555555, 

and thus for f there is obtained a decimal firaction within 
less than a millionth of it, viz., 

.428571. 
If we desire greater accuracy, we proceed and find 
.428571428571 with remainder 3 billionths; but we see, 
as indeed we know before starting, that we cannot hope 
ever to express by a finite number of figures the perfectly 
exact result. Such a decimal fraction, viz., one requiring 
for its expression an endless range of figures, is called 
itUerminate. 

Observe, however, that there is no difficulty in finding 
the figures necessary to express the fi:action to any degree 
of accuracy. For without continuing the division we can 
tell in order every figure of the series. The number of 
millionths remaining after the first six figures of the quotient 
were found being 3, i,e,, the very number we started with as 
dividend, it follows that the second six figures must be the 
^ame as the first six, so also of necessity the third six, and 
so on. A similar result occurs in the case of every number 
given in common fiuctional form if it require an inter- 
minate decimal fraction to express it. For in the process 
of division every remainder being necessarily less than the 
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divisor, some number must occur tTtnu as a remainder be- 
fore the number of figures found in the quotient is equal to 
the divisor. For example, in the case of the fraction Ay 
each of the remainders in the process of division must be 
less than 11, that is to say, must be one of the first ten 
integers : consequently, when we have had ten remainders 
all the dififerent remainders possible must have occuned, 
and the eleventh must be the same as one of those preced- 
ing it : thus a recurrence is inevitable before more than 1 1 
figures of the quotient have been obtained. As a matter of 
fact, the recurrence takes place at the third figure, for 

^=•454545 



A decimal firaction of this kind, viz., one which is inter- 
minate on account of a group of figures in it being 
repeated without end or interruption, is called periodic. 
The group of figures which recurs is called the period^ and 
in this coimtry it is usual to indicate it by placing a dot 
over its first and last figures : for example, the above results 
are written 

•42^571 Ai^d .\%. 

It is to be particularly noted, however, that in saying that 
42^571 is the equivalent off, we can only mean that by 
continuing the proper figures farther and farther to the 
right of the units' mark, we thereby find a decimal fraction 
approximating more and more nearly to f , but that it can 
never » f so long as the number of figures taken is finite. 
This, in mathematical language, is expressed by saying that 
f is the limit of .428571. 

Example 2. Find a decimal fraction whose limit is tIt- 

tJtt = 9+S50 = 0.0163. 

In the division we first ask how often 550 is contained 
in 9 (units), and put o in the simple units' place of the quo- 
tient as our answer \ then, how often 550 is contained in 
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90 (tenths), putting o in the tenths' place of the quotient ; 
then how often 550 is contained in 900 (hundredths), whence 
the I in the quotient ; and so on. The remainder, 350, 
occurring for the second time, shows that the period is 63. 



ExB&ciSES. Set LXIII. 
Find decimal fractions within less than a thousandth of 



I 3 4 4 
7 II 9 


2 9 4 18 

13 27 29 


Find decimal finctions 'within less than 


a millionth of 


4 2 II 
115 loi 102 


100 4 16 
103' looi' 30011 


Find the decimal fractions whose limits 


are — 


r 2 5 8 
5- 9' 9' 9- 


6^7 5 17 
3 IS 12' 45 


7 31 14 2 3 
99' 99' 99' II* 


g 206 34 5 
999* 999' 999' 


16 2014 
* 9999' 999999* 


10. '7, 5 , 141 . 
37 loi 3367 



11. Find a decimal fraction within less than a millionth of the reci- 
procal of II ; of 13 ; of 17 ; and of 19. 

12. Compare the numbers ^, f^, fff by approximately expressing 
them in the general decimal notation. 

13. Write .066, .1424, .31842^42 in simpler forms as decimal 
fractions. 



119. The converse operation of that which we have just 
explained, viz., expressing in the common fractional nota- 
tion a fraction given in the general decimal notation, pre- 
sents no difficulty if the number of figures in the given 

form be finite. Thus — 

^2 2 

•°°32 - 15555 =6l5' 

3.000015 = 3 1 ftVo 066 =3T?raftr<nr; 

the number of zeros in the denominators, as first written, 
being necessarily always the same as the number of figures 
to the right of the units' mark. 
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ExEKCiSBS. SsT LXrV. 

Express the following fractions in the common fractional notation: — 
!• 'It •03, .0005, .000008. 

2. .75, .IIS, -ozaS* .002075. 

3. .005, .0025, .00064, 2.5. 

4. 2.25, 7.125, 3.375, 1.625. 

5. 1. 012, 14.015, Id. 1875, 400.038125. 

When the given decimal fraction is interminaie, this mode 
of proceeding will give us as many approximate forms as we 
please, but for a perfectly accurate result would require an 
infinite number of figures in both numerator and deno- 
minator. Thus, for .217 we have the approximate forms 
-AWr, "AWAr, iVoWo y i WoVo^o ? &c. We shall now see, 
however, that for any interminate decimal fraction which 
is periodic, a fraction can be found with a finite number of 
figures in numerator and denominator which shall be the 
equivalent^ in the sense already explained, of the given num- 
ber. One series of such decimal fractions and their limits 
we are already familiar with, viz., 

.i=t, .61=^, .ooi^Tir, &C. ; 

and, knowing these, there is little difficulty with any others 
that may be given. 

Consider first those in which the first figure of the period 
is in the tenths' place, e.g., .253, .60x6. 

.aS3=.2S3253253-. 

«.ooiooiooi..,. X 253 

="^^253 
253 



999 
.6016^.6001 X 16 

16 
"9999' 
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Clearly in such cases the fraction sought has for the 
figures of its denominator as many 9's as there are recurring 
figures, and for its numerator the integer formed by the 
recurring figures themselves. Thus we have at once 

12.20814= 1 2Hfi4. 

Exercises. Set LXV. 

Find the numbers in the common fractional notation whicb give rise 
to the following forms : — 

1. .6001, .ooooooi, .ooooot. 

2. .7, .J, .67, .63, .9, .6^. 

3. .612, .621, .603, .$909. 

4. 4.63 1) .6121, .62121, .900900^. 

Next let us take fractions in which the first figure of the 
period is not in the tenths' place, ^.^., .829, .03415 — 

_ ?£I 

~99o' 

= 3412^ J. 
999 100 

3412 



99900 
Here we multiply by such a power of 10 as will place the 
units' mark immediately in front of the first recurring figure, 
and then counterbalance this by indicating that the result is 
to be divided by the same power of 10 ; after which the pro- 
cess is dependent upon what precedes. It will be seen that 
the numerator as first found is the integer formed by the non- 
recurring and the recurring figures diminished by the integer 
formed by the non-recurring figures; and that the figures 
of the denominator are first a 9 for every recurring figure, 
and then a zero for every non-recurring figure. 
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That this must always be the case will be seen by con- 
ductiog in the following way the simplification of the ex- 
pressions Stt+io, and jHf +100, found above — 

off +10= — — +10 3fH+ioo= — +100 

8x100—8+29 3x1000—3-1-415 

"990 « . ^^^^ 

^ 829-8 ^ 3415-3 

990 * 99900 

Other examples: — 

900 900 225 

.. looi— 10 .-, 

13,001061 = 13 ^y^QQQ «I3y^ftW. 

Exercises. Set LXVL 

Find the nnmbera in the common fiactional notation which give 
rise to the following forms — 

I. .83, .816, .4:^2, .31486. 3. .0314, .002603, .004$. 

3. 2.0606, 2.0066, 2.0006. 4. .56$, .7608, .07808. 

Find the limit of the following interminate expressions — 

8 8 8 /: 7 7 7 

5. — + —«+—• + • • • • 6. X. + Z-.+X. +. . . . 

^ 10 10* 10? io» 10* 10^ 

7. ^ 8. .009. 9* .002$. 10. 5.3749. 

1 20. The operations of Addition^ Subtraction, Multiplica- 
tion, and Division, which the learner can already perform 
with integral numbers, may now, in a perfectly similar way, 
be performed with any numbers whatever expressed in the 
general decimal notation. If, however, among the given 
numbers there occur a decimal fraction distinctly marked 
periodic, which is of extremely rare occurrence in practical 
afifairs, there is usually much saving of time and labour in 
using, in place of it, its equivalent in the ordinary fractional 
notation. This especially holds in cases where, in the result, 
nothing but accuracy to the utmost limit would be con- 
sidered sufficient, a requirement, it need scarcely be added, 
of equally rare occurrence. Further, as is clear from this, 
if the numbers be given in the ordinary fractional notation, 
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it would in general be a still greater increase of labour to 
change them into the general decimal notation before per- 
forming the desired operations. 

121. Addition. — Example i. Find the sum of 6.3104, 
218.01, .754168, .090134, 8001.62, and 75.8. 

6.3104 
218.01 
.754168 
.090134 
8001.62 
75>8 
Sum =8302.584702 

Here care is only necessary that, for convenience in the 
addition, the tenths' place of one item be exactly below the 
tenths' place of the preceding item, the hundredths' place 
below the hundredths' place, and so on. 

Example 2. What is the sum of 16.516, .S23, and 
316.667 ? 

In our mode of answering a question of this kind we 

must be guided by the degree of accuracy the questioner 

may require. If, for example, a result correct in the 

number of millionths be deemed sufficient, we should use 

the items — 

16.5161616 

.8238238 

316.6677777 

each of which is less than the corresponding actual item by 
less than a ten-millionth. The sum thence found is 

334.0077631 

which is consequently less than the actual sum by less than 
3 ten-millionths. Now the addition of 3 ten-millionths to 
it would not alter the figure in the millionths' place ; there- 
fore 334.007763 is correct in the number of millionths, or 
** correct to six right-hand places." Speaking of such 
cases as are likely to occur, we may say that if the sum 
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be desired correct to a given number of places it is advis- 
able to use items correct to two places more. 

If, on the other hand, a perfectly accurate result be 
required, we continue to write the recurring figures of the 
items until a recurrence is observed among the columns; 
thus — 

I t 

16.51616161616.... 
.82382382382.... 
316.66777777777.... 

334.00776321775.... 

Here we see that the six columns lying between the two 
upright lines recur in the same order without end or inter- 
ruption, and thus it is clear that the exact sum must be 

334.00^76321. 

Exercises. Set LXVII. 

Perform the following additions — 

1. 173.135 + 2.0046 + 6843.2 + .000163 + 24.002. 

2. 38.261 + 3.80004 + 2100.613 + 2.32696. 

3. 7.3264 + 2.32925 + .0065 + .00085. 

4. .2 13256 + .103425 + .002847 + .680472. 

5. Add the following numbers: — Seven whole units and three 
tenths, one ivfiole unit and seventeen hundredths, thirteen whole units 
and one hundred and twelve thousandths, sixteen thousandths three 
hundred and eleven millionths, three hundred thousandths and nine- 
teen millionths, 

6. Add the following numbers : — ^Twenty-five thousandths seventeen 
millionths, three hundred and four thousandths thirty-three hundred- 
thousandths, seven whole units and sixteen hundredths, two whole 
units and one hundred and fifty-three millionths. 

7. Add the following numbers : — Five ten^housandthsj ■ twelve 
thousandths two milliontJis, nineteen ten-millionths, three hundred 
and sixty-two hundred-thousandths. 

8. Add the foUowing numbers : — One thousandth seventy-fire thou- 
sand-millioHths, six hundred millionths seven hundred-millionths, one 
hundred thousandths two hundred millionths four thousand and one 
billionths. 

9. Find the sum of .6, .314^, 6.34, 2.0808, correct to five right-hand 
places. 

10. Find the sum of .^34, .09, 3.15, 3.69, .11643 correct to within less 
than a millionth. 
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11. Find the sum of .029, .56, .954^1 .^ correct to within less than 
a billionth. 

12. Find the exact snm of 2.oi, .0303, .03, and 4.1614. 

13. Find the exact sum of .3026, .742, .823, and .46626. 

14. Find the exact snm of .566, .35, .394, .74689. 

15. Find the exact sum of 3.494* •74^4* ^3-3^9i 999*$> 

122. StJBTRACTiON. — Example i. From 200.713 take 
18.304. 



200.713 ) 
- 18.304 j 



» 182.409. 

Example 2. What is the difference between .734168 and 
12.2? 

12.2 ) 

- .734168 ) 

= 11.465832. 

Example 3. Find the difference between 2.6 1^ and .847 
correct (i) to five right-hand places, (2) perfectly. 

(i) 2.6136136... ) 

- .8474747... j 

« 1. 76613... 

(2) 2.613613613,.. ) 

- .847474747... j 

= 1.7661388. 

Exercises. Set LXVIII. 

Perform the operations indicated as follows : — 

I. 34.6173—17.2985. 2. .026814— .003965. 

3. .00174— .00038. 4. .001762— .000949. 

5. 1.0001 — .90098. 6. .100005— x)99999. 

7; 3184.7 — 216.35. 8. 2.164— .92931. 

9. 12— .3406127. 10. 100— .0000001. 

II. (.0137— .0000849) — (1.5003 — 1.4999901). 

12. From thirty thousandths fourteen millionths take away three 
hundred and seventy millionths four thousand two hundred and one 
bittionths, 

13. Find the difference between .06^ and 2.^, and between 1.692 
and 2.364 correct to six right-haad places. 
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14. Find the exact difference between 2.iS and 3.04i8i3, and 
between 3.0821 and 4.36$. 

15. Find the exact difference between 1.54^^ and ,^ and between 
6.3i7 and 4.^26. 

123. Multiplication. — Example i. Find the product of 
232.341 and 43.62. 

232.341 

4.64682 
139.4046 
697.023 
9293.64 



10134.71442 

Here we first multiply by 2 hundredths. Now thou- 
sandths multiplied by hundredths result in himdred- 
thousandths, therefore the 2 arising firom the multiplication 
of the I of the multiplicand by the 2 of the multiplier is made 
to occupy the fifth place to the right of the units' mark ; 
and similarly the position of any other figure is explained 
— exactly as in the case of integral numbers. 

The figuring in the above is quite the same as if tiie 
multiplicand and multiplier had been 232341, 4362 instead 
of 232.341, 43.62. The units* mark may thus be entirely 
overlooked until all the figuring has been performed. Its 
position in the product may then be settled as above ; or, 
without reasoning, by merely remembering that it should 
have as many figures on its right as there are figures so 
situated in both multiplicand and multiplier. That we may 
alwa3rs proceed in this way will be seen from the following 
mode of viewing the multiplication. 

232341 4362 

232.341 X 43.62 =-^355- x-^^ 

^ 232341x4362 

** lOOOOO 

^ 1013471442 

"" lOOOOO 

« 10134.7x442. 
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Example 2. Multiply .00612 by 324000. 

.00612 
324000 

2448000 
1224 
1836 
198288000 

Now, there being five figures to the right of the units* mark 
in the multiplicand and none so situated in the multiplier 
the product must be 1982.88000 or 1982.88. 

As a result of our notation being decimal, multiplication 
by a power of 10 is extremely easy, amounting merely to 
shifting the units' mark in the multiplicand one place to the 
light for every zero in the multiplier : e^,y 

2.34x10=23.4 
.00003x1000= ,03 
.000001 X 1 0000000 » 10, &c. ; 
just as in the case of integers 

26 X 100=2600 
30 X 1000=30000, &c. 

Exercises. Set LXIX. 

Perform the operations indicated as follows : — 

1. .07 X 10; .07 X 100; .07 X loooooo ; 70.07 X 1000. 

2. .000101 X 1000; .000101 X loooooooo ; .0001 X loooo. 

3. 714.2x21.6. 4. 1^3416x2.032. 
5. 125000 X .0008. 6. .0025x36000. 
7. .016 X 187500. 8. .304 X .00355. 

9. .001 X .0004. 10. .00302 X .040004. 

II. I.oi X looi X .003. 12. .00102 X .003 X 50000. 

13. (30.2)2— (.o8)». I^, (30.2— .08) X (30.2 + .08). 

15. (.004)8 X (7500)'. 16. (.004 X 7500)8. 

X23A. If a product be wanted correct to a certain 
number of right-hand places, fewer than would be required 
for perfect accuracy, the unnecessary figuring cannot be so 
easily foreseen and set aside as in the case of addition or 
subtraction. Let us consider the following example. 

L 
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Example i. Find the product of .13536472 and 
2.1365489. 

To insure accuracy to four right-hand places in the 
final result it is advisable to retain six r^ht-hand places in 
the products which are found on multiplying by the various 
parts of the multiplier and which are afterwards to be 
added. Consequently the only point to be settled is, how 
much, if any, ci the multiplicand maybe neglected in multi- 
plying by the parts referred to so as still to have six 
right-hand places in the product. Beginning with the 2 of 
the multiplier it is easily seen that with six right-hand places 
in the multiplicand there will be six right-hand places in the 
product, and we commence therefore to multiply at the 
figure 4 in the multiplicand, obtaining thus the product 

.3707*8. 

Passing on to the next part of the multiplier, viz., .1, we 
see that with five right-lumd places in the multiplicand there 
will be six right-hand places in the product, and conse- 
quently we begin to multiply by i at the figure 6 in the 
multiplicand, the product obtained being 

•018536. 

Similarly we begin to multiply by 3 at the figure 3 
of the multiplicand, by 6 at the figure 5 of the multi- 
plicand, and so on. Making omissions, for brevity's sake, 
of units' marks and zeros, the necessaiy figuring may be 

arranged thus : — 

.18536472 
2.1365489 

•370728 

18536 

5559 
mo 

90 

4 

.3960 . . 
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If we place temporarily the 2 of the multiplier over the 
sixth right-hand place of the multiplicand and the other 
figures of the multiplier so that the whole shaU appear 
reversed in order, thus, 

9 8456312 
.18536472 • 

2.1365489 

it is clear that each figure of this reversed multiplier will be 
exactly over the place at which we begin to multiply by it, 
and to some this artifice may be of use in saving a little 
time and thought. 

Example 2. Find the product of .27 and 34.01089 
• correct (i) to three right-hand places, {2) to the utmost. 

(i) ...1 9 80x043 

.272727... 
34.010891... 

~8.i8i8i 

1.090SS 

272 

16 



9-275 



/ X . . .0. 27 ^ 3400749 

(2) .27. X 34.01089 = - >^ -^^^ 

^3 ^ 3435 ' 

II lOIO 

103053 

"IIIIO 

=9.2756$. 

Exs&ciSBS. Set LXX. 

1. Find the product of .316278 and 7.21345, and the product of 
2.74130a and 1. 6428145 correct to four right-hand places. 

2. Find the prodoct of ^100634 and .641271, and the product of 
3.15x6283 and .310046 correct to three right-hand places. 

3. Find the product of .061428134 and 114.204206, and the product 
of 31.260480707 and 204.010203069 correct to six right-hand places. 
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Find the products in the following cases correct (i) to three right- 
hand places, (2) to the utmost : — 

4. 14.893 X .iSS, 5. ,073 X .oiS. 

6. .2318x20.816. 7. .oi$7 X 3*5;3846i. 

1 24. Division. — In this as in the other operations we may 
guide ourseKres merely by the same general principles which 
are used in the case of integral numbers, but for the learner 
there is less chance of error in using an indirect method 
which takes advantage of the principle that the quotient is 
unaltered if divisor and dividend be both multiplied by the 
same number. 

Example i. Divide .03 by .007. 

.o3+.oo7«3o+7 

=4.^85714. 

Here we multiply dividend and divisor by such a power of 
10 as will make both integral, viz., by 1000; in other words, 
we remove the units' mark three places to the right in 
both. There thus remains but to divide 30 by 7. 

Example 2. Divide 4.263435 by .063. 

4.26343s -•••o63*426343S-»-630oo 

=67.673571428. 

Or we may aim only at having the divisor integral, thus 

4.263435 + .063 =4263.435 +63 

performing the division as follows : — 

7 )4263.435 
9)609.062142859 
67-673571428 

In many cases, however, this shifting of the units' mark is of 
little moment. It only serves to simplify the fixing of the 
place of the units' mark in the quotient, and this is often 
quite apparent on looking at the given numbers themselves. 
For example, if asked to divide 207.861 by 5.79, we see 
clearly on looking at the integral parts of the numbers that 



DECIMAL FRACTIONS. 149 

there must be two integral places in the quotient, and we 
proceed directly as follows : — 

5.79)207.861(35.9 
^73 7 
3416 
g3 95 
5 211 
5 211 



Our notation being decimal, division by a power of 10 
amounts merely to shifting the units' mark in the dividend 
as many places to the left as there are zeros in the divisor, 

38.723+100 =-38723 
2.4 +10000 ». 00024 

16000+1000 =16 

16000+ ioooooo».oi6. 

Exercises. Set LXXI. 
Find the quotients in the following cases — 

1. .01 + 10; .01 + 1000; .01+1000000. 

2. loio+ioo; loio+ioooo; loio+ioooooo. 

3. 2021.2+ 1000; 2021.2 +1000000000. 
4. 172+430. 5. 377+29000. 
6. 314.88+400, 7. .0082812+6. 

8. .08961 + 103. 9. .00010101+3367. 

10. .25 +.64. II. .023 +.125. 

12. 25+.125. 13. .23+.0125. 

14. 764.2292 +.191. 15. .00007 +.00000016. 

16. .0001 +.008. 17. .01495+11.5. 

18. .000021 +.014. 19. .0003562+13.7. 

20. .00002346 +.05 1. 21. .0000002247 +.01 177. 

22. 3.002 + 1.$!. 23. .251016+14.7^$. 

24. i.57i42ft+.2f. 25. .873+1.54$. 

Examination Papers on §§ no— 124. 

I. 

1. From seven and seven millionths take away three tenths and nine 
ten-millionths. 

2. Perform in both notations the multiplication of four thousandths 
by fifteen ten-millionthsy and show that the results agree* 
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3. Express .000375 in its simplest form in the common fractional 
notation, and find a decimal fraction equal to -fg, 

4. Perform in both notations the division of the fourth power of six 
tenths by the third power of four hundredths. 

5. Perform the operations indicated in the expression — 

(3.05-1.995) X (.0005 +.025). 

6. Multiply the difference between .075 and 3.04 by .0047619. 

7. Find the product of .987654321 by .123456789 correct to foar 
right-hand places. 

U. 

1. Find the excess of six and three thousand-millionths over two and 
one hundred and ninety-nine billionths. 

2. Express in both fractional notations the excess of .035 over ^. 

3. Multiply the difference between the second power of five hun- 
dredths and the second power of five thousandths by four milUonths. 

4. Perform in both notations the division of ten and eleven thou- 
sandths by the excess of the second power of one tenth over the second 
power of two hundredths. 

5. Prove that .153 is within less than a thousandth of -A^. 

6. Perform the operations indicated in the expression — 

4.3—2.005 , . 

-3-^ ^x (.54 +.0027). 

.001 — .0001 ^^^ " 

7. Find the sum of the infinite series— 

.05 + (.05)2.»-(.o5)«.»-(.05)*+ . . , 
correct to within less than a bilhonth. 

m. 

1. Perform in the general decimal notation the division of a thou- 
sandth of a thousandtii of a thousandth by a millionth of a milfionth. 

2. Arrange the following numbers in order of magnitude : — 

|t-. ^ ^o^ * .064+. 064, .56 -I- .516. 

3. If a dose of a homoeopathic medicine be .025 scruple, how many 
doses are there in 2 oz. 5 dr. i scr. 4.5 gr. of the medicine ? 

4. Perform the operations indicated in the expressioa— 

{ (.o5-6s.)»+(.5d-.5) I +.065. 

5. Prove that the limit of .035 is ^iv 

6. Add together the two following infinite series : — 

^ + 9 +-2- + 
lO* 10* icfi 

909 .909 .909 . 

io3 10' 10" 

7. A moving body passes over in the first hour a space of 4! miles, 
in the second hour one-tenth of this, in the third hour one-tenth of the 
space traversed in the second hour, and so on. Find the total distance 
it will traverse if it go on for ever. 
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DIFFERENT WAYS OF EXPRESSING THE 

SAME MAGNITUDE. 

{Continued from p, 124.) 

125. Nothing need now be added to the knowledge 
which the learner must already possess regarding the various 
modes of expressing the same quantity, and the means by 
which we pass from one form to another. Attention, how- 
ever, is here again called to the subject because, in dealing 
with it before, if fractions occurred we could use only the 
ordinary fractional form ; whereas similar exercises with the 
general decimal notation are of greater practical importance. 
Such exercises are now given, the same arrangement being 
followed as before. 

126. First, when the quantity as given is expressed in 
terms of a single unit. 

Example i. Express ;^2.68i2S (i) in terms of the 
shillings (2) in terms of the penny^ and (3) in terms of the 
usual variety of units. 

(i) ;^2.68i25=(2.68i25 X 20) shillings 

=53.625 shillings. 

(2) ;^2.68i25=(2#68i25 20 X 12) pence 

=643.5 pence. 

(3) ;;^2.68i25=;^2 and (.68125 x 20) shillings 

=;£2 and 13.625 shillings 
^£i^ 13s. and (.625 X 12) pence 
-;^2 13s. 7.5d. 
'=;f 2 13s. 7id. 

Instead of the self-explanatory process in (3) we may in 
practice arrange the necessary calculation shortly as 
follows : — 
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£2.6Si2S 
20 

13-62500 
12 

7.500 

4 
2.0 

Example 2. Express .81875 yd. (i) in terms of the 
furlof^y (2) in terms of the miU, (3) in terms of the usual 
variety of miits. 

(I) .81875 yd.=3fg fur. 



.81875 



fur. 



220 
«.oo372i5$6 fur. 

(2) .81875 yd.---T^ mi. 

».ooo465 198863. 

(3) -81875 yd.=(.8i875 x 3) ft.=2.4s625 ft. 

= 2 ft. + (.45625 X 12) in. 
«= 2 ft. + 5.475 in. 
= 2 ft. 5i^ in. 

Example 3. Express ;^.i8854i5 in the usual variety of 
units. 

;^.i88s4i6 
20 

3.770833s. 
12 

9.249999d. 
ue. 9.25d. 

4 

I. oof. 

Result, ;^.i8854i6=3s. 9Jd. 

When the decimal fraction, as in the last example, is 
periodic, there is sometimes a saving of labour in changing 
it into the ordinary fractional form. 
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ExE&ciSBS. Set LXXII. 
Express — 

1. .2i78d. and .0127 guin. in terms of the pound, 

2. .6042s. and ;^.6042 in terms of the crown, 

3. .01344 da. in terms (i) of the minute, (2) of the week, 

4. .26901 St. in terms (i) of the hundredweight, (2) of the ounce, 

5. .01 1 II yd. in terms (i) of the mile, (2) of the inch, 

6. .3142$ sq. po. in terms (i) of the square foot, (2) of the acre. 

Express in the usual way by means of integral numbers and lower 
units — 

7. ;f.362S. 8. ;f2.778i2S. 

9. ;f .040625. 10. j^i.470385. 

II. 3.0525 hr. 12. 1.178125 ton. 

13. .71425 yd. 14. .91875 ac. 

15. 1.875 gaU, 16. 1.96875 cub. yd. 

17. ;^i.8i04i6. 18. 3.303571428 cwt. 

19. .010^0246913$ sq. yd. 20. 1.664772 ac. 

127. Secondly, when the quantity as given is expressed 
in terms of the usual variety of units. 

Example i. Express £^6 12s. 2id. in terms of the pound 
alone. 

id.=.75d. 

«j J 2.75 

.•.2jd.=2.75d.=-^. 

=. 22916s. 
• J > ^12.22916 

,M2S. 2fd.« 12.22916s. =;£; -^ 

=;^.6ii4583 
:.J[fi I2S. 2fd.=;;^6.6ii458J. 

In practice this process is arranged as follows : — 

4)3L_ 
i2 )2.75d. 

20)12. 22916s: 
' ;£6.6ii4583 
After dividing by 4, we prefix the 2d., and so on. 

It will be seen that the mode of proceeding given before 
§ 108, is not so short as this. 

Example 2. Express 5 mi. 2 fur. 3 yd. 2 ft. in terms of 
the /^/i? alone. 
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5 mi. 2 for. 3)2 ft. 

42 fur. 2 

40 11)^ 



i68o po. .6 po. 

Thus 5 mi. 2 fur. =1680 po. 
and 3 yd. 2 ft. « .6 po. 
Therefore the required result » 1680.6 po. 

Exercises. Set LXXni. 
Using decimal fhtctions, express 

1. £1 i6s., I2S. 9d., and;^i 6s. 3d. in terms of the pound only. 

2. ;^I2 17s. 5^d., £2 OS. 2^d., and £6 is. 6^d. in terms of the pound 
only. 

3. 4 cwt. I qr. 7 lb. in terms of the ton, and 4 oz. 7 dr. in terms of 
the pound. 

4. 2 tons 21 lb. in tenns of the hundredweight^ and 5 lb. 3 oz. 9 dr. 
in terms of the stone. 

5. 17 hr. 33 min. in terms of the day ; 6 hr. 17 sec. in terms of the 
minute, 

6. 13 fl. 9 in. in terms of the^ar^, and 10 fur. 37 po. 3 yd. in terms 
of the mile, 

7. 17 yd. 2 ft. 6 in. in terms of i^e fathom^ and 276 yd. 2 ft. in 
terms of the miU, 

8. 2 ro. 17 sq. po., i ro. 22 sq. yd., and 2632 sq. yd. 6 sq. ft. in terms 
of the acre, 

9. II cub. ft. 1593 cub. in. in terms of the cubic yard, and 7 bus. 
3 gall, in terms of the quarter, 

10. I qr. 24 lb. 9f oz. in terms of the hundredweight^ and 16 fathoms 
Sf ft. in terms oihutyard, 

128. When, thirdly, two quantities of the same kind are 
given, each expressed in terms of one or more units, and the 
requirement is to express the one in terms of the other, we 
may proceed exactly as before. 

Example. Express ;^i 6s. 5id. in terms of 4s. 2d. (the 
United States dollar). 

£,\ 6s. 5 Jd. = 1 269 far. \ 
4s. 2d. « 200 far. ) 

.-. £i ^s. sid.=-*5W dol. 

="6.345 dol. 
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Exercises* Set LXXIV. 

1. Express ;^7 is. 9d. tJtdj^i qs, 8^d. as decimal fractions o(£io. 

2. Express 3s. 2^d. as a decimal fraction of £10 los. 

3. What decimal fraction of^^i lis. 6d. 15 2*1 3s. 3d. ? 

4. Express I cwt. 3} lb. as a decimal fraction of 12 stone. 

5. What decimal fraction is 5 hr. 91^ min. of 2J da. ? 

6. En>ress 1565 rupees in terms of the franc ^ taking i nipee eqaal 
to 2s. 3^ and i franc equal to 9|d. 



DECIMAL SYSTEMS OF UNITS OF MEASURE- 

MENT. 

139. The advantage of having our units of measurement 
so related to each other that any one is contained ten times 
in the next higher unit of the same kind has been ab*eady 
referred to, and must be more abundantly manifest now 
that the extension of the decimal notation to fractional 
numbers is known and thoroughly understood. By scientific 
men it has long been recognised, and in consequence of 
their endeavours decimal systems of units of measurement 
have already been established in many countries ; and it is 
not too much to expect that they will yet become perfectly 
general throughout the world. 

In Britain the old systems still hold their ground; bat 
much has been done to prepare the way for superseding 
them, so that a knowledge of the systems likely to be 
adopted is desirable. 

I. — PROPOSED DECIMAL SYSTEM OF BRITISH MONEY. 

130. Various decimal systems of money have been pro- 
posed, those being most in favour in which one of the 
present units is retained as the standard unit, so as to 
make the transition easy from the old system to the new. 
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The scheme which at present seems most likely to be 
adopted, if any change should be made, is that which was 
recommended after much consideration by a committee of 
the House of Commons in 1853. In it the standard unit is 
the present pound sterling, the other three being, of course, a 
tenth, a hundredth, and a thousandth of this. For the second 
unit the name florin is in use ; for the third and fourth no 
names have been fixed, but cent and mil seem likely to be 
very generally acceptable. The fourth being £ti}^o would, 
however, differ so little from a farthing, which is jQ^hsj that 
the name farthing might be transferred to the new unit. 
Instead of the table on p. 42, we should then have the 
following: — 

10 mils = I cent 

10 cents =z florin 

10 florins » I pound. 

131. With such a system of units the various possible 
ways of expressing the same quantity are immediately 
evident, instead of requiring to be found by the tedious 
processes necessary in the case of the present units (see 
pp. 45 — 60). For example : 

;^2i 6fl. 3c. 2m. =;£'2 1.632 

= 216.32 fl. 
= 2163.20. 
=21632 m. 

;^3 4 m. = 3004 m. 
=30.04 fl. 

and 76305 m.=;^76 3 fl. 5 m. 

Further, it is worthy of remark that in all probability we 
should no longer use more than one unit in expressing a 
quantity in writing. Thus 

£21.6^2 
would be written, instead of 

;;^2i 6fl. 3c. 2 m. 
and so on. 
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132. As a consequence of this it would not be necessary 
to make special practice, as we have done, of the addition, 
subtraction, multiplication, and division of sums of money, 
&c. ; that is to say, there would be nothing corresponding 
to the tedious work found in the present text-book, extend- 
ing from p. 52 to p. 75. 

Example i. A man's yearly income is ;£^25o 5 fl., and 
his expenditure £11$ ^^ ^c. 5 m. What does he save ? 

Sum saved=;£'25o.5 or « 250500 mils 

-115.625 -115625 „ 

=;£i34.875 = 134875 » 

Answer, ;£'i34 8fl. 7 a 5 m. 

Example 2. What is the cost of 15^^ yards of cloth at 
3 florins 6 mils per yard ? 

Cost =306 milsx 15J 
«4743 mils. 
^£4 7fl- 4C. 3m. 

Exercises. Set LXXV. 

1. Express in mils £$, £6 5 fl., £2 3 fl. 4 c. 3 m., 8 6. 2 m., and 
£S Si c. 

2. Express in terms of the pound 6 fl. i c, 5 c. 3 m., and 32 fl. 
8 m. 

3. Express in terms of the florin £$, 5 cents, 5 mils, and ;^I3 2 fl. 
3 m. 

4. Find the snm of;^ii3 2 fl., £2 5 c, 3 fl. 6 c. 4 m., and 13 fl. 

5. Express in mils the sum of ;^i9i 19 fl., 19 c, and 19 m. 

6. Subtract ;^2 3 c. from;^i2 5 fl. 4 m. 

7. Express in florins the difference between ;^5o and 50 cents. 

8. find the cost of 306 articles at 3 fl. 6 m. each. 

9. 25 lb. of tea are bought for ^^5 6 fl. What does it cost per lb. ? 

10. What will 580 eggs cost at 5 c. 4 m. per doz. ? 

11. 18 cwt. of coal cost 7 fl. 5 c. What would 37 tons cost at this 
rate? 

12. 16 lb. of sugar cost 3 fl. 2 c. How much may be bought for 
7 c 5 m. ? 

13. How many articles, each worth 3 fl. 2 c. 6 m., may be bought 
for 2*24 I fl. 2 c. 4 m. ? 



158 DECIMAL SYSTEMS OF 

133. A sum of money being given in terms of our present 
units, we are able to find the expression for it in the new 
system by following the process of § 127. What is wanted 
is simply that the portion of it stated in shillings and pence 
and £axthings be expressed as a decimal fradum of a pound. 

Example i. What are the equivalents of £\ 14s. 6d. 
and £1 OS. 4^ in the proposed decimal system ? 

(i) i 2)6d. (2) 4)1 f. 

20) 14.55. i2 )4.25d. 

£i.7^S 20 ) .35416s. 

;£7.oi77o83. 

Answer, £1 7 fl. 2 c. 5 m., and j£'j i c i m. nearly. 

In the event of the adoption of the proposed system, this 
operation would be very common, so that any spe^er 
mode of arriving at the result should be practised. Thus 
we might easily bear in remembrance that 

2S. = ;£.! 

IS. = .05 
6d.= .025 
Jd.« .001 nearly, 

and proceed as in the following instances. 

Example 2. Express 14s. S^d. and £i 5s. 3id. in 
accordance with the proposed system. 

(i) 14s. (being 7 florins) = £.j 

6d. « .025 

2id. (being 9 farthings)* .009... 

.-. 14s. 8id. = ;^«734 •• 

(2) 5s. (being 2J florins) « £-2^ 

3^. (being 14 farthings) » .014... 

•'• £l Ss» SW- =^7.264... 

Exercises. Set LXXVI. 
Find the equivalents in the proposed decimal system of— 
I. I2S. 2. 13s. 3, 13s. 6d. 

4. 17s. 6d. 5. 6s. 6d. 6. ;^i 8 a 
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7. £S 7 6. 8. £2 o 6f. 9. £1 I o. 

10. £1 i6 2i. II. £2 13 . 4j. 12. ;f5 5 sJ. 

I3-. i"4 3 8i- 14- ;fi 7 loj. 15. ;^2 II 9. 

16. ;f 10 10 7. 17. ;f7 17 6t. 18. ;fil II llj. 

19. ;f 10 I 6J. 20. ;f 12 I Oj. 21. jf20 O 6J. 

134. Conversely, a sum of money being given in terms of 
the proposed units we can find the expression for it in the 
present system by the method followed in §126. 

Example i. What are the equivalents of ^7 6fl, 3c. 2m. 
and £2 50. in the present money system ? . 

(i) £7-^32 (2) ;£2.os 

20 20 

12.640 1. 00 

12 

7.68 



2.72 

Ans. £y 12s. 7|d^ nearly, and £2 is. 

Here again, however, if we remember the four facts given 
in the preceding paragraph, but now rather in the form — 

I florin, or ^.i = 2s. 
5 cents, or ;;^.o5 = is. 
25 mils, or ;;^.025 = 24f. 
I mil, or ;;^.ooi = if., nearly, 

we may with ease at once write down a result sufficiently 
accurate for almost all purposes. 

Example 2. Express £16,^76 and ^1.788 in accord- 
ance with the present money system. 

{i)£i6.3 -£i6 6 o 

.05 « o I o 

.026 = 25f., nearly, « o o 6J, nearly. 

.•.;^i6.376 =» 16 7 6i, nearly. 

(2) £i.7S - I 15 o 

.038 = 37 f., nearly, = 009!, nearly. 

.•.;^i.788 « I IS ^, nearly. 



l6o DECIMAL SYSTEMS OF 

Exs&ciSES. Set LXXVII. 

Find the equivalents in the present money system of-— 

I. 6fl. 5 c. 2. 8fl. 5c. 3. ifl. 2c. 5 m. 

4. 3fl. 2c. 5m. 5. 6fl. 7c. 5m. 6. 9fl. 7c. 5m. 

7. £S 2c. sm, 8. £s S^* 9. £^ 2fl. 7c. 5™- 

10- ;f3»i75- "• ^"6.387. 12. ;f4-4I5- 

13- ;fo-634- 14- i'i-078- I5- ;^2.707. 

16. 5750 m. 17.21775 c. 18.22.1875 c. 

19. 631.25 m. 20. 3fl. 6 c. 2}m. 21. 9fl. 6 c. 5.625 m. 

II. — PROPOSED DECIMAL SYSTEM OF UNITS OF SPACE 

AND MASS. 

135. The decimal system of units of space and mass 
which is likely to be adopted is that originated by the 
French and generally known as the metric system, from the 
name of its fundamental unit, the metre. In France, as in 
other countries, there had been in use, for a lengthened 
period, a confusing variety of units, the origin, of course, 
of much inconvenience and often of fraud. But soon after 
the revolution of 1789 the National Assembly took up the 
matter in earnest, and the result was the production of a 
thorough system, decimal in character, scientifically built 
upon one fundamental unit, entirely new in nature and 
nomenclature, and thus adapted to the wants of any and 
every nation as well as the French. This system was 
introduced in 1795. It made way at first with much diffi- 
culty, but now has been adopted by several other countries 
on the continent of Europe, and is fast spreading. In 
Britain its use was legalised in 1864, and already many 
scientific men employ it. 

136. Units of Length. — ^The French reformers aimed 
at securing a permanent basis in nature for their funda- 
mental unit, the unit of length, as already was the case 
with the units of time. For this purpose they selected the 
distance measured on the surface of the sea, from the north 
pole to the equator, the ten-millionth part of which was 
taken as the unit and designated a Metre. It is not, how- 
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ever, defined in this way. A platinum rod 
was prepared to represent the required length 
when at the temperature of melting ice ; and 
it is this rod kept in Paris which fixes the 
length of the metre throughout the world : it 
may not be accurately the ten-millionth part 
of the distance referred to. Of the other units 
the smaller are iV> rhr, rsW, of a metre, 
named respectively the decimetre^ centimetre, 
millimetre, from the Latin words for "ten," 
" hundred," " thousand " ; and tlie larger are 
ID, loo, 1000, loooo metres, named respec- 
tively the decametre, hectometre, kilometre, my- 
riametre, from the Greek words for "ten," 
" hundred," " thousand," ** ten thousand " ; the 
decametre, hectometre, m)niametre are, how- 
ever, seldom spoken of. Thus 

.1634216 myriam., 
1.6342 1 6 kilom., 
16.34216 hectom., 
163.42 T 6 decam., 
16342.16 decim., 
16342 1.6 centim., 
.1634216 millim., 

or, again, » I kilom, 634 metres 216 millim. 

For a knowledge of the relative magnitude 
of these units and the present British units it 
is sufficient to note that 



1634.216 metres^'^ 
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Fig-. 2. 
A Decimetre 

Measure. 
Actual size. 



I metre =39.37079 in. i ft. =3.0479 decimetres, 
I kilometre».62i38 mi. i mi.»i.6o93i kilometre. 

But it is also worth remembering that 12 yards are nearly 
II metres, that i decimetre is nearly 4 inches, and that 
I kilometre is approximately i of a mile. A tolerably 
accurate representation of a decimetre measure subdivided 
into centimetres and millimetres is annexed, 

M 
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Exercises. Set LXXVm. 

1. Express 3600 metres in terms (i) of the kilometre, (2) of the 
decimetre^ (3) of the millimetre. 

2. Express 156 decimetres in terms (i) of the kilometre, (2) of the 
millimetre. 

3. Express 1 134 millimetres in decimetres and mOIimetres. 

4. Express 4.62 metres in decimetres and centimetres. 

5. Express 3105600 centimetres in kilometres and millimetres. 

6. How often is a millimetre contained in a kilometre, and a centi- 
metre in a decametre ? 

7. Express 17 kilometres 16 metres (i) in decimetres, (2) in deca- 
metres. 

8. Express 4 decimetres 3 millimetres in terms (i) of the metre, (2) 
of the millimetre. ^ 

Find the equivalents in the metric system of— 

9. 7 yd. 3 yd. I ft. 6 in. 10 in. 

10. 16^ mi. 4mi. 2fnr. 5 mi. 100 yd. 

11. Express io| metres in yards, &c., and 74 kilometres in miles and 
yards. 

12. A town is situated in 9^ north latitude. How far is it from the 
equator ? 

13. How far from the North Pole is a town situated in lat 22** 30^ N. ? 



137. Units of Area. — In the measurement of land and 
other large surfaces the principal unit is the are, which 
is equal to i square decametre, or a square whose side is 
10 metres long, the other units in use being a larger one the 
hectare {—100 ares) and a smaller one the centiare (=tJt> are). 
Just as we, however, in the measurement of small sur- 
faces use the square yard, square foot, &c, so the 
French use the square nutrey square dednutre^ 
square centimetre^ square millimetre. The mul-. 
tiplier connecting these is of course not 10 but 
100, for I metre being equal to 10 decimetres, it 
follows that I square metre is equal to 100 square 
decimetres, and so on. The full table of units 
therefore is — 
















Fig. 3. 

ASgua^ 

Centimetre 

subdivided 

into zoo Sq. 

Millim. 



I hectare =100 ares. 
I are 



-^>^ s^y.^. I sq. metre =100 sq. decim. 

= 100 centiares, or ) i sq. decim. =100 sq. centim. 
square metres. / i sq. centim. ==100 sq. millim. 
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Thus, 

5.1 3 14 hectares = 5 hectares 13 ares 14 centiares ; 

4.3821 sq. metres = 4 sq. metres 38 sq. decim. 21 sq.centim.; 

and 

5.163 sq. decim. = 5 sq, decim. 16 sq.centim. 30 sq. millim. 

For the comparison of these units with the corresponding 
British units, it suffices to note that 

I sq. metre = 1. 196033 sq* yd. i sq. yd. =* .836097 sq. metre. 
I hectare = 2.471 143 ac 1 ac. = 40.4671 ares; 

= i hectare, nearly. 

Exercises. Set LXXIX. 

1. Express 1.143 hectare in ares and centiares. 

2. Express 141 100 sq. centimetres (i) in terms of the are, (2) in sq. 
metres and sq. decimetres. 

3. Express 2.73 hectares, 146 ares, and 170CX) sq. decimetres each 
in terms of the sq. metre. 

4. How many sq. decimetres are there in an are, and how many 
sq. millimetres in a ceniiare ? 

Find the equivalents in the metric system of — 

5. 4^ sq. yd. ipo sq. ft. 13 sq. ft. 40 sq. in. 

6. f ac. 16 ac. 3 ro. 2 ac. 2 ro. 16 sq. po. 

7. Express 1.5 sq. decimetre in square inches, and 5.62 hectares in 
acres. Sic, 

138. Units of Volume. — (I.) For the 
purposes for which we at present use the 
cubic yard, cubic foot, and cubic inch, the 
French use the cudic metre, cubic decimetre, 
cubic centimetre, and cubic millimetre, any one a Cubw:' tcnti- 
of which must evidently contain 1000 times ^^' Actual 
the one which follows it. Thus 

3.0661 17 cub. metres =» 3 cub. metres* 66 cub. decim. 

117 cub. centim. 
and 
.31425 cub. decim. = 314 cub. centim. 250 cub. millim. 

(II.) For the measurement of liquids, grain, &c., the 
principal unit (of capacity, as it is called) is the litre, which 
is equivalent to a cubic decimetre. Of the other units in 
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use the smaller are the decilitre (»i^ litre) and cenHlitre 
(»T^ litre) ; and the larger the decalitre (=io litres) and 
hectolitre (=ioo litr^). 

For the comparison of these units with the present 
British units of volume it is to be noted that 

itub.decim.«6i.o2703C.in. icub.ft.=28.3isio3c. decim. 
I Jitre « 1.76077 pt I gall, « 4-543456 litres. 

I hectolitre = 2.75121 bus. i qr. = 2.907813 hectoL 

Exs&ciSES. Set LXXX. 

1. Express 117.64 cnb. decimetres in terms (i) of the cub. centimetre, 
(2) of the cub. metre. 

2. Express .01743 cub. metre and 31462000 cub. millimetres in cub. 
decimetres and cub. centimetres. 

3. How often is a cub. milUmetre contained in a cub. decimate ? 

4. Express .3104 hectolitre (i) in terms of the centilitre, (2) in litres 
and centilitres. 

5. Express 3.142 litres in terms (i) of the hectolitre, (2) of the milli- 
litre. 

6. How many cub. centimetres are there in 3 litres, and how many 
cub. decimetres in 3 hectolitres ? 

7. Express 1.53 litre in terms of the cub. centimetrci and 4163 
hectolitres in terms of the cub. metre. 

Find the equivalents in the metric S3r8tem of— 

8. 144 cub. in. 20 cub. yd. 13 cub. ft. 10} galL 

9. 7 qr. 3 bus. 10 bus. i pk. 3 quarts I pt 

10. Express 275 cub. centimetres in cub. inches, and 10 cub. metres 
in terms of the cub. yard. 

11. Express 15 litres in gallons, &c., and 6 hectolitres in quartan 
and bushels. 

139. Units of Mass or Weight. — ^The principal unit 
of mass is the gram (French, gramme)^ which is defined to 
be the mass of a cubic centimetre (see Fig. 4, p. 163) of pure 

water at its greatest density. The smaller units 

^^jj^^ ^e the decigram^ centigram^ milligram ; the laiger 

^^^^ are the decagram^ hectogram^ kilogram. The gram 

A^fSam being very small the last and largest of these, 

^o^."* ^h® kilogram, has come to be in usage the prin- 

^sUef ^P^ unit; and as such it is worthy of notice 

that it is the mass of a litre of pure water at its 
greatest density. Even it, however, is inconveniently small 
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for the measurement of such masses as constantly require 
to be mentioned in commerce, so that the metric quintal^ 
equal to 100 kilograms, and the millier or metric ton^ equal 
to 10 quintals, are also employed. 

For comparison with the corresponding British units we 
have to note that 

I gram » 15.432348 grains, i grain»64.799 milligrams. 

I kilog. = 2.204621 lb. I lb. •= .453593 kilog. 

I quintal^ 1.968412 cwt. i ton » 1.016047 metric ton. 

Exercises. Set LXXXI. 

1. Express 51.7 kilog. in terms (i) of the gram, (2) of the quintal, 
and (3) of the milligram. 

2. Express .00401 kilog. and 3ia4 decigrams in grams and milli- 
grams. 

3. Express 17.009 metric tons, .04 quintal, and looooooo milligrams 
in kilograms. 

4. How many centigrams are there (i) in a quintal, (2) in 3} kilog. ? 

5. What would be the weight of 14.3 cub. centim., of 30 cub. millim., 
and of .016 cub. metre of pure water at maximum density ? 

6. How much pure water at maximum density will weigh 316 centi- 
grams, 4 quintals, 14 decagrams, i metric ton ? 

Find the equivalents in the Metric System of — 

7. *j\ lb. ; 10 stones ; 5 lb. 4 oz. 

8. 2 qr. 20 lb. ; ^I ton 15 cwt ; 4 cwt. 3 qr. 

9. I cwt. I qr. 14 lb. ; 20 tons 14 cwt. 2 qr. ; i lb. troy. 

10. Express 7 kilog. in pounds and ounces ; 20 metric tons in tons ; 
and 160 kilog. in cwt. qr. lb. 

140. The foregoing account of the Metric System is of 
course incomplete, relating only to those portions of it at 
present considered likely to come into general use. Be- 
sides these, there are included in it a system of money, and 
a set of units for the measurement of angular space. 

The monetary system has been very fairly successful, 
being now prevalent in France, Belgium, Switzerland, and 
Italy. The units used are the Franc, whiph is the prin- 
cipal unit, and approximately equal to lod. sterling, and 
the centime or hundredth part of a franc. The link of con- 
nection with the other units of the system is found in the 
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size and weight of the coins employed : for example, the 
bronze piece of lo centimes, corresponding to our penny^ 
piece, weighs lo grams; the five-centime piece weighs 5 
grams, the two-centime piece 2 grams, the one-centime 
piece I gram; and their diameters are respectively 30, 25, 
20, and 15 millimetres. 

The proposed units of angular measurement have unfor- 
tunately not prevailed even in France itself. 

141. The superiority of the Metric System may be said 
to originate as follows : — 

Firstly, in the choice of the fundamental unit, which sup- 
plies us with the important fact that a quadrant of the earth 
is approximately 1 0000000 metres in length. 

Secondly, and chiefly, in the way in which one unit is 
related to the next higher unit of the same set — that is to 
say, in being a decimal system. 

Example. 18 litres of wine are bought for 18.54 firancs. 
What is the cost of 7 hectolitres at this rate ? 

The price of 18 litres = 18.54 francs 

„ I litre « 18.54 fr. -h 18 = 1.03 fr. 

and .'. „ 7 hectol. « 103 fr. x 7 « 721 fr. 

With this may be compared the examples in § 66. 

Thirdly, in the way in which the units of one set are 
related to those of another. Thus, from the mode of defin- 
ing the units of weight, we can tell at once the weight of 
any volume of water at its greatest density, and therefore 
the weight of any volume of any substance whatever when 
its density (or so-called " specific gravity ") with reference 
to water is known. 

Example. Platinum is 22 times heavier than water. 
What is the weight of 3.5 cub. decim. of platinum? 

The weight of 3.5 cub. decim. of water* 3.5 kilog. 
.*: ,f ,f ,y platinum- 3.5 kilog. x 22 

= 77 kilog. 

Were the question, on the other hand, "What is the weight 
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in ounces of 3.5 cub. inches of platinum ? " we should pro- 
ceed as follows^ the first line being the statement of a fact 
requiring to be remembered separately — 

The weight of i cub. in. of water =6.94 oz. 

>y 3-5 >. >> =6.94 oz. X 3.5 

= 24.29 oz. 
and /. „ „ „ platinum^ 24.29 oz. x 22 

==534.38 oz. 

EzBRCiSES. Set LXXXII. 

1. Express the sum of 17.213 kilog., 1874.7 kilog., 3162.135 kilog., 
and 45.912 kilog. in quintals. 

2. Express in millilitres the difference between a decilitre and the 
eighth part of a litre. 

3. Multiply 1.375 centilitres by 16000 and state the result in hecto- 
litres. 

4. How often are 13 cub. centim. contained in 1.82 cub. metre ? 

5. How many phials capable of holding 2.5 centilitres may be filled 
from a bottle containing a litre and a quarter? 

6. Find the cost of 64 metres of cloth at 2 florins 5 cents per metre. 

7. 6 kilog. of sugar cost 7 cents 5 mils. What is the cost per 
quintal ? 

8. The rate of freight in a certain vessel is ^.375 per quintal. What 
would be charged for the transport by it of 1 76 metric tons of mer- 
chandise ? 

9. How many lo-centime pieces would serve a shopkeeper instead of 
a kilogram weight ? 

10. The length of a sheet of paper is measured by laying 16 5-centime 
pieces edge to edge in a line. How long is the sheet ? 

11. Find tiie weight of 61 litres of wine whose specific gravity is .992. 

12. A ball of pure sulphur (specific gravity, 2.033) weighs 325.28 
kilog. Determine its volume. 

Exercises. Set LXXXUI. 
Miscellaneous, 

1. Express as a decimal fraction the difference between' f and f . 

2. A person starting on a journey has ;^ 17.54, ^^^ ^^ ^^ return he 
finds that the receipts marked in his note-book during the journey are 
£1.62, ^".055, /8.475, and the expenses ;f 4.25, ^"7.215, /4'i6, and that 
he has on hand ;^i 2.605. What mistake has he made T 

3. The period of the earth's revolution round the sun is 365.2422414 
days. If it be taken at 365 days, what vn)l the error amount to in 4 
years ?, If it be taken at 365^, what will the error amount to in 4 cen- 
turies ? 

4. Express .2422414 days in hours, minutes, and seconds. 

5.. A kilogram of pure gold is worth ;^i 34.07. At this rate what 
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would be the total value of three ban of gold weighmg respectively 
3.142 kilog., 1.006 kUog.y 2.302 kilog. ? 

6. Express as a decimal fraction. 



2 + 



I 



7* Simplify the expression 

(.301 — .019462 + 4.076) + (7.2 X .004 X .01) 
giving the result coirect to three right-hand places. 

8. The two frigid zones occupy .0826 of the earth's surface and the 
torrid zone .398 of it. What portion is occupied by each of the 
temperate zones ? 

9. Express ;^.ooi + .oid. in terms of the farthing. 

10. Find a decimal fraction within a millionth of the reciprocal of 1 1 1. 

11. What is the cost of an iron chain 300.48 yd. long and weighing 
10.45 1^- P^ yd*> ^^ ^c 1*^^^ of ;^.o56 per lb. f 

12. The carriage of 17500 cwt. between two places is;^49.77. What 
is the rate per ton t 

13. Express the reciprocal of 5* x 2^ as a decimal fraction. 

14. An average height of the barometer is 28.84 inches* Express 
this in millimetres. 

15. The planet Jupiter completes his revolution round the son in 
4332.585 days and Saturn in 10759.22 days. Express these periods in 
years, days, hours, &c. 

16. Simplify the expression — 

(.4006+ 12.034~ lo.ooioi) X (.024 +.00003). 

17. The carriage of 17500 cwt. a distance of 400 miles is £$7*^' 
What is the rate per cwt per mile ? 

18. What weight of wine is contained in 5000 bottles, each of which 
weighs 1. 1 5 kilog., and when empty .2075 kilog. ? 

19. Express in terms of the ton the sum of 14.325 cwt 713.3 lb. and 
16.85 stones. 

20. Find the reciprocal of the difference between Aj and .^857 14. 

21. There are 277.274 cub. in. in an imperial gallon. Find the 
capacity in cubic incnes of a half-pint measure. 

22. A regiment is on the march, for 5 hours. During the first two 
hours the rate 133.75 kilometres per hour; afterwards it is .225 idiom, 
less per hour. What is the whole distance travelled ? 

23. A merchant imports a quantity of material for which he pays 
^"64.32 ; the carriage of it costs him /'2.605 more, and the custom* 
house duties upon it are ;^. 75. For w&t must he sell it in order to 
gain ^5.5? 

24. Simplify the expression — 

(3-17 - .430$) - (2-i6 - 1.95463)- 

25. Express in pence the difference between ;^3.325 and 3.142857 
guineas. 

26. In a parish there are 400 householders who paj school rates. 
17 of them pay;^.55 each, 23 pay;^.46 each, 84 pay ^.275 each, and 
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the remainder j^.055 each. What income does the school board thus 
derive? 

27. Find the fourth power of —- 7-7- 

28. The smaller of two numbers is 1.0078, and their difference is 
•00316. What is their product ? 

29. Seven-elevenths of a piece of cloth 14} yd. long are sold. Find 
to within less than a thousandth of a yard how much remains. 

30. £6 9s. 4d. is exchanged for 162.475 francs. What would be 
receivM for £1 at this rate ? 

31. What would the carriage of 746.375 cwt. be at the rate of ^f .3 
per 100 lb. ? 

32. Change the fractions in the expression 

(3} + 2A-iA)x3Ar 
into decimal fractions, and then perform the operations indicated. 
Perform the operations also without making the change referred to, 
and examine whether the two results agree. 

33. A porter who cannot carry more than 50.4 kilog. is engaged 
to remove 8.064 quintals of fruit a distance of 1.375 kilometres. What 
distance must he travel before completing his work ? 

34. If the postage for letters weighing not more than an ounce were 
clianged from id. to 4 mils., what would be the loss to the national 
revenue on every million of such letters ? 

35. Simplify the expression — 

(2.78 X 3.69) + (3.61— 2. id). 

36. Perform the operations indicated in the expression — 

{i) after expressing the given fractions as decimal fractions, (2) without 
doing this. 

37. A coin weighs .675 oz., and . 64 of it is copper. How much 
copper will be necessary in coining half a million of such pieces ? 

38. Perform the operations indicated in the interminate expression*— 

9 9* 9* 9* 

as &r as may be necessaiy to obtain the sum correct to five right-hand 
places. 

39. The length of a piece of cloth is ascertained by means of a metre 
rod to be 207.36 metres, but afterwards it is found tnat the rod is too 
short by 3 mimmetres. What is the true length of the piece ? 

40. A tradesman buys 342.45 metres of cloth at 18.25 francs per 
metre, and sells i of it at 19.4 francs per metre. At what price per 
metre must he sell the remainder to make a total gain of 500 francs ? 

41. A person after paying ^, f , and ^ of his debt still owes 
;^i 338.6. What was the full amount of his debt ? 

42. If doth be bought at ;^.462 per yd. and sold at ;^.397> what gain 

* Called an ** infinite series." 
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is made (i) when the quantity bought is lOO yd., (2) when the quantity 
bought costs ;^ioo ? 

43. Find the limit (correct to seven right-hand places) of the infinite 

series — 



+ - + 
I 



1.2 1.2.3 1*2.3.4 

44. A hone is supplied with 1935 kilograms of hay, 879 kilo- 
giams of straw, and 2 hectolitres of oats in a year. Supposing the 
hay to cost 8.75 fr. per quintal, the straw 4.5 fr. per quintal, and the 
oats 1.08 fr. per decalitre, find tht total cost. 

45. Oranges are bought at £.^7$ per hundred and sold at ;^.048 per 
doz., the loss sustained being ;^5.4. What is the number of oranges ? 

46. A fraction whose numerator is 134 is equal to a decimal fraction, 
part of which is .446 . . . What is the denominator ? 

1.7. The water of a certain lake contains .045 of its weight of salt. 
lat weight of the water would be needea in order to produce 
643.23 lb. of salt ? 

^8. Find the limit (correct to four right-hand places) of the infinite 
senes — 



W^j 



(I) 



23456 



+ J. — L L — 

2* 3* "*" *^ 



' +1- 

6« 



4- 5' 

d.9. Express as a single fraction the difference between the two 
infinite series — 

8 8 8 

10 100 1000 



and 



lo* 108 



I0» 



50. Complete the following statistical table, designed to iUustrate 
the density of population in the countries mentioned : — 



Country. 



Britain and Ireland 
France .... 
Sweden and Norway 
British India . . 
New Zealand . . 
Dominion of Canada 
State of New York 
State of Oregon . 
Brazil .... 



Area in 
Square Miles. 



I21262 
204928 
294641 

1453367 
121875 

3513325 
47000 

102606 

3287964 



Population. 



31629299 

3610292 I 

6043315 

238830958 
332800 

3718745 

4382759 

90923 

9448233 



No. of Acres 

to each 
Inhabitant. 



* The dot (.) is often used, as in the denominators here, for the symbol 
of multiplication. 
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CLASSIFIED COLLECTION OF PRACTICAL 
EXAMPLES, WITH EXPLANATORY NOTES 
ON THE SUBJECTS. 

' 142. Many examples of arithmetical questions of the 
kinds likely to arise in ordinary life have already been given. 
Those, however, referring to certain subjects, such as the 
price of goods, interest on money, division of profits among 
partners, &c., occur more frequently than others, and on 
this account deserve more space and a little special atten- 
tion. 

The answering of an arithmetical question, as the learner 
must have already felt, depends as well upon a knowledge 
of the technical terms involved in the statement of it, and 
a correct understanding of the subject dealt with, as upon 
a knowledge of arithmetic. A problem in reference to a 
body falling from a height may be stated in such a way as 
to require for its solution a knowledge of the laws of 
motion ; and another dealing with the scoring in a cricket 
match might be quite beyond the power of an arithmetician 
who knew nothing of the game and its technical expressions. 
Indeed, the learner has already solved problems on several 
of the commercial subjects we are now approaching, which, 
in all likelihood, would have puzzled him had they been 
stated in the ordinary language peculiar to business. We* 
shall accordingly give, in addition to illustrative examples, 
short notes explanatory of the subjects dealt with and defini- 
tions of the more common technical expressions; not 
because a text-book of arithmetic is the proper place for 
such things, but because without them the learner would 
be in a great measure debarred from having practice with 
examples of much commercial importance. 

Further, as every arithmetical problem requires at the out- 
set more or less time for consideration as to what opera- 



172 CLASSIFIED COLLECTION OF 

tions are to be performed, we shall, where advisable, do 
away with the necessity for this preliminary reasoning by 
giving a practical rule for the mode of procedure in the case 
of problems of particular kinds. 

143. Cost of Goods, &c. — ^The most common kind of. 
calculation in ordinary life is finding the cost of a quantity 
of goods when the price per unit of measurement is known. 
Three cases fall to be considered, as the quantity of goods 
may be specified in dififerent ways. 

I. When there is only one unit used and the number is 
integral: as, 63 tons, 112 acres, &c. 

Here, as is well known, we have simply to find the result 
of multiplying the price of one ton by the number of tons, 
the price of one acre by the number of acres, and so on. 
No examples of this need therefore be given, except per- 
haps for the case where the number of units is 12, or a 
multiple of 12 ; for then there is possible a simplification 
not yet referred to, but well worth remembering, and which 
arises from the fact of the number of pence in a shilling 
being 12. 

The price of 12 things at id. each is evidently is., the 
price at 2d. each is 2s., the price at 3d. each is 3s., the 
price at 4d. each is 4s., and so on ; if therefore, in addition 
to this, we remember that the price at Jd. each is 3d., 
the price at id. each is 6d., and the price at f d each is Qd., 
we shall be able to tell with ease in almost all cases the 
price of 12 things when the price of i is given. 

Example i. What is the cost of 12 articles at 6|d. 
each? 

The cost of 12 articles at 6d. each « 6s. 
and „ „ „ fd. „ = 9d. 

„ „ „ 6fd. „ =6s.9d. 

Example 2. What is the cost of 12 articles at 7id. 
each? Ans, 7s. 6d. 
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Example 3. What is the cost of 12 lb. of tea at 2s. 8|d. 
per lb. ? 

2s. 8id.=32jd., so that the answer is 32s. 3d. 

Example 4. What is the cost of 4 doz. boxes of pens at 
lo^d. per box? 

I doz. at lo^d. each will cost jos. 6d. 

Example 5. What is the price of 49 yd. of cloth at 
lojd. per yd. ? 

12 yd. at lo^d. each will cost los. 3d. 
.•.48 yd. „ „ „ 41S. 

and .*. 49 yd. ,, y, ,, 41s. lo^d. 

Exercises. Set LXXXIV. 
Without using figures find the cost of— 
I. 12 things at 4|d. each. 2. 12 things at 5jd. each. 



3. I doz. 


99 




6id. 


>» 


4- 


I doz. 


» 


ijd. 


>» 


5. I doz. 


99 


IS, 


. ojd. 


» 


6. 


I doz. 


i» 


IS. 5id. 


i» 


7. I doz. 


» 


2S. 


.lid. 


» 


8. 


I doz. 


>» 


38. 4t<i- 


»» 


9. I doz. 


»> 


6s, 


.7jd. 


»> 


10. 


I doz. 


i» 


9s. 8}d. 


>f 


II. I doz. 


»> 


I2S. 


.ifd. 


19- 


12. 


I doz. 


» 


ISS.4H 


19 


13^ 2 doz. 


» 




7jd. 


f» 


14. 


2 doz. 


}> 


8fd. 


}9 


15. 3 doz. 


>9 




6Jd. 


»> 


16. 


3 doz. 


» 


9id. 


»> 


17. 4 doz. 


» 


IS 


.o^d. 


» 


18. 


5 doz. 


»> 


6}d. 


M 


19. II doz. 


>9 




2^. 


l» 


20. 


9 doz. 


»i 


IS. Id. 


»9 


21. 24 


» 




Zid. 


l» 


22. 


48 


>» 


4id. 


M 


23. 72 


» 




3H 


» 


24. 


36 


>» 


IS. 7jd. 


»> 


25. 2idoz. 


»» 




4id. 


>» 


26. 


25 


f* 


ii^d. 


l> 


27. 109 


9» 




i}d. 


>» 


28. 


37 


» 


ltd. 


» 


29. 50 


>l 




7jd. 


>y 


30. 


124 


ly 


IS. o^d. 


>» 


31. I gross 


» 




4jd. 


» 


32. 


I J gross 


» 


loid. 


>» 



II. When there is only one unit used and the number is 
not an integer. 

Example i. Find the cost of f yd. of cloth at 13s. 6d. 
per yard. 

As a yard of the cloth costs 13s. 6d., five-eighths of a 
yard must cost five-eighths of 13s. 6d., or — 

13s. 6d. X f , which « 67s. 6d. + 8 = 8s. sJd. 

Example 2. Calculate the cost of 1131V tons of toal at 
jQi 6s. 8d. per ton. 
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Here, to find the cost of 1 13 tons we multiply j£i 6s, Sd. 
by 113, and for the cost of iVton we take -A-of ;^i 6s. 8d, 
and then add the two results. Thus — 

Price of 1 131V tons- ( 4^ ^^' ^' "" "^ 

;^iSo 13s. 4d. 
+ 15s. 6id, 

= £^S^ 8s. lofd. 

This cleariy amounts to multiplication by II3-A-, and 
thus we see that whether the number which specifies the 
quantity of goods be integral or fractional the cost is got 
by multiplying the price of one unit by this number. 

Exercises, Set LXXXV. 
Find the cost of— 

1. \ ton at 5s. 3d. per ton. 

2. \ cwt. at;^2 2s. 7d. per cwt. 

3. f yd. at 14s. 6d. per yd. 

4. "A- yd. at 15s. 6d. per yd. 

5. ifir cwt. at £\ is. 3d. per cwt. 

6. Ji yd. at 6s. 6d. per yd. 

7. 1$ yd. at 4s. 4d. per yd. 

8. 5f oz. at 6s. 4^d. per oz. 

9. 6f ac. at;f 12 5s. 5d. per ac. 
ID. lo^ ac. at ;^i6 5s. 5d. per ac. 

11. 13I sq. yd. at 2s. 3d. per sq. yd. 

12. 23f ac. at;^2i OS. 7d. per ac. 

13. 5.25 cwt. at ^\ 8s. 3d. per cwt. 
14* 7*375 tons at;^4 los. 6d. per ton. 

15. 4.05 lb. at IS. 8d. per lb. 

16. 13.15 lb. at 3s. 4d. per lb. 

17. .0125 ton at;^4 6s. 8d. per ton. 

18. 6.047 lb. at 4s. 4|d. per lb. 

19. 1. 4 1 623 7 ton at £\ I2S. 6d. per ton. 

20. .70856 oz. at;^4 IS. 4}d. per oz. 

III. When there is more than one unit used in specifying 
the quantity ; as, 6 tons 14 cwt., 2 ac. 3 ro. 14 po. 

Here we may proceed in the way already pointed out 
(§ 66),' or use the following method, which will be easily 
understood from what has been done in § 63. 



PRACTICAL EXAMPLES, WITH NOTES. 1 75 



Example i. What is the cost of 3 qr. 16 lb. of sugar at 
j£i 17s. 6 A per cwt,? 

;^ s. d. 
I 17 6 = price of i cwt. 

2 qr.« J of I cwt. /. o 18 9 =» price of 2 qr. 

1 qr.= J of 2 qr. .•. o 9 4.5 = „ i qr. 
14 lb.=i of I qr. .•. o 4 8.25== „ 14 lb. 

2 lb. =4^ of 141b. .'. o o 8.03 = „ 2 lb. 

.'• I 13 5.78=price of 3 qr. 16 lb. 

When, as here, fractions of a farthing occur, and the 
result is wanted correct only to the nearest farthing, it will 
generally be found advisable to use decimal fractions in the 
column of pence. 

Example 2. Calculate the price of 13 ac. 3 ro. 18 po. of 
land at ^^35 6s. 6d. per acre. 

^ s. d. 

35 6 6 =price of i ac. 
.*. multK. by 13 



we have 459 4 6 

2 ro.^iof I ac. .'. 17 13 3 = 

iro.=Jof 2ro. .'. 8 16 7.5 « 

iopo.«Jof I ro. .'. 2 4 1.875= 

8 po. =i of I ro. .'. I 15 3.9 =r 

.•. by add*^ 489 13 10.275= 



=priceofi3 ac. 

2 ro. 

I ro. 

10 po. 

8 po. 

13 ac. 
3 ro. i8 po 



.} 



Example 3. Find the value of 2 lb. 6 oz. 6 dwt. 14 gr. of 
gold at Jt4 4s. I lid. per oz. 

£ s. d. 

4 4 II. 5 =value of I oz. 
.'. multB. by 3Q (2 lb. 6 oz. being 30 oz.) 

= value of 2 lb. 6 oz. 



127 8 

5dwt.=Jof loz. .'. I I 

idwt=iof5dwt.'. o 4 

12 gT.=iof I dwt..'. o 2 

2 gr-==iof I2gr. .•. o o 



2.87s - 

2-975 = 
1.487...= 

4.247...= 



99 
99 

f9 



5 dwt. 
I dwt. 
12 gr. 
2gr. 



.-.by add" 128 16 8.58....= 



„ 2 lb. 6 oz. 



6 dwt, 



b. 6 oz. I 
. 14 gr. ) 
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ExERCisss. Set LXXXVI. 

Find the cost of— 

1. 3 ro. 20 po. at £16 i8s. 4d. per ac. 

2. 1 1 ac. 2 ro. 20 po. at jf20 6s. 8d. per ac. 

3. 9 ac. I ro. 25 po. at;^i 12s. 6d. per ac. 

4. 6 ac. 35 po. at;^2 8s. 4d. per ro. 

5. I qr. 14 lb. 9t£i 2s. 6d. per cwt. 

6. 27 cwt. 3 qr. 7 lb. at;f3 is. 8d. per cwt. 

7. 14 cwt. 2 qr* 21 lb. at;^2 t6s. 8d. per cWt. 

8. 10 tons 6 cwt. 2 qr. at £4. 14s. 6d. per ton. 

9. 3 tons 19 cwt I qr. at;^2 los. 4d. per ton. 

10. 12 cwt. 3 qr. at £2 ids. 6d. per ton. 

11. 5 tons 15 cwt. I qr. Ai£i 3s. 4d. per cwt 

12. 4 oz. 15 dwt 8 gr. at 5s. 8d. per oz. 

13. I oz. 13 dwt. 6 gr. at £4 2s. 6d. per oz. 

14. 3 lb. 4 oz. 16 dwt. at ^3 17s io}d. per oz. 

15. 5 yd. I ft 8 in. at 2s. io}d. per yd. 

16. 20 sq. yd. 4 sq. ft. 30 sq. in. at 12s. 4d. per sq. yd. 

17. I sq. yd. 6 sq. ft 12 sq. in. at 4s. 8d. per sq. yd. 

18. 3 qr. 5 bus. 2 pk. at;^i 12s. 6d. per qr. 

19. I qr. 6 bus. i pk. at^^i lis. 4d. per qr. 

20. 3 tons 17 cwt. 3 qr. at;^6 i6s. 8id. per ton. 

21. 4 cwt. 2 qr. 23 lb. at;^i i6s. 4}d. per cwt 

22. 2 tons 5 cwt 24^ lb. at £1 ids. 8d. per cwt. 

23. 2 ac. 3 ro. 32} sq. po. at;^i2 6s. 6d. per ac^ 

24. 5 ac. I ro. 37 sq. po. at ;^io 4s. 8d. per ac. 

25. 16 cwt. 24 lb. 12 oz. at ji^io I2S. per ton. 

26. 5 cwt. 12 lb. 10 oz. at j^i5 6s. 8d. per ton. 

27. 16 ac. 36 sq. po. 22 sq. yd. at;^2 i6s. lod. per ro. 

28. 5 ac. 15 sq. po. II sq. yd. at;^6 los. 9d. per ac. 

29. I ac. 5 sq. po. si X]* 7^' &t £7 3s. 6d. per ro. 

30. 6 fur. 25 po. 3 yd. at £^s per mile. 

31. 4 fur. 16 po. 2^ yd. Bi£s 6s. 8d. per fur. 

32. 30 po. 4 yd. at;^20 los. 8d. per mile. 

144. Tlie following exercises will serve for the double 
purpose of revising the various cases above referred to and 
of familiarising the learner with the rendering of an accaunty 
or the making out of a bill or invoice by a tradesman 
to his customer. 

Example. James Beck buys from his grocers, Ridgway 



PRACTICAL EXAMPLES, WITH NOTES. 1 77 

and Co., 10, Upton Street, Manchester, on January 4, 1875, 
23' lb. of sugar at 4jd. per lb., and a cheese weighing 17 lb. 
3 oz. at 8d. per lb.; on January 11, 5 doz. candles at 3s. 4d. 
per doz. ; and on Feb. 19, a chest of tea containing 56 J lb. 
at 28. 4d. per lb. A bill for these goods is to be made out 
on March 31. How would this be done ? 

10, Upton Street, Manchester, 
list March, 1875. 

Mr. James Beck 

Bought of Ridgway and Co., Grocers, &c. 



1875. 

January 4 
February 19 


23 lb. sugar @ 4id. 
17 lb. 3 oz. cheese @ 8d. 
5 doz. candles @ 3s. 4d. 
56J lb. tea @ 2S. 4d. 

£ 


■ 

6 
8 


8 
11 
16 
II 

8 


7i 

5i 
8 

3 



Exercises. Set LXXXVII. 

I. Jones and Williams, grocers, Edinburgh, forward to Mrs. Watson 
on 29th March, 1875, 16 lb. of tea at 3s. 4d. per lb., 8 lb. of tea at 
4s. 2d. per lb., 3 lb. of butter at is. 4^. per lb., 3 doz. of eggs at 9^. 
per doz., and 7 lb. of biscuits at 5^. per lb. Make a copy of the bill 
which is sent with the goods. 

2. R. W. Smith, grain merchant, Leith, forwarded to Hugh Brown 
on 23rd June, 1875, '^ hus. of peas at 2s. 7d. per bus., 8 qr. of oats at 
29s. per qr., 7 qr. of rye at ;j^l is. 8d. per qr., 5 qr. of wheat at 43s. 5d. 
per ^r., and 13 ous. of beans at 3s. 6a. per bus. Make a copy of the 
mvoice accompanying the goods. 

3. James Thomson bought from Watson and Co., wine merchants, 
Hul Street, Liverpool, on ist February, 1875, 12 doz. bottles of port 
wine at 62s. per doz., and 18 doz. of claret at 44s. 6d. per doz. ; on 
3rd March 30 bottles of brandy at 3s. 4d. per bottle, and 15 gaU, of 
gin at 15s. 3d. per gall. ; and on loth March 14 doz. of hock at 69s. 6d. 
per doz. Make a copy of a bill for these goods rendered on 15th of May. 

4. Weir and Co., ironmongers, Glasgow, supplied James Nisbet in 
1875 '^th the following articles, for wMch they send in an account at 
the end of the year : — On loth May i doz. knives at 7}d. each, i doz. 
gimlets at S^d. each, 2 doz. corkscrews at 4fd. each ; on 4th August 
I doz. knives at is. 6^d. each, 3 doz. files at is. o|d. each ; on 
1st November i^ doz. coffee-pots at 2s. 3d. each. Make a copy of the 
account. 

N 
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5. Tames Mason, Regent Street, London, sends to Campbell and Co, 
on 5tn March, 1875, i doz. linen shirts at 7s. 6d. each, 10 doz. linen 
handkerchiefs at 2s. 3d. each, 5 doz. silk handkerchief at 4s. 4}d. 
each, 6 doz. pain of Idd gloves at 3s. 2d. per pair, 4 doz. pairs oS 
cotton gloves at 7^. per pair, 12 doz. linen collars at 6s. 6d. per do2., 
5} doz. scarfs at 2s. 3ld. each, and i^ doz. pairs of socks at is. 8d. per 
pair. Make a copy of the accompanying invoice. 

6. William Paton receives from Irvine and Ure, stationers, Preston, 
for ready money, on 8th July, 1875, ^^ quires of note-paper at 6s. 3(1. 

Eer ream, 550 envelopes at 8s. 4d. per 1000, 225 quills at 2s. 6d. per 
undred, 7 doz. steel pens at 4s. 6d. per gross, and 52 school slates at 
3s. 3d. per doz. Make a copy of the receipted account. 

7. Mrs. Wilson receives from Thomson andTuill, stationers, Glasgow, 
on 8th January, 1875, 150 envelopes at 6s. per 1000, 250 envelopes at 
4s. 6d. per looo, 6 doz. penholders at }d. each, 4 doz. copy-books at 
2{d. each, 8 doz. pens at i}d. per doz., and half a ream of note-paper 
at 3^. per quire, for which an account is rendered next day. Makie a 
copy of this account. 

8. James and Dowell, upholsterers, Glasgow, supply to Eustace 
Mansfield, on 17th February, 1875, 80 yd. of Brussels carpet at 5s. 9d. 
per yd., 73 yd. of drugget at 2s. 6d. per yd., 52 yd. of stair carpet at 
3s. 9d. per yd., 4 doz. stair-rods at 7s. 6d. per aoz., 8 doz. stair-rod 
eyes at lojd. per doz., and charge 4d. per yd. for making and laying. 
Make a copy of the bill sent in on 24th February. 

9. James Wilson, draper, receives from Herbert and Co., Man- 
chester, on 5th January, 1875, 123 yd. of calico at 7|d. per yd., 568 yd. 
of linen at is. id. per yd., 304 yd. of black silk at 8s. 9d. per yd., 
186 yd. of coloured silk at 4s. 8d. per yd., 274 yd. of superfine broad 
doth at i8s. lod. per yd. Make a copy of the accompanying invoice. 

TO. William Strong receives from Ashton and Co., Edgeroad 
Colliery, on 19th May, 1875, 256 tons of coal at i8s. 6d. per ton, and 
124 tons dross at 4s. 6d. per ton ; on 26th May 302 tons of coal at 
/i OS. 6d. per ton; on 3rd June 112 tons of coal at 19s. 9d. per too. 
Make a copy of the bill rendered on 31st July. 

11. James Thorn buys from Willis and Co., Sunderland, on 5th May, 
1875, t y^* ^^ velvet at 15s. 6d. per yd., f yd. of woollen repp at 4s. 4d. 
per yd., 8f yd. of silk at 12s. lod. per yd., 13^ yd. of ribbon at is. 6id. 
per yd., and 3 if yd. of braid at ij|d. per yd. Make a copy of the bill 
sent next day. 

12. Mrs. Pierce buys for ready mone^ firom Wenham and Dale, 
Dundee, on ist October, 1875, the foUowmg articles : — 2^ lb. of butter 
at IS. lod. per lb., 3^ lb. of tea at 3s. 4}d. per lb., | lb. of mustard at 
IS. 5d. per lb., 5f lb. of sugar at 5d. per lb., 15^ lb. of sugar at 6d. per 
lb., and 3 boxes of starch, each containing 2{ lb. at 4d. per lb. Make 
a copy of the receipted account. 

13. William Robinson receives from Watkins and Co., Bolton, on 
9th April, 1875, 204} yd. of silk at 4s. 8^. per yd., and i65| yd. of 
ribbon at is. 4d. per yd. ; on i8th August 36 1| yd. of satin at 8s. lod. 
per yd., and 112$ yd. of brocade at i8s. 4d. per yd. Make a copy of 
the account rendered at the latter date. 
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14. James Hilton, Shoreham, supplied Mrs. Whitefield on 24th 
December, 1874, with 15 lb. 10 oz. of beef at 8d. per lb., and 31b. 8 oz. 
of suet at 7}d. per lb. ; and on ist January, 1875, 3 lb. 2 oz. of chops 
at IS. ojd. per lb., 10 lb. 5 oz. of mutton at lod. per lb*, and 2 lb. 3 oz. 
of suet at 8d. per lb. Make a copy of the bill sent in at the latter 
date. 

15. John Morton, grain merchant, Hexham, supplies David Jones 
on 15th July, 1875, with 3 qr. 5 bus. of wheat at 50s. 4d. per qr., 2 qr. 

2 bus. I pk. of oats at 34s. 8d. per qr., and 5 bus. i pk. of beans at 
6s. 2d. per bus. ; and on 12th August 115 qr. 3 bus. of wheat at 52s. 6d. 
per qr., and 6 bus. I pk. of barley at 37s. 8d. per qr. Make a copy of 
the account rendered on 26th August. 

16. William Hobson buys of Walter Stubbs, Wastefield, on 15th 
July, 1875, 12 ac. 3 TO. 20 DO. of potatoes at £2^ 12s. 6d. per ac. ; on 
2 1st July 6 ac. 30 po. of potatoes at ;^28 ids. 6d. per ac. ; on nth 
August 2 ro. 15 po. of turnips at;^20 i6s. 8d. per ac. ; on 13th August 
5 ac. I ro. 6 po. of turnips at;^2i los. 9d. per ac. ; and i ac. 2 ro. 25 po. 
of beet-roots at;f22 8s. per ac. Make a copy of the account as ren- 
dered and paid on 30th September. 

17. John Docherty receives from Miller and Co., Waterside, on 
23rd April, 1875, 16 tons 5 cwt. i qr. of household coal at 17s. 6d. per 
ton, ana 25 tons 15 cwt. of steam coal at i is. 8d. per ton ; on 30th April 
12 tons 13 cwt. 2qr. of household coal at 1 8s. 9a. per ton, and loi tons 

3 cwt. of steam coal at 12s. 3d. per ton ; and on ist May 21 tons i cwt. 
I qr. of steam coal at 12s. 6d. per ton. Make a copy of the bill rendered 
on 31st May. 

18. W. and J. Miller buy from Westdale and Co., importers, London, 
on 19th March, 1875, 65.6 metres of silk at 12s. 6d. per metre ; on 
17th June 3 doz. loaves of French sugar, each weighing 3.45 kilo- 
grams, at ^d. per kilogram, and 2 doz. loaves, each weighing 4.75 
kilograms, at lod. per kilogram ; and on 15th July 2.64 kilo- 
grams of insulated copper wire (No. 30) at ;^i 2s. 6d. per kilo- 
gram, and 15.23 kilograms of insulated copper wire (No. 16) at 
1 2s. 8d, per kilogram. Make a copy of the bill sent in with the 
goods. 

145. We have seen that if the price of one unit be given, 
the price of any quantity expressed in terms of that unit is 
found by multiplying the given price by the number used 
in specif)ring the said quantity. Thus, knowing that the 
price of I yd. of cloth is 4s. 8d., we find the price of si yd. 
by multipl)nng 4s. 8d. by 5i. 

It, therefore, evidently follows that, conversely, if the 
price of any quantity expressed in terms of a single unit be 
given, the price of one such unit will be found by dividing 
the given price by the number used in specifying the corre- 



*■'. 
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sponding quantity. Thus, knowing the price of sf yd. of 
cloth to be £i 5s. id., we obtain the price of i yd. by 
dividing £1 5s. id. by 5*. 

Example i. If the cost of t cwt. of coal be is. 2d., what 
is the cost of i cwt. ? 

The cost of t cwt. » is. 2d. 

.*. „ I cwt. « IS. 2d. + f 

— IS. 2d. X i 

« 2S. ojd. 

Example 2. If the price of 2.35 tons of iron be 
j£g 15s. lod., what will i ton cost? 

The cost of 2.35 tons = jCg 15s. lod. 

„ I ton = £g iss. lod. + 2.35 

= j£g 153. lod. -I- 2aV 
= £9 ISS- lod. X it 
= £4 3S. 4d. 

The operation of division in these examples may also be 
justified without any reference to the preceding paragraph. 
Thus in the case of Example i we might reason as fol- 
lows : — 

The cost of four-sevenths of a cwt.^is. 2d. 
„ one-seventh „ =is. 2d.-i-4 
and .*. „ a whole cwt. =(is.2d.-*-4)x7 

the result bdng thus clearly obtained by operations equi- 
valent to dividing by f . 

Exercises. Set LXXXVm. 

1. If the cost of i yd. of cloth be 3s. 7|d., what will i yd. cost ? 

2. The cost of i yd. of cloth being 5s. 9}d., what is the price 
per yd. ? 

3. The price of i^ ton of coal is is. 5|d. At this rate what will 
I ton cost ? 

4. For -k ton of coal iis. 8d. is paid. What is the price of it per 
ton? 

5. What will I yd. of doth cost at the rate of 7s. 6d. for J yd. ? *!: 

6. What wiU i cwt. of sugar cost, if the cost of -^ cwt. bc;^! 8s. 3|d ? 

7. At the rate of 22s. 6d. for ^ ton of iron, what should i ton cost ? 
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8. When the cost of if sq. yd. of ground is';^i 8s. 6d., what ought 
I sq. yd. to cost ? 

9. The cost of 2f ton of iron is jf 10 iSs. 6d. What is the cost per 
ton? 

, 10. 12 J oz. of silver are worth £^ 6s. 6Ad. What is i oz. worth ? 

11. What must I pay for i lb. of tea, if the rate be £1 4s. 4^. for 
6} lb. ? 

12. 12} yd. of velvet are sold for £9 148. 3d. What is the selling 
price per yd. ? 

13. I sq. po. of ground is sold for;f6 lis. id. What is the cost of 
it per sq. yd. ? 

14. 10 bars of copper, each weighing 2J cwt, are worth ^f 1 11 Ss. 4d. 
What is the value per cwt. ? 

15. The charge for 12.15 metres of wire is i8s. 3d. What would a 
metre of it cost ? 

16. What, is the cost per ton of iron when .0125 ton is sold for 
IS. id. ? 

17. 6} yd. of one kind of silk are bought for £4 4s. 4id., and lof yd. 
of another kind for £6 14s. 7d. Which is the dearer, and by how 
much per yd. ? 

18. If } of f of a ship be worth ^^895 2s. 6d., what is the whole 
worth? 

19. 5 metres of cloth are bought for;^3 i6s. 8d. Find the cost per 
yard, i metre being taken equal to 1.0930 yd. 

20. For loz. Troy or 31.103 grams of gold;f4 48. lod. is received. 
Find the value of i gram of gold at this rate ? 

146. In the examples under § 143 of finding the cost of 
a quantity of goods, the rate is specified by giving the price 
per yard, per ton, &c ; that is to say, always the price oione 
unit. It is well known already, however, that this is not 
the only way of specifying such a rate. Instead of being 
told that the price of cloth is so much per one yard, we 
may only know that it is at the rate of so much for, say, 
7i yd. ; or we may be asked to calculate the value of a 
field containing a certain number of acres firom know- 
ing the value of, say, 5.375 ac, instead of the value per 
acre. But then, having learned in the preceding para- 
graph how to find the cost of i yd. from the cost of 7! yd., 
or the value of 1 acre from that of 5.375 ac, the mode of 
procedure in such cases will be almost at once manifest. 
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Example i. The cost of 3! ac. of land is ;^i6 2s. 8d. 
What would .075 ac. cost at this rate? 

The cost of 3i ac.« j£j6 2s. 8d. 
„ I ac. « £16 2S. 8d.+3i 

and .'. „ .075 ac.^{£i6 2s. 8d.-*-3i) x .075 

=(;^i6 2S. 8d. X .o7s)+3i 
e ;^i6 2S. 8d. X A^ X -iV 
= X16 2S. 8d. xyfr 
» ^4^ 8S.+128 
s 7 s. 6fd. 

Example 2. For 5 guineas I can buy 3tV cwt. of sugar. 
Find the cost at this rate of 5^ lb. 

The cost of 3iV cwt.= 105s. 

„ lib. =ioss.+(3tVx 112) 

and.-. „ 5+ lb. = 1055. x ^^^^^^ 

= ioss.x^ 

= loss. X -5^5- 

»is. 6d. 

After a little practice the learner may dispense with the 
first two lines of this process, finding himself able to write 
down the third at once with correctness. 

Example 3. What is the value of 4^ of i of a ship when 
i of i of it is valued at 500 guineas ? 

The value of 4^ of i of the ship=*;£525+(i x f ) x (+ x i) 

""^S^S^i^x^^ 
==;^7S^"xJ 

=;^67S. 

Exercises. Set LXXXIX. 

1. Find the cost of 3f yd. at the rate of ;f i 5s. for 5| yd. 

2. 7^ railway shares are worth ^^673 10s. What is the value of 
3{ shares at this rate ? 

3. Find the cost of 1.2 cwt at the rate of 12s. 4d. for f cwt 

4. 2.12 kUog. of raw sugar are sold for 1.59 fr. What would 11.9 
kilog. cost at uiis rate ? 
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5. At the rate of /ii 2s. 8d. for lyf yd. of doth, what would be the 
cost of 5 pieces each containing 49^^ yd. ? 

6. The value of | oz. of gold is ^i is. 3d. Find the value at this 
rate of the third part of a nugget of gold weighing 3} oz. 

7. The cost of f of i of a ship is /'lOA 12s. 6d. What is the value 
of A of it? 

8. What would an ounce and a half of tea cost at the rate of a crown 
for a pound and a quarter ? 

9. If the cost of 3i lb. of beef be 2s. iid., what will f cwt. cost ? 

10. What is the cost of 2} bushels of wheat at the rate of 5^ qr. for 
;f 14 us. 6d. ? 

11. If £s^ ^c ^^c value of 2.9 oz. Ttoy of an alloy of gold, what 
would 2^ lb. be worth at the same rate ? 

12. Calculate the cost of I cwt. I lb. 1} oz. at the rate of ;^i 4s. 6d. 
for if St. 

13. What are 55^ sovereigns worth in IVench money at the rate of 
18.75 fr- for 'SS' ? 

14. A piece of land containing 5.85 ac. costs ;^23i 6s. 4}d. What 
would a piece 3^ ro. larger cost at this rate ? 

15. A milkman buys 76} pints of milk for^^i 5s. 7d., adds y^ pints of 
water, and sells the mixture at the rate paid for the milk. What would 
he receive ? 

16. A certain cloth is sold at the rate of 3|yd. for 12s. 6d. ; 173} yd. 
of it are bought to make 13 dresses of equal size. What would the 
doth of I dress cost ? 

17. For I oz. Troy of silver 5s. nifd. is received at the Mint. 
What would 4.44 lb. avoird. of silver be worth at this rate ? 

18. A field containing I2f ac. and worth ;^2^ 2s., is divided into 
15 equal plots after 6o5(^ sq. yd. have been set off as a common. Find 
the value of one of the plots. 

19. Find the price of f of a cask of brandy containing 1.56 hecto- 
litre at the rate of 22s. 6d. per gallon. 

20. A wire 2^ mi. long is bought for £6 12s., and weighs .048 oz. 
per fathom. Fmd the cost of 2.35 lb. of it ? 

147. The foregoing examples will have been recognised 
to be of the same kind as those considered in §§ 64 — 67, 
and headed ** Practical Examples involving both Multipli- 
cation and Division," They all belong, however, to a 
single class of those examples, viz., those in which the 
subject is the cost of goods, &c., and have again been 
brought forward in order to show that when the numbers 
involved are fractional the mode of procedure is unaltered ; 
in other words, to prove that the processes of multiplication 
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and division are as valid in the case where the numbers 
involved are fractions as in the case where they are integers. 
We have now further to observe that not only is this true 
of the single class referred to, but that it might have been 
as easily established in regard to any of the others. In all 
of them there is a calculation to be made from a specified 
rate; and this characteristic, which is the origin of the 
mode of procedure, ought never to be lost sight of. 

Example i. In 9^ hours a band of reapers can reap 
53i ac. At this rate how long would they take to reap 
371 ac. 3i ro. ? 

53iac.= 2i2iro. 
and 371 ac. 3i ro.=i487i ro. 

Now to reap 512J ro. they take 9 J hr. 

„ I ro. „ 91 hr.+2i2j 

and .". „ i487iro. „ (9J hr.+2i2j)x 14874^ 

/>., V^hr.xyfyxAV^ 

i.e.y (i(i\ hr. 

Example 2. For a certain sum of money a package weigh- 
ing 3.75 cwt. is carried 2i mi. At this rate how far ought 
a package weighing (i\ st. to be carried for the same sum ? 

3.75 cwt.=8 St. X 3.75=30 St. 

Now 30 St. are carried 2\ mi. 

.'. I St. ought to be carried 2^ mi. x 30 
and .*. 6i St. „ „ (2^ mi.x3o)+6i 

which = V^ mi. x 30 x -A- 
=Vi^mi. 
= ioA- mi. 
The learner is ahready familiar with the fact that in some 
of the examples of this kind (for instance, the former of the 
two preceding) the first operation necessary is division; 
while in others (for instance, Example 2 above) it is multi" 
plication that is first needed. As a consequence of this, if it 
be desired, for shortness' sake, to omit as before the first two 
lines of the process, some little care is necessary to insure 
that the two numbers have had assigned them their proper 
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operations — that what in correctness should be the multi- 
plier has not been made the divisor, and vice versd. For 
this purpose the learner may either simply reason as before, 
omitting to write until the final step is made ; or, what is 
perhaps easier, ascertain whether the required result is to be 
greater or less than the corresponding quantity mentioned 
in the specification of the rate, and take for multiplier the 
greater or less of the two numbers accordingly. The fol- 
lowing illustrations will serve to make this fully understood. 

Example 3. A railway engine runs 75^^ mi. in 2 J hr. 
At this rate how far would it go in 13 min. 20 sec. ? 

13 mix^ 20 sec.== 800 sec. 
and 2i hr.=8ioo sec. 

.'. distance required=75J mi. x g°° 



icx> 



151 . 8 



• 2 '"*-"8i 
604 



mi. 



8i 
«7l-tmL 

Here, on reading the question, we (i) at once prepare for 
giving the answer by writing down " Distance required ="; 
(2) we ascertain what distance is mentioned in specifying 
the rate, write this distance after the sign of equality, 
and follow it with the sign of multiplication ; (3) we ask 
ourselves "If it go 75^^ miles in 8100 seconds, will it go a 
greater or less distance in 800 seconds ? " and seeing at 
once that the distance will be less, and that, therefore, the 
less of the tw^o numbers must be taken for multiplier, we 
write AVd after the sign of multiplication. 

Example 4. A quantity of wheat is cut in *j\ hr. by 16 
men. Supposing the men to share the work equally, how 
long at this rate would 1 1 of them have taken ? 

Time required =7i hr. x I- 

3 II 

= |hr. xii 
3 I 

==iof hr. 
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Here, as before, (i) on seeing the question " How long," 
&c., we at once write "Time required^*'; (2) on observ- 
ing the time mentioned in specifying the rate we follow this 
up with " 7i hr. X " ; and (3) having got the answer to the 
question, " If 16 men take yi hr., will 11 men take more or 
less? " we complete the line with " if." 

Exercises. Set XC. 

1. A ship safls 154H mi. in 18 hr. At this rate how far would it 
sail in 4} hr. ? 

2. 9^ tons of coal are consumed by an engine in 5I da. At this 
rate how much will be used in 29^^ da. ? 

3. A greyhound makes 163 leaps in two-thirds of a minute. How 
many wUl it make at this rate in seven minutes and a quarter ? 

4. A fountain spouts forth 125.625 gall, of water in an hoar and a 
quarter. How much water would be used if the fountain played con- 
stantly at this rate for 3 da. 2^ hr. ? 

5. To sow a field of 23.78 ares 3.5 decalitres of wheat are necessary. 
At this rate how much would be required to sow another field 54.12 
ares in extent ? 

6. A workman receives 39.05 francs for 88 hoars' work. For how 
many hours at this rate will his wage be 14.2 fi-ancs ? 

7. A pump raises 18} cub. ft. of water in 14 minutes. At this rate 
how much water would be raised in i^ hr. ? 

8. How long must a pump be kept going at the rate mentioned in 
the preceding exercise to raise 52^ cub. yd. of water ? 

9. 8} yd. of cloth cost ^^1.725. At this rate how much may be 
bought for ;f 2. 76 ? 

10. 6} bus. of wheat are sown, the produce of which in the antnmn 
is 73| bus. At this rate how much must be sown to yield 590 bus. ? 

1 1. A foot and a half of gilt wire weighs t^^ oz. Calculate at this 
rate the length of 3.775 lb. of it. 

12. What quantity of carbon will be produced from ij cwt. of wood, 
supposing 10 lb. of wood give 2^ lb. of carbon, and the calculation be 
made at tliis rate ? 

13. The magnitude of a certain angle is 2^ radials. Knowing that 
i8o°s3.i4i59... radials, express the magnitude of the angle in 
degrees, &c. 

14. What quantity of wine can be bought for 17.35 ^^cs at the 
rate of a franc and a half per bottle containing .85 litre ? 

15. A vertical rod i metre long throws a horizontal shadow 4} feet 
in length. What must be the length of a chimney which at the same 
time throws a horizontal shadow 58^ yd. long ? 

16. Express the magnitude of an angle of 6° 14' 22^" in terms of the 
radial. (See Ex. 13.) 

17. If in 3t da. 10^ tons of coal be used for an engine, how long 
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at the same rate would 17 waggons of coal last, each containing 3f 
tons? 

18. How long would a ship take, at the rate mentioned in Exercise i, 
to sail 15 knots? 

19. For 51.75 Austrian florins 105.3 fi'^^cs are obtained. At this 
rate what is the equivalent in Austrian money of 1 1.7 francs, and what, 
in French money, of 17.71 florins ? 

20. A merchant pays weekly for flour ^^5 lis. 3d. when it is selling 
at £ii percwt. What ought he to pay when flour is half-a- 
crown per cwt. dearer, supposing he continues to receive the same 
quantity? 

21. A new sovereign' weighs xf^ lb. Troy, and loses after a time 
by usage 2.304 grains of its weight. What ought it then to be worth ? 

22. A boat's crew of Ave have provisions for a month, the allowance 
of flour being 2f lb. per man per day. How much must this allow- 
ance be reduced so as to supply a crew of seven for the same time ? 

23. A traveller walking I2f hr. per day finishes half of his journey 
in 8| da. How long would he take to finish the rest, walking at the 
same rate lo^^ hr. per day ? 

24. 25} lb. of flour are used in making 36^ lb. of cake. What 
weight oi other ingredients besides flour must there be in 10 lb. of this 
cake ? 

25. A grocer sells tea at the rate of 3 J lb. for half a guinea. Sup- 
posing the cost price of this quantity was 8s. 4d., what profit would he 
make in selling 115^ lb. ? 

26. A printer undertakes to fold the sheets of a book in 3J hr., and 
for this purpose finds it necessary to employ 67 girls. Before begin- 
ning, however, a delay of 2^ hr. is granted him. Supposing all the 
girls to work throughout at the same rate, how many fewer will now 
suffice to finish the work in time ? 

27. The bulk of 6.061 oz. of pure silver is the same as the bulk of 
1 1. 145 oz. of pure gold. What weight of silver has the same bulk as 
6687 grains of gold ? 

28. What must be the actual distance between two places, if the 
distance between them on a map drawn on a scale of 6 inches to a 
mile be 14-^ inches ? 

29. If a bar of iron at the temperature of freezing water (0°) measures 
I yd., it will measure i. 001 18 yd. when at the temperature of boiling 
water (100°). Accepting this, calculate the length at 0° of a bar which 
at 100° is 4.356 yd. long. 

30. 15.23 lb. of oil when used as engine fuel are found to have the 
same efi'ect as 35 lb. of wood. At this rate how much oil would be 
required per year of 287 days to supply an engine which consumes 
1} tons of wood per day ? 

31. A piece of rock weighing 3ilb. is put into a vessel already quite 
full of water, and it is found that 38.37 cub. in. of water overflow. 
What would be the weight of a cubic foot of this rock ? 

32. A steel foot-rule from expansion is found to be 12.15 inches in 
length, and in this state the length of a bar of iron is measured with 
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it, the apparent result being 1 6 ft. 3} in. Find, however, the tme 
length. 

33. Water weighs -ff of the same bulk of gold, and a cubic foot of 
water weighs 62.5 lb. Calculate from these data the weight of 144 
cub. in. of gold. 

34. 100 lb. of com are found to produce 76.61b. of meal and 21.31b. 
of bran, the remainder being waste. At this rate how much meal, 
bran, and waste would result from 1304 lb. of com ? And how mach 
com would be required to produce 1000 lb. of meal ? 

35. Three men reap a wheat field, and receive for their work 17s. 6d., 
£2 i8s., £t i8s. 6d. respectively, being paid at the same rate per aoe. 
Knowing that the first has cut 2^ ac, find the size of the field. 

36. A chronometer is set correctly at i p.m. on Monday, and is 
found to be 1.7 sec. behind at noon on the following Sunday. At this 
rate of going what would be the true time next day when it indicated 
I p.m. ? 

37. A dealer buys ^ ton of potatoes for 42s. 8d. At what rate 
must he sell them per half-stone so as to gain 7s. 4d. on the 
transaction ? 

j8. In the Reaumur thermometer the tubular space between the 
pomts marked *' Freezing Point " and '* Boiling Point " is divided into 
80 equal parts ; in the Centigrade thermometer the same space is 
divided into 100 equal parts ; and the divisions in both are marked in 
order i% 2", 3", &c. Express 23.5 R^umur degrees in Centigrade 
degrees, and 5.48 Centigrade degrees in Reaumur degrees. 

39. In the Fahrenheit thermometer the space referred to in the pre- 
ceding exercise is divided into 180 equal parts, and the divisions are 
numbered 33**, 34", 35*, &c., "Freezing Point" being marked 32" 
instead of o**, as in the other two instruments. What must correspond 
in this thermometer with 5°.6 Centigrade, and what in the Centigrade 
thermometer must correspond with 64^2 Fahrenheit ? 

40. Complete the following table, which is meant to give six 
different readings of temperature expressed in each of the three ways 
above mentioned : — 





Reaumur. 


Fahrenheit. 


Centigrade. 


I 

2 

3 

4 

5 
6 


33^5 
42^.65 


72^A2 
76».5s 


20°.20 



n 



148. The quantities whose rates of increase or decrease 
we have hitherto had examples of have been dependent 
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for their magnitude upon the magnitude of only one other 
quantity, e^.^ distance travelled upon time taken, cost of 
ribbon upon length purchased, &c. A quantity may, how- 
ever, be dependent in this way upon more than one other 
quantity, and thus arise rates of less simple form. For 
example, a rate of so much per ton per mile may be charged 
for the conveyance of goods ; and instead of the consump- 
tion of flour on board a ship being given as so much per 
day, it may be stated as so much per man per day. Here 
the cost of conveyance is dependent upon the weight of the 
goods and the distance they are carried ; and the quantity 
of flour upon the number of men and the time. 

Example i. What quantity of tinned meat will supply a 
regiment of 670 men for 7 days at the rate of 7^ oz. per 
man per day ? 

Quantity required by i man for i day =7^ oz. 

„ 670 men „ «7i^oz.x67o 

„ 670 men for 7 days'=7i^ oz. x 670 x 7 

=^35175 oz- 

Example 2. For the conveyance of 3^^ tons of luggage a 
distance of 30J miles the sum of 70s. 7d. is charged. At 
what rate is 5iis per ton per mile ? 

The carriage of — 

3i^ tons over 30J mi. costs 70s. 7d. 
.-. „ I ton „ 30 J mi. „ 70s. 7d.+3J 
.'. „ I ton „ I mi. „ (70s. 7d.+3J)+3oJ 

/.^., 70s. 7d. X f X tIt 
i.e,y 70s. 7d. xyl-y 
/.^., 8d. 

Example 3. A contractor paid 27 workmen at the rate 
of lojd. per man per hour, and for a week's work the total 
sum they received was ^59 is. 3d. How many hours' 
must they have worked ? 

Pay of 27 workmen for a week=;^S9 is. 3d. 
„ I workman „ '=;£S9 is. 3d. +27 

=^2 3s. 9d. 



I 
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But pay of i workman for an hour»io^. 
/. no. of working hours in a week=;f 2 3s. 9d.-i-ioid. 

-=50. 
Or thus : — 

Pay of I workman per hour «ioJ^d. 

„ 27 workmen „ =ioJd. X27. ) 

But „ „ per week ^^^59 is. 3d. j 

.'. no. of working hours in a week- ^^i^^^ ' 

Exercises. Set XCI. 

1. One horse's food for one day costs 3s. 4}d. At this rate what 
would be the cost of feeding 17 horses for a year ? 

2. What was the rate of expense per day for one person when a 
party of seven spent 47 guineas in 12 days ? 

3. The cost of keeping 13 horses for 15 weeks was found to be 
^^190 los. 7}d. What was me cost per horse per day ? 

4. At the rate found in Exercise 2, what would be the expenses of a 
vacation party of five from 25th July to 13th September, both of these 
days being included ? 

5. What is the freight per cwt per mile when a quantity of goods 
weighing 13 cwt. i qr. is carried 14I mi. for;^i I28. o^d. ? 

6. Six workmen build 4050 cub. ft. of wall in 7 days, yorking 8 hr. 
per day. Supposing they all work at the same rate, how much is 
built by one man in an hour ? 

7. At the rate found in Exercise 6, how many cubic feet of wall will 
7 workmen build in a fortnight working 9 hoius per day ? 

8. A money-lender charges /'96 3s. 9d. for lending ^^320 12s. 6d. for 
3 years. What is his rate of (Suu'ge per pound per year ? 

9. A banker in return for having the use of money pays at the rate 
of 2^3 per ;f 100 per year. What would he pay for the use of 2*680 155. 
for 4^ years ? 

10. A charitable institution pays at the rate of £g 15s. 6d. per boy 
per year for the maintenance of 150 boys. How much would the 
expenses be increased in 10 years by raising the number of boys to 
185? 

11. In a hall there are 4 gas chandeliers each having 85 jets, and the 
quantity of gas burned in 3} hr. is 3060 cub. ft, the price of which is 
2" I 5s. od. Find (i) the amount of gas burned per jet per hour, (2) the 
cost per hour for each chandelier. 

12. If the 150 boys in Exercise 10 could be maintained 7 years for 
£1000 5s., what would be the saving per boy per year ? 
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13. The water made use of in 3 weeks by a town of 1020 inhabitants 
amounted to 428400 gall., but after improvements in taps, &c., it was 
found that the consumption was 1 58 100 gall, in 10 days. How much 
less was this per inhabitant per day ? and what would be the total 
quantity of water saved per year ? 

149. From these exercises we now pass to others bearing 
the same relation to them as those of §§ 146-7 bear to those 
of § 143 ; that is to say, we are now asked, for example, to 
calculate the travelling expenses of a party of 9 persons for 
13 days, not from knowing the rate of expense per person 
per day, but from knowing that, say, ^£24 17 s. was the 
outlay of 4 persons for 7 days. Of course it is at once 
seen that the expenses of 4 persons for 7 days being given, 
we are able to find, as in Set XCI., Ex. 2, the rate of 
expense per person per day, and thence, as in Set XCI., 
£x. 4, can calculate the expenses required. But we may 
also reason as the following shows. 

Example i. The travelling expenses of 4 persons for 7 
days amounted to ^£24 17 s. Calculate at this rate the 
expenses of 9 persons for 13 days. 

Expenses required =;f 24 17s. x ? x i3 

-;£24 i7s.x-^g- 
«;^io3 i6s. 9d. 

Here, neglecting at first the fact that the lengths of time 
mentioned are different, we proceed as if the exercise were, 
"The travelling expenses of 4 persons for seven days 
amounted to ^£'24 17s. Calculate at this rate the expenses 
of 9 persons /or the same time^^ This the learner already 
knows how to perform, the necessary calculation being 
^£"24 17s. xf. And now, knowing that the expenses of 
9 persons for 7 days amount to ^^24 17 s. xf, we ask 
what they will be for 13 days, the answer to which we 
know in the same way to be 
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Example 2. How many hours ought 13 men to work for 
a total sum of ^£6 los. 9|<1., if they be paid at the same 
rate as 11 others who receive j£S 3s. yjid. for 17 hours' 
work? 

Required no. of hours^iy x^^JSL^ x li 

,^ 627Q II 

' 7854 13 
«i7x4?3^i 

=483 
42 



Here we proceed at first as if the number of men were the 
same in the case regarding which inquiry is made as in the 
other case, viz., 11, and we ask ourselves the question, 
"How many hours ought 11 men to work for j£6 los. 9Jd. 
at the rate of ^^8 3s. 7id. for 17 hours?" The result we 
easily see to be 

_^ /610S. 9|d .. 

'7";f8 3s.7ld.' 

and now, knowing that 1 1 men ought to work this time, we 
make inquiry how long 13 men ought to work instead, the 
answer to which we at once know will be obtained by mul- 
tipl)ring by the less number and dividing by the greater, 
that is, by multiplying by H ; so that the desired result in 
its unsimplified form is 

17 hours x^i25i^xl'. 
' £^ 3s. 7i<t 13 

Instead, however, of beginning by considering the number 
of men to be the same in both cases, we might proceed at 
first as if the sums paid were the same. Doing this, we ask 
ourselves the question, "If 11 men receive £^Z 3s. 7Jd. for 
17 hours' work, how many hours ought 13 men to work at 
the same rate for the same sum ? " the answer to which is 

17 hours xil. 
13 

In the next place, 17 hr. x H being thus found to be the time 
they ought to work for £^% 3s. 7id., we ask how long they 
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ought to work foTj£6 los. 9jd., the answer to which we see 
will be got by multiplying by ^q ^^' it ' > ^^^ result in its 
unsimplified form being 

17 hours xL?x.^i^:^, 

which, of course, is essentially the same as before. 

Example 3. Five brick-making machines turn out 825000 
bricks in no hours. At this rate how long will three of 
them take to turn out 787500 bricks? Also, if they have 
14 days to do it, how many hours per day must they work ? 

( I .) Time required^ no hours x 5 x LI52^ 

= iiohr.x?x^^ 
I 1650 

2625 
=— hr. 

= 175 hr. 

The question here being "How long?" and the time 
specified in the given case being no hours, we at once 
write down, "Time required=iio hr. x "; then, think- 
ing of the number of machines employed, we see that 3 will 
take longer than 5, and we therefore annex " \ " to what 
was previously written ; finally, referring to the number of 
dricks, we see that for the making of 787500 less time will 
be needed than for the making 825000, and we further 
annex « x UliiV 

(2.) Required number of hours per day « '-^ « 1 2^^. 

Example 4. In 11 days 5 brick-making machines, work- 
ing 10 hours a day, turn out 825000 bricks. At this rate, 
how many hours a day ought 3 of them to work for 14 days 
in order to produce 787500 bricks? 

A little consideration will show that the question here 
asked is exactly the same as the second of the two ques- 
tions in Example 3, and the learner should satisfy himself of 
this before examining the following mode of procedure. 

o 
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Required number of hours per day= lo x 11 x 5 x ? ^^ , 

HI 75 

- I I 375 
*=I X - X - x^^ 

2 I 15 
= 12^. 

Here we have proceeded as in the case of Examples i 
and 2, viz., in the first place, considering the number of 
machines and the number of bricks the same in both cases, 
the result being 10 hr. x ft; then, taking into considera- 
tion the &ct that the number of machines is different, the 
result now being 10 hr. x ^ x i ; and finally also the fact 
that the number of bricks is different, which leads us to 
annex another multiplier, ni^88 » 

It will be found instructive, however, to proceed also in 
the way first alluded to, viz., by ascertaining as a starting- 
point tiie rate of brick-making per machine per hour : — 

No. of bricks made by 5 machines in no hr.» 82500 

,, „ I machine in i hr. «^?i22? 

" " 5x110 

= 1500. 

„ „ 3 machines in i hr. ^4500 ) 

But „ „ 3 machines in 14 da. « 787500 { 

.'. number of working hours in 14 da. ^ ' [^ 

-175 
„ „ I da. ===175+^4 

ExsRCisBS. Set XCn. 

1. A traveUing party of three persons spends ;^i6 5s. 6d. in 11 days. 
At this rate what ougnt to be the expenses of a party of five traveling 
for 33 days ? 

2. The wages of 26 masons for 44 hours of work amount to ^42 i8s. 
At the same rate what would be the wages of 95 masdns for 25 hours 
of work? 

3. The cost of keeping 17 horses for 7 days is ;^ii i8s. At the 
same rate what would it cost to keep 9 horses for 13 days ? 

4. What will be the wages of 3 workmen for 17 J hours of work, if 
the rate at which they are paid be the same as that which enables 13 men , 
to receive;^ 1 1 15s. 7^. for 7 J hours ? 
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5. In 7I hours 4 reaping machines cut 47 ac. 20 sq. po. of wheat. 
How much would be cut at this rate in 3 hr. 20 min. by 3 machines ? 

6. A quantity of luggage weighing 17^ cwt. is carried 13 miles for 
£g 19s. (^d. What would be the cost at this rate of conveying 2^ cwt. 
a distance of 113 miles ? 

7. For the loan of ;^ioo for 2 years a money-lender receives jC^, 
At this rate what ought he to receive for lending ;^540 for 3} years? 

8. A money-lender lends /'50 for 2 years and charges ^^3 los. At 
this rate what would be his cnarge for lending ;^8 7 5 for 7 years ? 

9. A sum of ;^ 100 is lent for 365 days at a charge of £y 15s. What 
at this rate would be the charge for lending ;^i 160 los. for 511 days ? 

10. The sum of £6 ids. is given for the loan of ;^6o for 1} year. 
What should be given at this rate for the loan of ;^540 for 4} years ? 

11. The allowance of flour for a company of 75 soldiers for 22 days 
is 2062} lb. At this rate how much would be required for a company 
of 180 soldiers for 13 days ? 

12. Five water-pipes of one size allow 9600 gall, of water to pass 
through them into a reservoir in 2} hr. If one of them were closed, 
how much water at this rate would flow through the others in 4 hr. ? 

13. 2475 lb. of flour are required to provision a company of 150 
soldiers for 1 1 days. At the same rate how long would 840 lb. serve a 
company of 35 ? 

14. 12 bricklayers for a week's work of 50 hr. receive in all j£22 los. 
At the same rate how many hours should 7 of them work to receive in 
all;f8i3s.3d.? 

15. For the sum of ;^I4 17s. 6d. 17 horses are kept for 7 days. For 
how many days at the same rate should 27 horses be kept for;^74 5s. ? 

16. 3 reaping machines cut 17 ac. 10 sq. po. of wheat in 3 J hr. At 
the same rate how long would 7 machines take to cut 22 ac. 3 ro. ? 

17. A party of 7 persons spend in 7 da. j^2i los. 9^. How long at 
this rate of expenditure ought ^^27 13s. lojfd. to serve 3 persons ? 

18. In 10 days the expenses of a travelling party of 6 amount to 
;^I9 15s. At this rate how many persons could have their expenses 
paid for 13 da. with;^42 15s. lod. ? 

19. 8 ac. 2 ro. 5 sq. po. of wheat are cut by 3 reaping machines in 
1} hr. At this rate how many machines must be employed to cut 68 ac. 
I ro. in half an hour ? 

20. For j£ig 19s. a bale of goods weighing 14J cwt. is conveyed 
21 mi. At the same rate what distance ought a parcel weighing 
3 J stones to b« carried for ^^3 9s. 5d. ? 

21." Four bricklayers build 268.8 cub. ft. of wall in 7 hr. How long 
at this rate would tnree of them take to build 316.8 cub. ft. ? 

22. The gas consumed in I7j-hr. by 126 burners of one size cost 
£2 5s. 11^. At this rate how many of the same burners might be in 
use during 60 hours for ;^5 ? And what would be the expense of allow- 
ing 9 of them to bum i hr. 20 min. ? 

23. The sum of ^100 ^was invested, and the gain upon it in three 
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years was j^io los. What sum invested at this rate for 4^ years would 
gain;fi30 3s. ijd.? 

24. A company of men subscribe ;^i256o, and after 17 months of 
trading with it, the profits are found to amonnt tO;^333 12s. 6d. What 
rate of gain is this per ;^ioo per year ? 

25. Twelve men build 8100 cub. ft. of masonry in 6 days working 
9 hours a day. At the same rate how long would 8 of them tske to 
build 1656 cub. ft. ? 

26. A vessel 3 ft. broad, 2 ft. deep, and 26 ft. 8^ in* long, holds 
when full 1000 gall. How many gallons could a vessel hold whidi is 
23 in. long, 17} in. broad, and .64 in. deep ? 

27. Also, what must be the length of a vessel, which is to be 7i in. 
deep and 11^ in. broad, in order that it may contain 13 gall, i qt 
I pt. ? 

28. For the use of jf 375 for 3 years a lender was to receive ;f 45, but 
instead of taking this when it was due he lent it also at the same rate 
of charge. What total sum ought he to receive when the loan is 
repaid 4 years afterwards p 

29. In 37^ hr. 17 stone-breakers break stones enough to make a 
heap 79 J yd. long, 4 ft. broad, and 3 ft. high. At this rate how long 
would 8 of them take to break as many as would form a heap 24} yd. 
long, 2} yd. broad, and 2} yd. high ? 

30. A heap of stones 40^ yd. long, i yd. high, 1} yd. broad, have 
been broken by 1 1 men in 8o| hours. At the same rate how many 
would be required to break stones enough in 112 hours to make a heap 
79} ft. long, i^ yd. broad, and i yd. high ? 

31. Eleven iron rods, each 6^ ft. long, 1} in. broad, 2 in. thick, 
weigh in all 6 cwt. i qr. 25 lb. i -g^ oz. At this rate what would be 
the weight of 7 others, each of which is 8| ft long, 1.2 in. broad, 1.2 
in. thick ? 

32. The total weight of 3 bars of platinum, each 6.5 in. long, .4 in. 
broad, .35 in. thick, is 30.8080c; oz. avoird. How many bars, each 
8 in. long, .55 in. broad, .45 in. tkick, could be made from 13.9651875 
lb. lEivoird. of the same metal ? 

33. 879 deaths occurred in Glasgow in three weeks of Febmaxy, 
1874. Assuming the population to be 508000, calculate the death-rate 
for the period referred to, t.e,, the number of deaths per year per thou- 
sand of the population. 

150. The subjects (workmen's wages, travelling expenses, 
freight of goods, &c.) with which the foregoing exercises on 
rafes deal are expected to be familiar to the learner, so that 
little chance of error is possible in reasoning about them. 
With other subjects, however, it is advisable to proceed 
more cautiously. For example, suppose the following 
question were proposed. 
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Example i. A circular plate of silver 4 in. in diameter 
weighs 5i oz. At this rate what would be the weight of 
another plate of the same thickness, but 7 inches in dia- 
meter ? 

Here probably the learner would at once proceed as 

follows : — 

Weight of plate 4 in. in diameter^ si oz. 

„ I in. „ =5ioz.+4 

and.-. „ 7 in. „ =5ioz-^4 

=9i oz. 

But this would be incorrect Instead of the divisor in the 
second line being 4, it should be 16, that is, 4* ; for we 
learn from geometry that a circle 1 inch in diameter is not 
i but -^ of the size {area) of a circle 4 in, in diameter. 
Similarly, in the next line the multiplier is not 7 but 49, 
that is 7* : the result thus being 

si oz. X fl or i6i oz. 

If the plates, instead of being circular with the lengths of 
the diameters given, had been square with the lengths of the 
sides given, we should have proceeded in exactly the same 
way ; for what has been asserted from geometry regarding 
circles is but a single case of a widely general law ; and as 
the learner may readily convince himself of its truth in the 
case of squares he should not fail to do so. 

When one magnitude is related to another in this way, 
viz., so that when we increase the second through multipli- 
cation by any number, the first is correspondingly increased 
through multiplication by the second power of that number, 
then the first magnitude is said to be directly proportional to 
the second power of the other. Thus we say that the area of 
a square is directly proportional to the second power of the 
side, or the second power of the diagonal ; and the area of 
a circle directly proportional to the second power of the 
diameter, the second power of the radius, or the second 
power of the circumference. This, it should also be remem- 
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bered, is the relation existing between the distance traversed 
in vacuo by a body from the moment it is let fall towards 
the earth or any other planet, and the time during which it 
has been falling ; that is to say, the distance traversed in 
the first two seconds is four times the distance traversed in 
the first second, and the distance traversed in the first three 
seconds is nine times the distance traversed in the first 
second, and so on. 

The numerous pairs of magnitudes we have hitherto had 
examples of are, as we know, not related to each other in 
this way, the multiplier being the same for the second 
magnitude as for the first. If the quantity of flour bought 
be increased three times, X\iQ price is increased three times j 
if the number of machines be quadrupled, the work done is 
quadrupled ; and so of the others. In these cases we say 
that the former magnitude is directly proportional to the first 
power of the latter, or, simply, is proportional to the latter. 

Similarly, we may have one magnitude proportional to 
the third power of a second, as in the case of the htdk of 
a sphere or ball and its diameter^ or the bulk of a cube and 
the length of its edge. 

Further, two magnitudes may be so related that when 
we increase the second by multiplication, the first, instead 
of being increased along with it, is found to be diminished 
by diinsion. Here the magnitudes are said to be inversdy 
proportional. Thus the number of men employed on a work 
is inversely proportional to (the first power of) the time 
taken to complete it ; the attraction between two bodies is 
inversely proportional to the second power of the Statue 
between them (/>., between their centres of gravity) ; and 
so on. 

Instances of even more complicated relationships than 
those here given may be found ; so that when two magni- 
tudes unfamiliar to the learner require to be dealt with, his 
first duty must always be to make inquiry as to the exact 
relation existing between them. 
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Example 2. If two bodies 12 miles asunder attract each 
other with a force of 100 units, what will the attractive 
force be when they are only five miles separate ? 

At the distance of 12 miles the force » 100 units 

„ I mile „ » 100 units X 12' 

and /. „ smiles „ =100 units x-r^r 

=576 units. 

Example 3. Five balls of soap yf in, in circumference 
weigh 2i lb. At this rate, find the weight of a dozen balls 
of the same soap which measure 4i in. round. 

Required weight = 2I lb. x -r x ^^A 

-IS IK U: %»^ 
"7 ^^'"^ 5 "" ^ ViV ' 
^3 jv^ ^I?^i5625 .ill. 

-7 ^D.x J X ^j^ ^166375 

,, I 125 49 
= 3lbx-x-^x — 

Exercises. Set XCIII. 

1. The area of a circle whose diameter is 1000 in. long is found to be 
785397.5 sq. in. Find at this rate the area of a circle 200 ft. in dia- 
meter. 

2. Calculate the value of a square plate of eold of uniform thickness 
and 8 in. long on each side, from knowing that a square foot of the 
same plate is worth £1^ 4s. 

3. A body starting from rest takes 10 sec. to fall in vacuo to the 
earth, and in the first 2 sec. traverses 64.4 ft. How far does it fall 
altogether ? 

4. If from a cube of earth whose edge is 4 yd. long the same cart can 
be filled 108 times, how often could it be filled from a cube 8 ft. on the 
edge ? 

5. The rope which tethers a goat is lenethened from 15 ft. to 20 ft. 
How much more surface has he now to Drowse over, supposing that 
formerly he had yo&ff^ sq. ft. ? 

6. A metallic ball 3.4 in. in diameter is worth £1 6s. 9d. Calculate 
at this rate the value of a ball of the same metal whose diameter is 1.7 
in. longer. 

7. A body falling in vacuo towards the earth passes over 4.9 metres 
in the first second of its fall. How high was it at first if it took 4^ sec. 
to fall? 
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8, In the first 3 sec. of its fall in vacuo towards the earth a ball 
passes over 144.9 ft. What distance will it go in the next 2 sec. ? 

9k When one magnitude is represented by i, 2, 3, &c., another is 
represented by 15, 7}, 5, &c. How are they related to each other? 

10. Give instances of a magnitude inversely proportional to (the first 
power of) another magnitude. 

11. Two magnitudes are so related to each other that when the first 
is represented oy 2, 3, 4, &c,f the second is represented by it -^t iti 
&c. What is the relationship between the two ? 

12. The radius of a circle is .5 in., and the circumference 3.14159 in. 
Find from this the circumference of a circle of 4.5 in. radius. 

13. A book 5.5 in. from a centre of light is held parallel to a wall, 
the shadow on which is found to be 400 sq. in. in size. How much 
would this shadow be diminished if the book were brought 2} in. 
nearer? 

14. Puck sa3rs, ** I'll put a girdle round about the earth in forty 
minutes.'' At this rate how long would he take to do the same for the 
moon, whose radius is 1080 miles, while the earth's is 7925 ? 

15. The material needed to gild a ball 9^ in. in diameter costs 
7s. lod. What would be the cost at this rate in the case of a ball 
3} in. in diameter ? 

16. Half-a-dozen hemispherical cups, each 2.5 in. in diameter 
(internal), hold in all 56 shillings* worth of mercury. What would be 
the value of the mercury necessary to fill a dozen and half similar cups 
2 in. in diameter ? 

17. 9 cubical blocks of granite, whose edge is 2} ft. long, are 
polished on four sides for ^^30. At this rate what would l^ the 
expense of polishing on three sides 8 cubical blocks, whose edge is 
half a foot longer ? 

151. Percentage* — ^There is a particular way of speci- 
fying a rate which is very common in practical life, viz., 
announcing it as so much a hundred. The word hundred is 
not used, but in its stead the equivalent Latin word centum^ 
and this commonly in the contracted form cent Thus 
" 5 per cmV^ means " ;^s for every ;^ioo," " 5 men for 
every 100 men," "5 tons for every 100 tons," &c., the 
denomination /^»i^;z//j-, or men^ or tons^ &c., being understood 
in each particular case from the context. A rate spoken of 
in this way is called z, percentage. 

(I.) As instances of such, there may be mentioned in the 
first place certain wages^feeSy &a For example, a commer- 
cial firm, instead of paying a salesman or traveller a regular 
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wage, may, for obvious reasons, prefer to give him a per- 
centage on the price of the goods he sells ; a wage of i 
per cent on sales meaning jQi for every ;^ioo worth of 
goods sold, or, what is the same thmg, is. for every 
loos. worth, or id. for every lood. worth, &c. Brokerage^ 
the fee of a broker, is spoken of in the same way : so also 
commissiony the fee of a commission agent; interest^ the 
remmieration paid to a money-lender j premium^ the annual 
payment to. an insurance company ; discount, a deduction 
made by tradesmen from a debt, &c. 

Example i. A certain stockbroker's charge is i per cent. 
What will he receive in a money transaction of ^^1426 ? 

For a transaction involving ;^ioo he receives £i 

• • » A* »> 100 

and.-. „ ^^1426 „ ^--7^ 

i.e,,j£io 13s. loid. i 

The calculation here necessary is usually performed as 
follows : — 

£1426 

3 

4)4278 



10.695 
20 

13.90 
12 

10.80 

4 



3.20 

From this example it is easily seen that in every case where 
a percentage upon a sum of money is to be calculated, we 
multiply the sum by the rate per cent, and divide by 100. 

Example 2. An agent collects debts to the amount of 
^^620 i6s. 8d., from which he is allowed to deduct 2J 
per cent for his trouble. What sum does he thus receive ? 
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« • J /• , ;f620 i6s. 8d. 

Sum required-;fc2i x - — jj^ — 

— ;^i552 IS. 8d.-i-ioo 
=^15 los. 5d. 

Example 3. The premium of insurance upon a property 
valued at ^^8560 is >f 235 8s. What percentage is charged 
by the insurance company ? 

The same question more simply put is, " If the charge 
for insuring ^^8560 be ^^235 8s., what is the charge for 
insuring ;;^ioo?'' and this the learner should now have no 
difficulty in answering. 

Charge for insuring ;f 8s6o=;^235 8s. 

» £^00 =;^235 8s.x|^ 

'-;^"77+428 

Example 4. An agent's commission at 2^ per cent, 
amounts to ^18 is. 6d. On what sum was the commis- 
sion allowed ? 

;^2jis commission on;^ioo 

.-. ;^i8 IS. 6d. „ „ ;gioox ^;^ 

i,e,, jCiScj 10S.+2J 
/>., ;£8o3 6s. 8d. 

Example 5. A person wishes to insure a house worth 
;^320o for such a sum as would cover both the value of the 
house (were it destroyed within the year) and the premium 
paid at the rate of 4 per cent, to the insurance company. 
Find this sum. 

To obtain ;^ioo he must insure for ;£ 100 
/.^., to cover premium and j£g6 „ „ 

.•. for every j£g6 of the house's value „ „ 

and .". the sum required «;^i 00 x —^ 

"^£3333 6s. 8d. 

Exercises. Set XCIV. 

I. A draper's assistant receives 2} per cent, of the money drawn for 
sales. What vdll his week's wages t>e if he draws ;^85 los. ? 
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2. A house is insured for ;f 5650, the annual payment (premium) 
being at the rate of f per cent. What does this payment amount to ? 

3. B has to pay A a debt of ;f 320 los., on which, however, A allows 
discount at 5 per cent. How much less has B to pay ? 

4. If a commission agent makes a deduction of i^ per cent from 
;^2io 6s. 8d. what remains ? 

5. A gentleman purchases an estate through an agent, the price 
being ;f 7250, and the agent's commission J per cent, on the price. 
What was the total cost to the buyer ? 

6. Complete the following account of a broker's transactions for a 
week. 



Date. 



Business. 



Brokerage. 



Nov. 


8 


»> 


9 


»f 


10 


>» 


II 


f> 


12 


ft 


13 



Sale of plate, £^0^ 6s. 8d. . 
Purchase of furniture, ;^500 . 
Auction sale, ;^66 13s. 4d. . 
ft it £20 los. . . 
Rare china bought, ;f 120 15s. 
Week's shop sales, ^^60 3s. 4d. 



If 



47 
57 
27 

107 



Total 



7. Deduct 5 per cent, from ;^225 los. lod. and 5 per cent, from the 
remainder. 

8. From ;f 225 los. lod. subtract 10 per cent, of it. 

9. A person insures his life for ;^6ooo, two-thirds of it in one office 
at a premium of ;^£ los. 6d. per cent., and the remainder in another at 
a premium of ;f 2 9s. 9d. per cent. What is his yearly payment ? 

10. A merchant allows certain debtors a discount of i per cent, on 
the sums they owe him, and the agent who collects the money receives 
i per cent of it. If the debts amount to ;^8ooo, what sum goes to the 
merchant ? 

11. From a debt 'of ;^226 5s. the sum of £^ is. was deducted. 
At what rate per cent, was discount allowed ? 

12. In a certain shop the goods are sold at 10 per cent, above cost 
price, and the salesman receives from his employer 3} per cent, on the 
selling price. How much does the employer gain on a quantity of 
goods sold for £6^2 los. ? 

13. jf 38 5s. is what percentage of ;f 850 ? 

14. Calculate the expense of insuring a ship valued at /20500, the 
premium charged being 2^ per cent., the policy duty being^ per cent., 
and the broker*s fee i per cent. 

15. An agent sells a cniantity of goods for ;f 660, of which he pays to 
his employer ;f 658 7s. What percentage has he deducted ? 

16. The premium charged for insuring a cargo valued at jf 5625 is 
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5 guineas per cent Find the total cost of insuring, allowing for policy 
duty at 4s. per cent., and agent's commission at 2s. 6d. per cent 

17. After discount at 4 per cent, had been deducted from a debt, the 
sum remaining to be paid was j£'i97. Find the debt. 

18. A manufacturer makes a quantity of doth at an expense of 
^1170, and seUs it for 15 per cent, more to a clothier, who in turn sells 
it for ;f 1547 6s. 6d. What percentage on his outlay does the latter 
thereby receive ? 

19. An auctioneer, after deducting his commission of 2 J per cent 
on the proceeds of a sale, returns to his employer ^^672 15s. Calculate 
the sum drawn at the sale. 

20. For what sum must a house worth ;^i 161 be insured at3|per 
cent, so that in the case of total loss withm the year the owner may 
recover both the premium and the value of the house ? 

21. A gentleman pays a life insurance company an annual premium 
of £^1 I2S. Knowing that for his age the premium charged is at the 
rate of ;^2 13s. 4d. per cent., find the sum for which his life is insured 

i2. What premium, at the rate of 2^ per cent., must be paid for the 

insurance of goods worth £3^7^ 3^** ^^ ^^^^ ^ ^^^ ^^^^ ^^ ^^^ ^'^^ 
within the year the insurer may recover both the premium and the 
value of the goods ? 

23. If from a certain sum 5 per cent be deducted, and 3j^ per cent 
from the remainder, there results j^3682 5s. 7d. Find the original smn. 

24. For what sum must a warehouse worth /'96625 be insured at 
£ii per cent., so that, were it totally destroyed m the third year after, 
the owner might recover the value of the house and the premiums 
paid ? 

(11.) Again, this way of stating a rate is very often em- 
ployed in giving the proportion which the parts of some 
composite thing form of the whole. For example, if in 
the examination of a school of 450 scholars 423 passed 
and 27 failed, we might indicate fAe rate of failure by say- 
ing it was " 27 in 450," or " 9 in every 150," or " 3 in every 
50 " \ but, instead of this, the usual form is " so many in 
every hundred," and there being 6 here in every 100, we 
say that the rate of failure was " 6 per cent," or that 94 per 
cent, passed. Similarly we speak of the sick rate in a cer- 
tain regiment being 12 per cent, of there being 53 per cent 
of pure iron in a certain ore, and so on. 

Example i. The milk sold by a dairyman is found on 
analysis to yield 12 per cent of water and 3.2 per cent, of 



PRACTICAL EXAMPLES, WITH NOTES. 205 

t 

an unknown ingredient How much of each of these must 
there be in 12500 gallons of his milky compound? 

12 
Quantity of water= 12500 gall, x ^=1500 gaU. 

Quantity of the other= 1 2500 gall, x ^= 400 gall. 

Example 2. In a town with a population of 22500, 8000 
could read and write, and 6140 could read but not write. 
Find what percentage of the population could read, and 
what percentage of the readers could write. 

Total no. of readers =8000 +6140 « 14 140, 
.*. I St percentage- 1 4140 X -^??- 

=62.8... 
and 2nd percentage =8000 x _I?5L 

'==56.57.- 

Example 3. Of 240 boys in the higher department of a 
school 95 per cent, pass an examination in arithmetic, and 
of 175 in the lower department 92 per cent. pass. What 
percentage of the whole number of boys passed ? 

95 per cent, of 240=240 x-^ -228 
and 92 percent of 175=175 xH = i6i 



100 



.*. total no. passed out of 415 boys =389, 



TOO 



so that percentage required « 389 x — 

415 

-93.7—. 
The operations here performed are given by the expression 



/ 240x95 ^ i75x92 x 100. 
V 100 100 J^aik' 



415 

this, however, is the same as 

240x9 5 + 175x92 
4^5 
from which, as involving fewer operations, the result can be 
more easily obtained. 
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EXS&CISBS. SsT XCV. 

1. How much per cent, is 13 per score ? i in 10 ? i to the dozen ? 

1} out of 25 ? 

2. In a mixed school there are 3 boys to every 2 girls. What per- 
centage of the pupils do the girls form ? 

3. Our silver coins are made of a metal of which 37 parts in 40 are 
pure silver and 3 parts copper. What percentage of the metal is 
silver ? 

4. ''In our first engagement there were two dozen blacks to every 
Englishman ; in our second blacks and whites were as 9 to i." What 
percentage of the combatants in each case were blacks ? 

5. Complete the following table : — 



Class. 


No. of pupils 
on roll. 


Present 01 
Actual No. 


1 23rd Dec. 
Percenta^. 


First . . 
Second . . 
Third . . 
Fourth . . 
Fifth . . 
Sixth . . 


220 
232 

156 


202 
202 

140 

60 
24 




Total.... 









6. Brown receives 75 per cent of the profits of the firm of Brown, 
Robinson & Co., Robinson 15 per cent., and the other partner the 
remainder. For the past year the total profits amounted to ;^6i26. 
Calculate the share of each partner. 

7. The deaths from febrile diseases in the city of Glasgow in 1874 
were as follows : — typhus fever, 114 ; relapsing fever, 7 ; enteric fever, 
202; simple continued fever, 10; infantile remitting fever, 11 ; rheu- 
matic fever, 20. What percentage does each of these form of the 
total ? 

8. From a waggon-load of iron ore weighing 6} tons, there is pro- 
duced 2 tons 5 cwt. 2 qr. of the pure metal. What percentage of ^e 
ore is iron ? 

9. In a factory where 225 men are emplo^^ed, 4 per cent, of the 
workers receive £2 per week, 16 per cent, receive ^i 5s., 50 per cent, 
receive i8s., and the rest 15s. 6d. What sum is necessary to pay 
them weekly ? 

10. A hundredweight of gunpowder is made from 85^1b. of nitre, 
15H lb* of charcoal, and ii^ lb. of sulphur. What percentage does 
each ingredient form of the whole ? 

11. A bell is made of 7 cwt. 2 qr. loj lb. of copper, and i cwt. 3 qr. 
34 lb. of tin. Wliat percentage of the whole is copper, and what 
percentage tin ? 
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12. Proof spirit contains 49 per cent, of absolute alcohol. In 12} 
gallons of proof spirit how much is not alcohol ? 

13. In a written examination for entrance to the army there are 625 
candidates, of whom 375 pass, but of these only 360 are accepted by 
the medical officer. What percentage failed in the written examina- 
tion, and of those who passed what percentage did the medical officer 
rqect ? 

14. In 12} tons of sea water there is 9 cwt. of saline matter, and of 
this 2 qr. 5f lb. is magnesia. What percentage of sea water is saline 
matter, and what percentage is magnesia ? 

15. Complete the following table : — 



Name of 
mine. 


Output. 


Pure copper. 


Landowners' 

allowance of 

copper (5 per cent.) 


Percentage. 


Actual quantity. 


Molul . . 
Garibaldi . 
A I . . . 


275 tons 
314 tons 
760 tons 


15 
12.25 

38.6 






Total.... 











16. In a school of 472 boys 430 passed an examination in arithmetic, 
and in another of 312 boys only 212 passed. What percentage of the 
total number in the two schools passed ? 

17. In a school of 265 pupils 75 per cent, passed the government 
examination, and in another of 650 pupils 592 passed. What per- 
centage of the total number of pupils failed to pass ? 

18. In one factory employing 1 160 adults 70 per cent, are women, 
in another emplo)ring 680 adidts the percentage is 65. Find what 
percentage of the whole employes are men ? 

19. Besides the two factories mentioned in the preceding exercise, 
there is in the same town another, in which 550 men are employed and 
no women. Calculate what percentage of the employes of the three 
factories are women ? 

20. 2 lb. of sugar and 3 lb. of water are mixed, and it is known that 
oxygen forms by weight 49.85 per cent, of the sugar and 88.89 of the 
water. Find what percentage of the mixture is oxygen. 

21. In the examination of a class of 35 boys, 3 got 175 marks, 8 got 
160, 1 1 got 1 10, 13 got 80, the highest number of marks possible being 
215. What percentage of boys obtained more than 40 per cent, of the 
marks ? 

22. A father leaves all his property to his 3 sons, the first receiving 
twice as much as the second, and six times as much as the third. 
What percentage of the property does each receive ? 

23. 66 per cent, of the land of a farm is cultivated, and of this 12.5 
per cent, is planted with potatoes. Knowing that the potatoes occupy 
12 ac. I ro. 20 sq. po., calculate the size of the farm. 
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24. A basketful of apples is divided among three boys, A receiving 
half as much again as B, who receives half as much as C.' What per- 
centage of the apples is apportioned to each ? 

25. In a cotton mill men, women, and children are employed, the 
total number being 875. The men constitute 16 per cent, of the 
whole, and 35 per cent, of the adults. How many women are there ? 

(III.) In the third place, rates of increase and decrease 
are put in the form of a percentage. For example, if the 
number of pupils enrolled in a school in one year be 450 
and in the next 477, the absolute increase being thus 27, then 
the rcUe of increase is " 27 on 450," or " 3 on every 50/* or 
"6 per cent." Again, if a merchant buys a quantity of 
goods for ;^Soo and sells them for ;^475, so that the 
absolute loss is ;^2S, the raie of loss is ";^25 on ;^5oo,*' or 
" 5 per cent." A rate of increase or decrease, as the 
learner will thus see, tells what proportion the absolute in 
crease or decrease is of the original quantity. 

Example i. Butter is bought at is. 3d. per lb. and sold 
at IS. 6d. What is the rate per cent, of profit ? 

Gain on i5d.='3d. 

„ id.=i-d. 
IS 

and .'. „ iood.=?-^^i^.=2od. 
/.^., there is 20 per cent, of profit 

Example 2. By selling cloth at is. per yard a draper 
suffers a loss of 25 per cent. Find the cost per yard to the 
draper. 

What is sold for 75d. cost lood. 

„ id. cost — d. 

and .'. „ i2d. cost — d. x 12 

ix,y i6d. 

Example 3. Cloth is bought at is. 4d. per yard. How 
must it be sold so that a gain of 50 per cent may be 
effected ? 
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What cost lood. must be sold for i5od. 

.-. „ Id. „ l^d, 

. 100 

and /. „ i6d. „ 150x^6^ 

100 

Example 4. Twenty-eight gallons of wine cost a re- 
staurant keeper 18 guineas. At what price per pint must 
he sell it so as to gain 7^ per cent. ? 

Selling price of 28 gall.=;^i8 i8s. xl2Z^ 

I pint ^£j^J^tJLl^ 
" *^ 100x28x8 

_ 378s. X 215 

100 X 28 X 8 X 2 
_ 189s. X 43 

20 X 28 X 8 
^8i27g 

4480 * 
= is. 9iHd. 

The selling price per pint would, therefore, probably be 
fixed at IS. lod. 

Example 5. By selling cloth at 9d. per yard there occurs 
a loss of 5 per cent. What should have been the selling 
price per yard in order to gain 14 per cent. ? 

Here we may first calculate the prime cost per yard, as 
in Example 2, and then there remains to be answered a 
question exactly like that of Example 3 : — 

Prime cost per yd.^pd. x ^—^ 

and knowing that a yard of the cloth cost pd. x J^, we ask 
ourselves for what it must be sold so as to gain 14 per cent., 
the answer being — 

Selling price per yd. = ^pd. x ^^ x 115 

=9d.x? 
= iotd. 
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Or, without finding the prime cost, we may reason as fol- 
lows: — 

To bring in ^^95 for ;^ioo paid, the price per yd.^gd. 

-?d. X 6 

5 
= iotd. 

Example 6. Biscuits are bought at a certain price per 
dozen of 13, and sold at the same price per dozen of 12. 
Find the gain per cent. 

Here the relative bu]dng and selling prices not being 
given, we must try to determine them from the facts which 
are given. Now, 

selling price of 13 biscuits=i^ of the selling price of 12 ; 

=^ of the buying price of 13 ; 
i.e,, — i- more than the buying price ; 

I z 

and •*. gain per cent. »~ of 100 

Example 7. A grocer mixes together 40 lb. of tea which 
costs him 3s. 9d. per lb., 25 lb. which costs 3s. 2d. per lb., 
and 20 lb. which costs 3s. per lb., and sells half of the mix- 
ture at 3s. 4d. per lb., suffering a loss in so doing. At 
what price per lb. must he seU the remainder so as to gain 
5 per cent, on the whole ? 

Price of 40 lb.=3s. 9d. x4o=;^7 los. 
„ 25 lb.««3S. 2d.x25=;^3 19s. 2d 

„ 20lb. = 3S. X20=;^3 

.'. price of the whole {i.e., 85 lb.)=v^i4 9s. «d. 
But he wishes to gain 5 per cent on the transaction ; 

.'. selling price of the 85 lb,-;^i4 9s. 2d, x 125 

-£^5 3s. 7W. 
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But selling price of the first 42^ lb."»3S. 4d. x 42^ 

=;^7 IS. 8d. 

.'. selling price of the second 42J Ib.^^^is 3s. 'jid^ ) 

- 7 IS. 8d. ) 

^j£ 8 IS. ii^d. 

.". required selling price per Ib.*;;^ 8 is. iijd.-i-42i 

3s. 9Hd. 



Exercises. Set XCVT. 



1. Apples are sold for half as much as they cost. What is the loss 
per cent ? 

2. Apples are sold for twice as much as they cost. What is the 
gain per cent. ? 

3. Apples are sold for half as much again as they cost What is the 
gam per cent ? 

4. Apples are sold for three-fifths of what they cost. What is the 
loss per cent ? 

5. Groods are bought for ;f 760 and sold for ^^798. What is the gain 
per cent. ? 

6. Cloth which cost 5s. M, a yard was sold for 4s. 8Jd. a yard. 
What was the loss per cent, r 

7. A rare book is sold for ^^8 os. 6d. which cost the seller j^j 15s. 
What was the gain per cent. ? 

8. The population of England and Wales in 1861 was 20061725 ; in 
1871, 22704108: of Scotland in i86i, 3061251; in 1871, 3358613 : of 
Irdand in 1861, 5792055 ; in 187 1, 5402759. Find in each case the 
rate per cent, of increase or decrease. 

9. A gentleman buys a house for j^26oo, spends in improvements on 
it 2^265 I2s. 6d., and then sells it for;^275i. What is his loss per 
cent.? 

10. How must cloth which cost 48. 8Jd. be sold so as to gain 16 per 
cent. ? 

11. A piece of cloth containing 405 yd. is bought for £$0, and sold 
at 3s. 4d. per yd. Calculate the gain or loss per cent. 

12. A horse which cost /135 was sold at a loss of 10 per cent. 
What was the selling price r 

13. II yd. of lace are sold for ;fii 19s. 3d., the cost price being 
i8s. 9d. per yd. Find the gain per cent 

14. What would be the population of Great Britain and Ireland in 
188 1, if the rates of change were to be the same for the decennial 
period 1871-81 as for 1861-71 ? (See Ex. 8.) 

15. A gold mine is sold at 250 per cent, of profit for ;^65oo. What 
did it cost the present vendor ? 
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1 6. Complete the following table of statistics :• 



District 

of 
Glasgow. 


Peculation 

in 

i86z. 


Population 

in 

- 1871. 


Increase. 


Decrease. 


Actual. 


Percentage. 


Actual. 




B 
C 
D 
E 


45485 
36625 

'^1 


60628 

38177 
26044 

33443 








• 


Total.. 















17. The population of a town in 186 1 was 34800, and the percentage 
of increase in the next ten years was 101.432. Find its population in 
1871. 

18. A watch is sold at 22 per cent, of profit, the actual profit bdng 
£S I OS. Find the selling price. 

19. A quantity of pens is sold by a stationer at 3s. 8d. per gross 
and he thereby gains 10 per cent. What did they cost him per gross? 

20. Envelopes are bought at 6id. per thousand, and sold so as to 
gain 4 per cent. Calculate the skiing price per thousand. 

21. The percentage of increase in the population of a town in the 
decennial period i86i-7i was 13.02, and the population in 1871 was 
20484. Fmd the population in 1861. 

22. Find the population in 1881 of the town referred to in Exercise 
21, on the supposition that the percentage of decrease for the period 
1871-81 was the same as that ot the increase for 1861-71. 

23. Calculate at what price per cwt. 2\ tons of cheese, which cost 
in all ;f 57 5s. lod., should be sold so as to gain 12 per cent. 

24. 17} tons of iron are sold at a loss of 5f per cent., the original 
price per ton having been ^^4 3s. 4d. What total sum did the vendor 
receive ? 

25. 7000 sq. yd. of ground are sold for £^TSi the vendor making 
thereby a gain of 25 per cent. "What did the ground cost him per 
acre? 

26. A coal agent sells a waggon of coals containing 4 tons 13 cwt 
2 qr. at 9d. per cwt, thereby suffering a loss of 10 per cent. What 
did the waggon of coals cost him ? 

27. In 1873 the number of electors in the fifteenth ward of Glasgow 
was 3608, and in the sixteenth ward 3927 ; the numbers of the year 
following showed a decrease of 3.29 per cent, in the fifteenth, and an 
increase of 4.71 per cent, in the sixteenth. Wliat was the percentage 
of increase or decrease for the two wards taken together ? 

28. Tea is sold at 35. per lb., causing a loss of 4 per cent. At what 
price per lb. should it have been sold to gain 6 per cent. ? 
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29. By selling velvet at 175. 3d. per yd. there result? a ^in of 3^ 
per cent. What would have been the gain per cent, if the selling 
price had been i8s. a yd. ? 

30. By selling cloth at 3s. 2d. per yd. there is occasioned a loss of 5 
per cent. At what price should it have been sold so as to gain 5 per 
cent. ? 

31. A loss of 2} per cent, is occasioned by selling cloth at 4s. o}d. 
per. yd. Find whether there would have been a gain or a loss if it had 
beoi sold at 4s. i^d., and state the percentage. 

32. A quantity of note-paper is sold at 9}d. per lb., the result being 
a loss of 2^ per cent. What eain or loss per cent would have resulted 
from selling it at lod. per lb. ? 

33. Knowing that if sugar were sold for 5^. per lb. the gain would 
be 5 per cent., find at what price it should be sold so as to gain 10 per 
cent. 

34. A quantitv of silk was sold at a loss of I per cent., and it is 
known that had it been sold for 4s. 2^. per yd. there would have 
been a gain of i per cent. Calculate the actual selling price. 

35. An innkeeper bu3rs 50 gall, of whisky at los. 6d. per gall., and 
20 gall, at los. per gall., mixes the two, and adds 5 gall, of water. 
How must he seU the mixture per gill so as to gain 20 per cent. ? 

36. In the case of a certain town the percentage of increase of popu- 
lation in 5 years was 25, and in the next 5 years it was 4. What was 
the percentage of increase for the 10 years referred to ? 

37. A shopkeeper bought 250 gall, of oil at 2s. 6d. per gall. 5 per 
cent, of it was lost in transferring to smaller vessels, 48 per cent, of 
the remainder he sold at 3s. a gallon, and the rest was disposed of at 
cost price. What did he thus gain or lose per cent ? 

38. Marbles are sold at the same price per score as they were 
bought at per dozen. Find the loss per cent. 

39. The income of an institution showed in 1874 an increase of 12 
per cent over the income of 1873, while the income of 1875 showed 
an increase of only 3 per cent, over that of 1873. Compare in this way 
the incomes of 1875 and 1874. 

40. SUk is bought at a certain price per metre and sold at the same 
price per yard. Calculate the gam per cent. 

41. In 1874 the value of a piece of ground increased 20 per cent., 
and in 1875 it decreased 18^ per cent. What was the total effect per 
cent, of these changes ? 

42. What change per cent, in 1876 would bring the value of the 
piece of ground referred to in Exercise 41 back to what it was before 
1874? 

43. Instead of a yard measure, a draper uses a stick which is 36.35 
in. long. What does he lose per cent by so doing ? 

44. Soap is bought and made up into cakes of the same size, the 
sellmg price per cake being the sa^ie. as the buying price per ^ lb. 
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What must be the weight of each cake so as to insure a gain of 6f 
per cent. ? 



152. Average Rate. — It is well known that the rate at 
which anything is done — ^goods sold, ground ploughed, 
distance travelled, &c. — ^may not be the same throughout 
the whole time occupied in the doing of it ; in other words, 
that the rate may vary. In such a case we cannot, of 
course, speak of the rate at which the thing is done, because 
there are more than one : still, one single rate is here also 
often used for convenience, viz., the average or mean rate, 
which may be defined as that single imaginary rate which 
would yield the same final result as the various actual rates. 
If 20 oxen cost in all ;£320, and we know that each of them 
cost the same sum^ we say that the rate was £16 per ox ; 
but if, on the other hand, some of them were dearer than 
others, we say that jQi6 per ox was the average rate, or 
that they cost jQi6 per head on the average. In the latter 
case it may be that no one of them cost jQi6^ but if this 
had been the price of each, the total cost would have been 
as it was, ^^320. Again, suppose a railway train starts 
from one station and stops three hours afterwards at 
another 120 miles farther on, we know that it must have 
gone at an infinite number of different rates, and, indeed, 
that from first to last its rate may have been continually 
varying ; we say, however, that the average rate was 40 
miles an hour, meaning thereby that had it gone uniformly 
at this speed the distance would have been accomplished 
in exacdy the same time. In instances like this, where 
from the nature of the case average rate must be meant, it 
is not uncommon to speak simply of the rate. 

Example i. If I spend jQi los. on Monday, jQz 2s. 5d. 
on Tuesday, jQi los. 6d. on Wednesday, 14s. on Thurs- 
day, 15s. 6d. on Friday, jQ^ 12s. 9d. on Saturday, and 
nothing on Sunday, what is my average expenditure per day 
during the week referred to ? 
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Total expenditure in 7 days* £2 10 o 

+ 225 
+ I 10 6 
•f o 14 o 
+ o 15 6 
+ 3 12 9 

= ;f" 5 a 

.'. average expenditure per day= j£ii 53. 2d.+ 7 

= j£i I2S. 2d. 

Example 2. A grocer buys 14 lb. of tea at 2s. 6d« per 
lb., 15 lb. at 3s. per lb., and 7 lb. at 4s. per lb. Calculate 
the average price per lb* 

Cost of 14 lb. at 2S. 6d.=;^i 15 
„ 15 lb. at 3S. ^£2 5 
„ 7 lb. at 4S. =j£i 8 

.•• total cost of 361b.=;^S 8 

and .•. average price per lb.«;^s 8+36 

It should be noted here that were he to mix together what 
he bought, this would be the value per lb. of the mixture. 

Example 3. In 3 weeks a stationer's income from his 
shop amounts to ^47 153. 6d. ; in the next 5 weeks it 
amounts to £6^ 12s. 6d. ; and in the fortnight following 
it is ;^2o 14s. Find (i) his average income per day during 
each of the periods referred to; (2) the average of these 
averages; and (3) his average income per day over the 
whole period of 10 weeks. 

(i) Average daily income in ist period =*;^47 15s. 6d.-M8 

=;^'2 I3S' id. 
„ 2nd „ =;£63 i2s. 6d.+3o 

=»;£a 2S. sd. 
„ „ 3rd „ -;^2o 14S.+12 

-£i 14s. 6d. 
(2) Mean of these 3 averages 

«(;£2 13s. id. + ;^2 2s. sd. + ;^i 14S. 6d,)+3 
^£6 10S.+ 3 
^£2 3s. 4d. 
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(3) Average daily income for the 10 weeks 

-{£47 15s. 6d. + j£6$ I2S. 6d. + j£2o i4S.)-*-6o 
— ;£i32 2S•-^6o 
^£2 4s. o*d. 

Here the learner may have expected the last two of the 
results to be the same ; he should, therefore, note that M^ 
average over the whole is not necessarily the same as the mean 
of the averages over the various parts into which the whole 
may be divided^ 

Example 4, The. cost of 24 lb. of sugar was 8s., some 
of it being bought at 4^. per lb., and the rest at 3^. per 
lb. How much was bought at each price ? 

The average price per lb.=8s.+24=4d. 
Now the first of the two prices is ^. more than 4d., and 
the second is ^d. less ; consequently, in order that pur- 
chases at the one price may counterbalance purchases at 
the other, and maintain an average rate of 4d. a lb., equal 
quantities of the two kinds must be bought. The answer 
to the question therefore is 

12 lb. at the one price and 12 lb. at the other. 

Example 5. A coal dealer bought 70 tons of toal, part 
at 28s. a ton and part at 35s* a ton, the average price per 
ton being 32s. How much did he buy at each price ? 

28s.»=4S. less than 32s. 
and 355.= 3s. more than 32s. 

. * . cost of 3 tons at 28s. » 1 2s. less than cost of 3 tonsat 32s., and 
cost of 4 tons at 35s. = 12s. more than cost of 4 tons at 32s. 

.•. cost of 3 tons at 28s. ) ^^. . ^ . „^ . ^^^ 
■a ^ . 1. - ? =cost 01 7 tons at ^2S. 
and 4 tons at 35s. ) ' ^ 

Hence of every 7 tons bought 3 are at the lower price and 
4 at the higher. But the total quantity bought was 70 tons ; 
.'. there were 30 tons at 28s. and 40 tons at 35s. 

Example 6. How must a grocer mix tea at 3s. 3d. a lb. 
and tea at 2s. 8ji^d. a lb. so as to form a mixture worth 3s. 
alb.? 
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In putting in the two kinds so as to have a mixture 
worth 3S. a lb., 

the putting in of i lb. at 3s. 3d. causes a loss of 6 halfpence, 
and ,, ,, 2s. 8^. ,, gain of 7 ,y 

Hence, in order that the gain may exactly counterbalance 
the loss, we must put in 7 lb. of the former for every 6 
of the latter ; for the loss in so doing would be 6 halfpence 
X 7, and the gain 7 halfpence x 6, that is, 42 halfpence in 
both cases. The desired mixture is, therefore, got by 
taking 6 parts by weight at the higher price for every 7 
parts at the lower. 

Example 7. How must three different kinds of sugar at 
4id., 5d., and 5id. per lb* respectively be mixed so a$ to 
give a mixture worth 4id. per lb. ? 

It is clear that if a mixture of the first and second kinds 
be got worth 4id. a lb., and likewise a mixture of the 
first and third worth 4|d. a lb., then a mixture of any quan- 
tities of these two mixtures must contain the three kinds, 
and must be worth 4id. a lb., and therefore must be the 
mixture desired. Now proceeding as in Example 6, we 
find that 

• xst 2nd 3rd 

Sugar. Sugar. Sugar. 

In the ist mixture there must be i part 2 parts — 
„ 2nd „ 3 parts — 2 parts 

''• *' ^'t^S' or "^^ "* } 4 parts .parts .parts 

Here we have taken 3 parts of the first mixture to 5 parts 
of the second ; but as we may combine the two mixtures 
in any manner we choose, it is clear that an infinite variety 
of answers may be given to the question. For example, 
taking 6 instead of 3 parts of the first mixture, of which 2 
must be of the first sugar and 4 of the second, we should 
have as our result 

5 parts 4 parts 2 parts. 

Exercises. Set XCVII. 

1. Find the mean of the odd numbers up to and including 15. 

2. Of 6 boys the first is 5 ft. 4 in. high, the second b 5 ft. i^ in., the 
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third is 5 ft. 6 in., the fourth is 4 ft. lo in., and the remaining two 
are the same height, viz., 5 ft. 5 in. What is the height of the boys 
on an average ? 

3. A score of sheep cost £2 14s. each, and half a score cost £i 5s. 
each. What was the average cost per sheep ? 

4. A butcher buys 3 oxen at ;^20 each, ^ at ;^25 los. each, and 7 at 
£l^ 15s. each. What was the average price per ox P 

5. Complete the following table of statistics : — 



Arrivals of Steam Shipping at Glasgow. 


Year. 


No. of Vessels. 


Total Tonnage. 


Average Tonnage. 


1831 
184I 
1851 
1861 
1871 


7537 
9421 

1 1062 

11281 

12713 


545751 
8281 I I 

102 1 82 1 

1029480 

1588699 




TotaL 









6. A person \mys 3 doz. pen-holders at i|d. each, 4 doz. at 2^ 
each, and i gross at jfd. each. Find the average price 01 i pen-holder. 

7. Find the mean of the second powers of the reciprocals of the 
even numbers up to and including 8. 

8. In a class of 15 boys the average age is 13^ years, in another of 
36 boys it is 12^^, and in a third of 40 boys it is I0|. Find the gross 
average (f>., the average over the whole). 

9. A horseman travels for 3} hours at a speed of 7 miles an hour, 
then for 2\ hours at 6 miles an hour, and ends by keeping up a speed 
of 8 miles an hour for 15 minutes. Find his average speed per hour. 

10. The average breadth of 5 coins is 1.35 in., of 6 other coins 1.45 
in., and of 10 others 1.2 in. Find the difference between the mean of 
these averages and the gross average. 

11. Complete the following meteorological table : — 



Date. 


Temperature. 


Mean Height 

of 
Barometer. 


Katnfi&ll. 


Maximum. 


Minimum. 


Aug. 23 


56.9 


^'l 


29.864 


0.03 in. 


., 24 


55.1 


38.8 


30.065 


0.00 „ 


» 25 


59 


40 


30.012 


0.01 „ 


» 26 


61.9 


37.1 


30245 


0.00 „ 


" *7 


62 


454 


30.312 


0.00 „ 


» 28 


57.5 


49 


30.249 


0.00 „ 


>* 29 


63 


47 


30.197 


0.00 „ 


Average. 











12. In the examination of a class of 35 boys, 3 got 175 marks, 8 got 



PRACTICAL EXAMPLES, WITH NOTES. 2ig 

i6o, II got no, 13 got 180, the highest number of maiks possible 
being 215. What average percentage of marks was obtained ? 

13. Thirty boys are enrolled for an arithmetic class, and daring i 
week 17 of them' have attended 5 days, 5 of them 4j^ days, 2 of them ± 
days, I of them 2 days, and the others have never been present. Find 
the average number of days attended (i) by each boy who has been 
present at all during the week, (2) by each boy on the roll. 

14. A goldsmith melts together ii grams of gold and 13 grams 
of silver. Accounting 5 grams of silver to be worth i franc, and 
gold to be i$i times more valuable, calculate the value of a gram 
of the alloy. 

15. Pure gold is said to be 24 carats fine : coinage or standard gold 
which contains 22 parts of pure gold to 2 oi alloy is therefore 22 carats 
fine. Now of the former a goldsmith melts 1 1 oz., of the latter 3 oz., 
and 10 oz. of rings and old watch>cases the gold of which is knoMm to 
be 18 carats fine. How many carats fine is the mixture ? 

16. 10 oz. of gold alloy 15 carats fine, 7 oz. 10 carats fine, and 12 
oz. of unknown fineness are mixed together, the mixture being 12 
carats fine. Ascertain the fineness of the 12 oz. 

17. How must a grocer mix coffee at is. 6d. a lb. and chickoiy at 
5|d. a lb. so that the mixture may be worth is. id. a lb. ? 

18. A grain-dealer buys 30 bushels of wheat, some of it at 5s. 6d. a 
bushel and the rest at 6s. a bushel, the average price being 5s. icxl. a 
bushel. How much did he buy at each of the prices ? 

19. How must flour at 2d. a lb. and flour at 2^. a lb. be mixed so 
that a stone of the mixture may be worth 2s. 8d. f 

20. How many lb. of lard at 7ld. a lb. must be mixed with 63 lb. of 
butter at is. 8d. a lb. so as to make a compound worth is. 6d. a lb. ? 

21. It is desired to mix together two sorts of butter worth is. 8^. 
and IS. I id. a lb. respectively, in order to have a mixture worth is. lod. 
a lb. Calculate (i) what percentage of the whole must be formed of 
each sort, (2) how much of the cheaper sort must be taken along with 
a stone of the dearer, and (3) how much of each there will be in a cwt. 
of the mixture ? 

22. In an examination a certain number of boys gain 75 per cent of 
the marks obtainaUe, and the rest gain 58 jDer cent. lOiowing that 
the number of boys examined was 34, and the gross average percentage 
gained 65, find how many boys gained 75 per cent. 

23. Cofiee at is. 4d. a lb. is mixed with another sort at is. iid. a 
lb., and the mixture being sold at 2s. a lb. there results a gain of 20 
per cent What percentage of the mixture did the cheaper coffee 
lorm ? 

24. How must teas at 2s. 6d., 2s. 8d., and 3s. a lb. be mixed so as 
to form a mixture worth 2s. gd. a lb. ? 

25. Coffee at is. 5d. a lb., coffee at is. dd. a lb., and chickory at 
54d. a lb. are mixed, the mixture being worth is. 6d. alb. In 35 parts 
of the mixture how many are there of each of the three ingredients ? 

26. Type-metal is composed of 16 parts of lead, 4 parts of antimony, 
and I of copper, and is worth 82 centimes per kilogram. Assuming 
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lead to be worth .55 fr. per Inlog,, antimony 1.5 fr.» and copper 2.42 
fr.y find another alloy of these metals of the same valae as type-metal. 

153. Various Ways of Expressing a Rate.— As 
has already been seen, a rate may be specified in varioas 
ways, owing to the variety of units of measurement at our 
disposal. The mode in use in any particular case may 
have been fixed by custom, but it should also be noted that 
in practice this variety is a matter of some convenience. 
So much per cent, may be suitable in the case of large sums 
of money, but in departments of business where small sums 
are chiefly dealt with a. poundage, ue,^ a rate of so much per 
pound, is commonly preferred. Further, the dislike of 
fractions in ordinary life may have influence in the choice 
of the mode of expression. When the number of deaths in 
a year out of every hundred inhabitants is stated for several 
towns, the result not uncommonly is 2.5, 2.2, 2.6, &c.y 
numbers which cannot be compared unless attention is paid 
to the fractional parts. If, however, the death-rate is 
expressed as so many per thousand^ this difliculty (if it be 
one) is avoided ; and such is actually the mode in use. The 
exercises which follow are intended to give the learner 
practice in passing readily from one mode of expressing a 
rate to another. 

Example i. Express the speed of 44 ft. per second as 
so many miles per hour. 

44 ft. per second =(44 x 60 x 60) ft. per hour 

44 X 60 X 60 ,^; ^_. U^,,« 

=23 _ — mi. per hour 

3x 1760 '^ 

_i X 6ox 6 

Example 2. Express a rate of 12 J per cent, per annum 
as so many pence ^^^x pound per month. 

j£i2i per cent, per annum «^i^ per pound per annum 

=:-£l£iL- per pound per month 
100 x 12 *^ *^ * 
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which = i?tiH?d. per pound per month 

IOOX12 tr r r 

__ I X 20 t 

= 2j<l. „ ,1 

Exercises. Set XCVIII. 

1. The education rate of a town is i^d. per pound. What percentage 
is this? 

2. How much per pound is 15 per cent. ? 

3. What percentage is a poundage of 7 Jd. ? of 2 Jd. ? of 3id. ? 

4. What poundage is the same as i per cent. ? ij per cent. ? i| per 
cent. ? 

5. What percentage is booksellers' discount of <* 2d. o£f the shil- 
ling"? 

6. Discount of 25 per cent, is how much <* off the shilling " ? 

7. How much per cent, per ann. is ijd. per pound per month ? 

8. How much per pound per month is 10 per cent per annum ? 

9. What speed in yards per minute is the same as 591 ft. per 
second ? 

10. 40 miles per hour is a speed of how many yards per second ? 

11. 220 yd. per minute is a speed of how many miles per hour ? 

12. 8100 cub. ft. per day is how many cubic inches per second ? 

13. Half-a-pint a day is how many gallons a year ? 

14. Express the velocity of 40 ft. per second in terms of the metre 
and minute, 

15. Express the velocity of 13.6 kilometres per hour in terms of the 
yard and second, 

16. Half-a-crown per ton per mile is how many centimes per quintal 
per kilometre ? 

17. "The temperature rose through 50 Fahrenheit degrees in an 
hour." Express this rate of rise in terms of the centigrade degree and 
second, 

18. Express a charge of 2.25 francs per millier per kilometre in 
terms of Enghsh units. 

19. Eroress in terms of the Fahrenheit degree and minute a rise of 
.754 centigrade degree per second. 

20. [A. foot-pound is the amount of work necessary to raise a pound 
of matter i ft. high ; kilogram-metre is similarly understood.] Express 
a rate of 33000 foot-pounds per minute in terms of the kilogram-metre 
and hour. 

21. [A pound-degree is the amount of heat pecessary to raise a 
pound of water through i degree Fahrenheit; kilogram-degree is 
similarly understood, the degree, however,' bein^ centigrade.] Express 
** 772 foot-pounds per pound-degree " in terms of the kilogram-metre 
and kilogram-degree. 
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154. Interest. — Examples 7, 8, 9, 10 of Set XCII. are 
instances of the calculation of Interest^ which is the name 
given to any sum of money paid in return for a loan of 
money. Such calculations are of very common occur- 
rence, and therefore a considerable number of additional 
examples will now be given, stated in the shorter language 
employed in business. 

The rate at which interest is paid is specified by mention- 
ing the interest on ;^ioo lent for one year, and the usual 
mode of expressing it is so much per cent, per annum; or so 
much per cent., "per annum" being understood; or, in 
writing, so much 7o. The sum of money lent, as distinguished 
from the sum of money received for lending it, is called the 
Principal, The principal, together with the interest due on 
it after a given time, is spoken of by the lender as what his 
principal has become in the time referred to, or what it 
amounts to at the end of that time. 

Two ways of granting interest are in use by money 
borrowers, viz., (i) interest may be granted only on the 
principal handed over by the lender, (2) interest may be 
granted on interest as well ; that is to say, at stated times 
the interest due may be added to the principal, and thence- 
forward bear interest itself. The terms " simple '* and " com- 
pound," applicable to these two modes of reckoningy are used 
instead in connection with the word interest; so that, in the 
former case, the principal is said to be lent at simple interest^ 
in the latter at compound interest. Usually simple interest 
is meant unless the contrary be stated. 

Example i. Calculate the simple interest on ;£724 
17s. 8d. for 3i years at 7 per cent, per annum. 

Interest on ;£ioo for i year=;£7 
.•„ „ ;^724 17s. 8d. „ =£i x ^^^y/^ ^ 

and .• . „ „ for 3* V'£'l "^^^^Jj^' " 3* 

=;^I77 I". II. I 
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Operations performed : — ^^ s. d. 

724 17 8 

7 



5074 


3 


8 
3* 


2537 

15222 


I 
II 


10 



177-59 
20 


12 


10 


11.92 
12 





II. 14 

Or, since we know (p. 201) that 

Int. on ;£724 17s. 8d. for i yr. =^^724 17s. 8d. x -L 

» » 3*F-=;^724 17s. 8d.x-I^x3J 

=£^11 IIS. ii.i4d. 

Example 2. Find the interest on ;^52 17s. 6d. for 
5 years 1 1 months at 2^ per cent, per annum. 

Interest required=;£52 17s. 6d, x -?i x 5ft 

=;^6 i2s. iiifjd. 

Operations performed : — £ s. d. 

52 17 6 

2i 



6 
105 


12 

15 


2i 



112 


7 


2i 

5H 


12)1235 


19 


oi 


102 


19 
15 


iiiV 

Hi 


6.64 
20 


15 


loA 


12.95 
12 


erW 



5oA_ 805 ^ 161 
ii'SOrr jQQ j5qq 220* 



224 CLASSIFIED COLLECTION OF 

Observe that in &e calculation of interest, a month is 
looked upon as iV of a. year, and as containing 30 days. 

Example 3. What will ^£'214 i6s. 4d. amount to after 
lying at interest for 15 weeks, the ratel>eing 2^ per cent, 
per annum? 

Interest on ;^2i4 i6s. 4d. for i yr.=;£'2i4 i6s. 4d. xit 

„ „ IS wk.«;^2i4 i6s. 4d. X ^^xl5 

=;f2i4i6s. 4d.x^ 

=;^644 9S.+4i6 

-=^£1 lOS. iiT^Ad. 

.*. amount required*;^ i los. iitW^. \ 

+ 214 i6s. 4d. j 

=;^2i6 7s. 4d. nearly. 

Example 4. Find the interest on ;^i2 15s. 6d. for 2x2 
days at 3 per cent, per annum. 

Interest on ;^i2 iss. 6d. for i yr.=;£'i2 15s. 6d. x -i- 
.-. „ „ 2i2da.-;^i2 15s.6d.x-lx?!? 

=;^i2 i5s.6d.x^ii^* 
*^ •^ 73000 

=»;^i6249 16S.+73000 

«=4S. SHfJd. 

Here, instead of dividing 212 and 100 by 4, in order to 
simplify the operations indicated in the second line, we 
multiply a numerator and denominator by 2, thus obtaining 
the easy divisor 73000. 

Example 5. ^£87 56 12s. is deposited in a bank on 3rd 
April, 1875, and withdrawn on 2nd January, 1876. Calcu- 
late the interest due, the rate being 2^ per cent, per annum. 

No. of days«27 +31 + 30+31 +31 +30+31 +30+31 + 2« 274. 

.'. interest required=;£8756 12s. x ^ x ?|* 

-X8756i2s.xll!liZ4 
^^ '^ 73000 

«;f 147 i8s, oHHd. 
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Here observe that in calculating the number of days for 
which interest is allowed we count 2nd January and 3rd 
April as making only one day : or, what is the same thing, 
we count 2nd January one day, and do not count 3rd April 
at all, there being thus from April, 30-3 days, and from 
January, 2 days. 

In these calculations it will sometimes be found advan- 
tageous to express shillings, pence, and farthings as a 
decimal fraction of a pound, it being sufficient that the final 
result be correct to the 3rd right-hand place : and, of course, 
here, as elsewhere, the learner should be ready to recognise 
when this, or any other change, is likely to prove useful. 
For example, the operations of Example 2 may be performed 
as follows : — 

2i 

6.609 
105-75 



112.359 

6-tV 

674.154 

9.363 



6.648 
20 



12.960 
12 

11.52 



Exercises. Set XCIX. 

Find the simple interest on — 

1. ;^245 for I year at 3 per cent, per annum. 

2. ;f 376 for I year at 2J per cent, per ann. 

3. ;^I48 I2S. 6d. for i year at 4 per cent, per ann. 

4. ;^26o 15s. for 3 years at 2 per cent, per ann. 

5. ;f 750 17s. 6d, for 2 years at 2 J per cent, per ann 

A fytriTi Fe fr\T tI. vAore of 9 t\a«- /*Anf T\At* ann 
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10. ;^5oo 7s. 6d. for 5 years at i J per cent, per aan. 

11. ;^I24I 5s. for 2 years at li per cent, per ann. 

12. ;^6i I los. lod. for 2 years 6 months at 4 per cent, per aaUi 
13* ;^3io OS. 5d. for 3 years 9 months at 2 per cent, per ann. 

14. ;^i6 los. for I year 3 months at 4 per cent, per ann. 

15. ;^I20 7s. 6d. for I year loj months at 5 per cent, per ann. 

16. ;^26o 4s. 4d. for 17 weeks at 2} per cent, per ann. 

17. ;^390 6s. 6d. for 15 weeks at 2| per cent, per ann. 

18. ;^i75 los. for 73 da3rs at li per cent, per ann. 
ig. ;^i642 10s. for 109 days at 3} per cent, per ann. 

20. ;^i9i6 5s. for 272 days at 3^ per cent, per ann. 

21. ;^i26o 17s. 6d. for 3^ years at 2| per cent, per ann. 

22. ;^2i7 I2S. 6d. for 5 years 5 months at 4^ per cent, per ann. 

23. ;^976 4s. 8d. for 1 1 weeks at 2^ per cent, per ann. 

24. ;^I28 4s. 7d. for III days at 3f per cent, per ann. 

25. jf 400 3s. 9d. for J year at 1 J per cent, per ann. 

26. ;^73i los. 5d. for 2 years 113 days at 2} per cent, per ann. 

27. 600 guineas for 3 years 217 days at 4 per cent, per ann. 

28. ;^54 1 6s. 4d. for 2 year& 7 weeks at;^i 7s. 6d. per cent, per ann. 

29. 645 francs 25 centimes lent from 13th May to 13th October at 
i^ per cent, per ann. 

30. £4^S ^7^' ^^' ^^^ I 7^^ 7 months 18 days at 2} percent, per ann. 

31. The sum of/'56oo lies in a bank from 3rd January, 1874, to 
20U1 May, 1875. What interest is due on it at the latter date, the rate 
being 3^ per cent, per ann. ? 

32. What would ;f 350 amount to at Christmas, 1875, ^ ^^^ ^ ^ 
banker on 29th September of tbe same year, interest being allowed at 
the rate of 2f per cent, per ann. ? 

33. The rate being 4 per cent, per ann;, what interest must be due 
on 1 2th October, 1875, on a deposit of ^^360 12s. 6d. which has been 
in the bank since 5th March, 1874 ^ 

34. The sum of ;^850 17s. was deposited in a bank on 31st May, 
1874. What would it amount to on ist January, 1875, interest being 
given at the rate of 2^ per cent, per ann. ? 

35. The sum of ;^400 15s. 2d. was lent at a charge of 5^ per cent, 
per ann. from 30th June, 187 1, to 1st Febraaiy, 1873. What total 
sum should be returned at the latter date ? 

The foregoing exercises bearing on the subject of ifiterest 
are of the kind most commonly required in business, viz., 
where (i) the prindpa/, (2) the time of loan, and (3) the 
rafe are known, and it is desired to find (4) the interest due, 
Or the amount which the principal has increased to. Any 
three, however, of these being given, it is possible to find 
the fourth; and as it is sometimes useful to be able to 
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do tUs^ we riiall now briefly consider the three less im- 
portflilt cas^ that remain, viz^y (I^) where the r(Ue per cmi. 
per annum is to be found ; (II.) where the time Of k>ati ul 
to be found ; and (III^) where ^^principeU or origineU sum 
lent is to be found* 

(I.) £3Cample i. At what rate per cent, per annum will 
the interest on ;^76o for 5 years be ;£95 ? 

The question in dth^ words is : If ;£76o gain ;£95 in 
5 years, what would ;^ioo gain in i year ? And we proceed 
directly from the known to the unknown, exactly as in 
Set XCII., Ex. 24, thus :— 

Interest on ;^76o for 5 yr.=;f 95 

;fioofori Jrr.-;^9Sxi^xi 

Example 2. Lying at interest for 156 days ;£io95 
becomes ;^iii8 8s. tind the rate of interest per cent, per 
annum. 

Here we are not told, as in Example i, the interest 
gained, but it is at once seen to be ;£iii8 8s.-j£io95, 
ue,y j£2^ 8s., and wfe thus proceed as before : — 

Interest on j£iog^ for 156 days =^23 8s. 



99 



9* 



;^ioo for I year «;^23 8s.x^xg 

=;^i3 8s.x?5xi 



(II.) Example i. How long must ;^892 los. lie in a 
bank to gain j^i Jo 3s. i^d, interest being given at the rate 
of 3 J per cent, per annum ? 

The question in other words is : If ;;^ioo gain j£^i in a 
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year, in what time will ^^892 los.gain ;f 130 3s. ijd,? And 
starting from what is known, we reason towards the unknown 
as follows : — 

;f 100 gains £si in i yr. 

.-. ;f 892 ios.gams ;^3i in i yr. x ^ 

.-. ;^892 ios.gainS;^i30 3S. ijd. m lyr.x^x^iS^jlli 

#• ^ » in. ^°° 624 75 halfp. 
/.<r., I yr. X -^^ X -^g^^^ 

^ 12405 
t,e^, I yr. X -^ X — ^^ 

' ^ 357 42 

5 35 
1.^., I yr. X 2 X :iP 

I 42 
!>., 4i yr. 

Example 2. The rate of interest granted by a bank 
being 2i per cent, per annum, how long must ;£33o be 
deposited so as to become ;;^332 9s. 6d.? 

To become ;^332 9s. 6d., a deposit of ;f 330 must gain 
j£2 9s. 6d. of interest. Noting this, we proceed as 
before : — 

^100 gains j£2l in i yr, 

.-. ;f 330 will gain £2i in i yr. x !^ 

and .'. ;^33o will gain £2 9s. 6d. in i yr. x — x ^^j?* ■ 

10 go 

i,ft, I yr. X — X ^ 

9 J 33 90 

U, I yr. 

Example 3. In what time will a sum of money double 
itself lying at interest at the rate of 4 per cent, per annum? 

The question takes for granted that the time will be the 
same, whatever may be the sum of money deposited ; and 
such is easily seen to be the case. I^t us suppose, tiiere- 
fore, that it is ;^ioo; then 

since ;^ioo gains ^£4 in i yr. 

;^ioo will gain ;f 100 in i yr. x — 

1.^., 25 yr. 
(III.) Example x. Calculate what sum must be at interest 
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for 2i years, at the rate of i^ per cent per annum, to gain 
;^iS 8s. 9d. 

j£ii would be gained in i yr. by ;f 100 

.-. ^15 i8s. 9d. „ „ ^100x^15^. 

.-. ^is i8s. 9d. „ in 2j yr. by £ioox£lS^J^^L^ 

i.e.,£ioox l^ 

Example 2. What sum of money would become 
^362 IIS. 4d. if laid out at interest for 3 years at the rate 
of 2+^ per cent, per annum ? 

;;^ioo would gain in i yr. £2^ 
.-. ;£ioo „ 3yr. £2^^^ 

i.e., £6f 
.*. ;f 100 would become in 3 yr. ;;^io6f 

Since then, 

sum which becomes ;^io6f in 3yr.=;f 100 

.., „ „ ;£362 IIS. 4d.«^ioox^3|^- 

«;gl00x^"537i9s.4d. 
=;^2537 19s. 4d.xi? 

*49 

'"^tS^TSQ 6s. 8d. -I- 149 
^^£340 13s. 4d. 

This form of the third case is practically more important 
than any of the six exercises preceding. On this account, 
and also because the mode of procedure is different, the 
attention of the learner is more particularly directed to it. 
It will be found a help to remember that the first aim must 
be to find wAat ;£'ioo would amount to in the given time at 
the given rate^ and that in doing this care must be taken not 
to proceed as follows : — 

;^ioo would gain in i yr. jQ2\ 
.-. ;£ioo would become in i yr. jQio2\ 
.-. ;£ioo „ Syr- ;£io2+x3, 
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in die laBt tine of which there is a (Berious error of reasofunj;, 
the amount to which a sum has increased not being {propor- 
tional to the time the sum h«s been lying at interest. 

Example 3. When the rate is at 5 per cent, per ^onuio, 
a certain sum lying at interest becomes ;^i5o9 i6s. in 249 
days. Find it. 

In .«49 d*y5 £^90 vpuld become ;£ioo+;^sx?g 

Then, since 

sum which becomes £^0$^ in 249 da.»;^ioo 



^7549^ 73 



^ 5 7549 

-^20K73 

;^i46o. 



ExsRGisss. Set C. 



1. What length of time miist;^i25 l|e at simple interest at the rate 
of 5 per cent, per ana. to gain j£^$ ? 

2. The sum of ;^790 g^Mxn ia | yean j^z 191. of iA^rest ^ind t])e 
rate per cent, per ann. 

3. Whe9 the rata ei tofiQrtsi is 2^ per cent, per ann., a certain sum 
gaiQ4;^63 15s. in 2^ years. Find the sum. 

f. in 5| years the interest gained by ;f420 amounts to 21 gnineas. 
C4ci]di^te w rate per cent, per ann. 

5. When the rate of interest in a bank is 3} per cent, per ann. a 
deposit of ;(fS27 ix)s. gains j^3i 17s. How long must it have been in 
the bank ? 

6. What sum must lie at simple interest for 7^ years at the rate of 
t per cent, per ann. in order to gain £sj is. 6d. t 

7. A sum of ;^2^o 6s. 8d. lying at simple interest gaSns^iS i8s. 7^. 
w^ien |th(e rate is 2I per cent, per ann.' How long must it h^ve bcuea in 
the bank ? 

8. What must be the rate of interest per cent* per ^nn. wh^n ^^640 
becomes ;f 667 49. in 2 years ? 

9. In what time will ;£'725 become ^^835 15s. if laid oat at interest at 
the rate of 5 per cent, per ann. ? 

la A sum of mopey is plfiped 9t interest for c years at the rate of 
3f per cent, per ann. and gains in that time j^85 13s. 3{d. What will 
it then amount tp ? 
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11. A person whose money is invested at 2^ per cent, per ann. has 
an income therefrom of is., .a day. Find the amount of the investment. 

12. Find in how many days £6$^ will become £6$^ 15s. 6f|d. if 
placed at simple interest at the nate of z^ per cent, per ann. 

13. Find in what time a sum of money placed at simple interest at 
the rate of 5 per cent, per ann. will treble itsdf. 

14. The interest on the twenty-fourth part of half-a-crown for 438 
days is the thousandth part of a farthing. Calculate the rate per cent, 
per ann. 

15. A person places ;^30 8s. 4d. at interest at the rate of 2} per cent, 
per ann. In how many days will it realise half-a-crown of profit ? 

16. An exchequer bill for ;^550 bears 3}d. of intei^st per diem. 
What rate of interest is this per cent, per ann. ? 

17. A sum is placed at interest at the rate of 5 per cent, per ann. on 
nth March, and at a certain date it is found to amount to ^4076 js.^ 
of which ;^6i IS. is interest. Find the date. 

i3. On 4th January^ 1876, a sum is placed in a bank, and on |8th 
November of the same year it amounts to ;f 4952, of which ;^207 7s. is 
interest. Calculate the rate of interest. 

19. A certain sum with the interest on it for 4 years at the rajte of 2} 
per cent, per ann. amounts t0;^72 12s. Find it. 

20. Find what sum invested for 3I years at 5 per cent, per ann. will 
at the end of that time amount to j^542 |os. 9|d. 

21. A certain sum, together with the interest on it for 125 days at 4 
per cent, per ann., amounts to ;^222 7s. 6d. Find the sum. 

22. What sum placed in a bank on i8th March will amount to 
j^2254 48, on 1 8th October^ the r^e pf inter^t i^ewg ^ per c^t. per 
4nn.? 

23. Calculate what sum of money must be invested for i| year at 3 
per cent, per ann. in order to become ;^778 12s. lojd. 

24. On I3tfa March a sum of ^5110 is placed at simple interest, and 
00 19th Octobor it amount to £s ^^ ^^^ ^^^ ^ '^^ ^ iuUrfsst per 
cent, per ann. 

25. A sum is placed at simple interest and in 50 years the inter^t 
it has gained is double the principal. Find the late of interest per 
cent, per ann. 

jl$. On the ^9^1 Fcbru9^ a sum of money is put put at intoi^est at 
the rate of 6^ per cent, per ann., and on the 17th December of the 
same year it has increased to ;f 306 3s. 9d. Find the sum invested. 

27. How much interest must have been gained by a sum which after 
lying for 7^ years amounted to ^^285 17s. 9{d., th« rat^ bein^ 2^ per 
cent, per ann. ? 

28. A sum is deposited at simple interest at the rate of 2| per cent, 
per ann. la what time will the interest due he five^tcighths of jthe 
d^pp«t? 
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29. A certain sum is placed at interest at the rate of 4 per cent, per 
ann., and after 2 years it amounts to ;f 166 14s. 6d. How much of this 
is interest ? 

30. A sum of ;^20O 8s. 4d. lies at interest at the rate of 2^ per cent, 
per ann., and after a certain time it has thereby increased to ;^234 9s. 9d. 
How much greater would the increase be if it were allowed to lie 2 
years longer ? 

31. A certain sum placed at simple interest at the rate of 3 per cent, 
per ann. would gain in 5 years ;^84 is. io|d. What would it amount 
to in 9 years ? 

32. A sum of a certain number of pounds was placed at simple 
interest and in 2^ years was found to amount to the same number of 
guineas. Find tne rate per cent, per ann. 

33. A certain sum placed at interest at the rate of 2} per cent, per 
ann. has in 34 years increased to ^'2474 is. 3d. What would it have 
increased to if the rate of interest had been twice as much ? 

34. A person invests a sum of money at 4^ per cent, per ann., and at 
the end of 3^ years finds it has increased to ;f 545. Had the sum 
invested been thrice as great, how many pounds more of interest would 
he have received ? 

35. A person deposits a sum in a bank, and after a year deposits as 
much more, and half a year afterwards withdraws the whole with 
interest. Knowing that the rate was 4 per cent, per ann., and that 
the sum finally drawn was ;^69i 17s. 6d., calculate the sum fixst 
deposited. 

155. If a person deposit a sum in a bank, he may with- 
draw it, at the end of a year, say, and receive his interest ; 
then, placing both principal and interest in the bank as a 
new deposit, he may withdraw them at the end of another 
year along with the interest due, and so on. The possibility 
of a person acting in this way causes the bankers to ofifer 
another arrangement to depositors, viz., to give the second 
year, of their own accord, interest on the interest due at the 
end of the first ; and this, of course, is what such a depositor 
as is referred to aimed at getting. When the interest is cal- 
culated in this way, at stated intervals, and added to the 
principal, the sum is said, as we have seen, to be placed at 
compound interest. The interval is usually a year, or half 
a year, but may be of any length agreed upon. 

Example i'. A sum of ;;^90o is placed in a bank where 
interest at the rate of 5 per cent, per annum is calculated 
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yearly, and added to the principal. Find what it will 
amount to at the end of 3 years. 

Principal for ist yr. «;;^9oo 
.'. interest „ =;£9oox-^ 

Principal for 2nd year =;£9oo+ 45=^^945 
.-.interest „ =^945 xX 

Principal for 3rd year =;;^945 + £^*l Ss« 

.*. interest „ =>£^992 5s. x X 

=;^49 I2S. 3d. 

.*. amount at end of 3 yr.=;^992 5s. + ;£49 12s. 3d. 

=;^io4i 17s. 3d. 

Example 2. A sum of ;£^75o is placed in a bank where 
interest at the rate of 2\ per cent, per annum is calculated 
yearly and added to the principal. How much interest will 
have accrued in 4 years? If the sura had been placed 
at simple interest at the same rate, what would have been 
the difference ? 

Principal for istyear ^£^<p 

.-.interest „ =^750 x^ 

Principal for 2nd yr. =;£75o + ;^i8.75 

=;£768.75 
.-.interest „ =^768.75 xi 

-£ 19-21875 

Principal for 3rd yr. =;^787.96875 
.-. interest „ =;£" 19.6992... 

Principal for 4th yr. = ;^8o7 .6679 . . . 
.'. interest „ —J[^ 20.1916... 
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.'. Total interest- ;^i8.7S 

-»- 19.2187... 
+ ^9.6992... 
+ 20.1916... 

'=;^77-BS96... 
'^jCII ^7s- 2d. nearly. 

Had the sum been placed at simple interest, the principal 
would have remained the same throughout; consequently 
the interest for the 2nd« 3rd, and 4th years would have been 
the same as for the ist, viz., ^^18.75, ^^^ •*• would have 
been in all ;£i8.7S x 4> ^•^•> ;^7S> so that 

difference required =;f 2 17s. 2d. 

Example 3. A sum of ;^74o i8s. 9d. lies at interest for 
2 years 115 days at the rate of 3i per cent, per annum, the 
interest being added yearly* Wh^t does it amount to at 
the end of th^t tim^? 

Interest for ist yr. =;^7 40.937 5 x ii 

« 22.2281? 

+ 3.70468 

Interest for 2nd yr.=;^766.8703 x -tt- 

= 23.op6yx 
+ 3-^3435 
Interest for 115 da.=;^793.7io76x-Z-xp.5 

3-9685538 >« 7 '<^ 

8.75256— 
.*. amount j^quired»;^8o2.4633... 

=;;^8o2 9s. 3d. nearly. 

In multipl)ring above by -^ we have mentally shifted the 

units* mark two pUices to |he left, and QiultipUed the result 
by 3, and then by i> 

In the ca$(S of £x$tmple i we might hav^ taken the 
following instructive mode of procedure. 
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Sicice the interest on £100 for i ye^ ^jCs 

and, therefore, 

in I year £1 will amount to ^^1.05. 

Hence, 

in I St ye?ir ;f 900 will an^ount to ;f 900 x 1.05 
„ ?nd „ £9^^^ ^'^5 » j^Qoo^^^-oS^^'^S 

!>., ;f9<^<^^(^-o5)' 
whidi « ^900 X i.i57<S25 

« ^1041.8625 

« ;£ IO4I 17s. 3d. 

If the T9X^ had been 4 per cent, per annum, and the time 
7 years^ the result would cle4rly hg.ve been ;£90o x ^(1.04)'' 
instead of ^^900 ¥ (1.05)^ If the rate had been z, and 
the time 6 years, we should have had ^^900 x (1.02)*, and 
so op. 

Example 4. What will ;^4ooo deposited in a bank 
amount to in li years if interest at 4 per cent, per annum 
be added half-yearly to the principal ? 

Axa&mU required=«;£4ooox (j.02)' 

-;£4ooox 1. 06 1 208 

=»;£4244.832 
^^4244 17s. 7.68d. 

ExK&ciSES. Set CI. 

Fiod what th€ following sums will amount to if placed at compound 
interest* the calculations b^g made yearly : — 

I. ;^78o ; rate 2^ per cent, per ann. ; time 2 years. 



«. £7^ ; 


^ M 


5 


M 


» 


»» 


i> 


91 


3. ;^2220 ; 


» 


4 


11 


» 


» 


2 


91 


4- £5^ i 


» 


5 


91 


» 


91 


3 


19 


5. ;f 7000 ; 


91 


S 


91 


»> 


» 


5 


9> 


6. /6420 ; 


■91 


3 


99 


»» 


» 


2 


» 


7-jf540i7s.6d.; 


V 


li 


19 


» 


» 


2 


»> 


8. ^^9046 I2s. 6d. ; 


If 


»i 


>» 


» 


» 


3 


99 


9. ;f 60 14s, 9d. ; 


»* 


»i 


» 


>» 


M 


3 


>» 


10. j^834 i8s. 4d. ; 


IP 


>i 


99 


W 


>f 


4 


»> 



The following sums are pUced at compp«ad interest, tUe calculations 
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being made half-yearly. Find the total interest gained in each 
case: — 

11. ;^540 17s. 6d. ; rate 2} per cent per ann. ; time i} year. 

12. £62$ I2S. 6d. ; ,,4 „ „ „ i „ 

14. £678 I2S. ; „ 3J „ „ „ 1} „ 

15. £^^^ 7s. 8d. ; „ 3 „ „ „ 3 „ 

Calculate what the following sums will have increased to if placed 
out at compound interest, the calculations being made yearly in the 
case of the first two, half-yearly in the case of the second two, and 
quarterly in the case of the last two : — 

16. ;^420 t6s. 3d. ; rate 2^ per cent, per ann. ; time 2 yr. 7 mo. 

17. £968 158. 4d. ; „ 3| „ „ „ 3 yr. 105 da. 

18. ;^840 los. 6d. ; „ 2^ „ „ „ i yr. 8 mo. 

19. £660 I2s. 2d. ; „ 1} „ „ „ 9} mo. 

20. £S50 17s. lod. ; „ 4f „ „ „ 9} mo. 

21. ;^764 8s. 7d. ; „ 6J „ „ „ i yr. 64 da. 

22. A sum of ;f 10 lay in a savings bank for 4 months, where the 
interest at 3 per cent, per ann. is calculated monthly and added to the 
principal. What total sum of interest would be due ? 

23. What will ;^I3 amount to in 1} year if deposited in a bank 
where interest at 3 per cent, per ann. is calculated quarterly and added 
to the principal ? 

24. A sum of ;^3400 lies at simple interest for 2 years at the rate of 
4 per cent, per ann. How much more would have been gained if it 
had been placed at compound interest^ the calculations being made 
yearly ? 

25. In a certain bank the interest is calculated and added to the 
principal half-yearly, viz., on 30th June and 31st Dec. What interest 
would be due on 31st Dec, 1875, ^^ ^ s^^>™ ^^ £39f which had been 
deposited on 3rd April of the same year ? 

26. At the birth of a son the sum of a thousand pounds is invested 
for him until his coming of age, the interest to be the rate of 5 per 
cent, per ann. and added yearly to the prindpaL What will it have 
increased to by that time ? 

27. A money-dealer borrows £sooo for a year, the interest agreed 
upon being at the rate of 4 per cent, per ann. He lends the sum to 
a third person and receives interest at the rate of I per cent, per 
quarter, which as it falls due he lends out at the same rate. What 
profit does he thus realise ? 

28. A person with an annual income of ;^I500 puts out a tenth of 
it at compound interest on the same day every year. How much 
money will he thus have lying in his name on going to make his fourth 
investment, if the rate of interest be 4 per cent, per ann. ? 

29. A gentleman obtains a situation at an annual salary of ;^8oo, 
paid quarterly^ with a rise of 50 per cent, yearly. If he save the last 
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quarter's salary of each year, and invest it in a bank where the interest 
at the rate of 4 per cent, per ann. is added yearly to the principal, what 
will he thus be possessor of 4 years after entering on his duties ? 

30. A person placed ;^6cxx> in a bank where interest at the rate of 
3 per cent, per ann. was added half-yearly to the principal, but at the 
time of the addition of the interest he regularly witndrew ;^5C». What 
snm would remain in his name two years afterwards ? 

In connection with the subject of compound interest, 
questions may arise similar to those considered on pp. 227 
— 230, under the head of simple interest. They are not, 
however, so easy of solution ; but at the same time they are 
of less practical importance, with the exception of those 
coming under the third head, viz., where the principal is to 
be found. To this head the examples following mainly 
belong. 

£xample i. What sum placed in a bank, and having 
interest at the rate of 5 per cent, per annum added to it 
yearly, will increase to ^1041 17s. 3d. in 3 years? 

Under the same circumstances 

;^i would increase to j£{i,o$y 

so that every j£i in the investment corresponds to a sum of 
^1.157625 in the amount to which the investment increased, 
viz., ;;^io4i.8625 ; hence, the number of times that 1. 157625 
is contained in 1041.8625 is the number of pounds in the 
investment. 

/. sum required=;^io4i.8625-i-i.i57625 

= ;f900. 

Or, more shortly, thus : — 

We know that 

principal X (1.05)3 =;^io4i.8625 
1.^., principalx i.i57625=;^io4i.8625 

.*. principal«;^io4i.8625-i-i. 157625 

= ;£900. 

Example 2. A certain sum is placed at interest at the 
rate of 3 per cent, per annum, the interest being added 
yearly to the principal, and 4 years afterwards it has been 
increased by ^^^250. Find the sum invested. 
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Under the Same circumstanceig 

j£i would increase to ;^(i.o5)^ 
/>., „ „ ;fi.i255o88i 

and «*. j£i would be increased by £ .i255o88ir 

so that the nuQiber of times that .12550881 is contained in 
250 is the number of pounds in the investment. 

/. sum required=;^25o-i-. 1255088^1 

»;£i99i 17s. lodtf nearly. 

The kind of difbculty which arises in the examples coin- 
ing under the other heads is seen in the following, and is 
worthy of attention. 

Example 3. The sum of ;^i2ooo lay in a bank for 7 
years, the interest being added 'to it yearly. Knowing that 
m that time it increased to ;£i579i 6s., find the rat^ of 
interest per cent, per annum. 

Here we know (p. 235) that 

;^i2ooox (an unknown number)'' ==;^i 5791.3, 

the unknown number being, of course, i + the percentage 
on it, 

.\ (the unknown number)'=;fi 5791.3+;^! 2000 

But at this sts^ the learner has no means of finding the 
number which when raised to the seventh power would 
produce 1.3 159 •••9 so that he cannot proceed farther. 
With a little additional knowledge the number is found to 
be 1.04, and .'. the rate per cent, per annum must have 
been 4. 

Exa&ciSES. Sbt en* 

1. If interest be at the fAtt of 4 ptt eent per atm. and be added 
yearly to the principal, what sum wottM by investment be hicreased in 
3 years to ;^i 124.864 ? 

2. What sum of money would be increased in 4 years to ;^225 loi. 762, 
if interest be added yearly to it at the rate of 3 per cent, per aim. ? 

3. A sura of money is placed in a bank where interest at the rate of 
3 per cent, per ann. is added yearly to the principal, and in 2 years the 
total interest which has accrued amounts to ;^28.i4. Find the sum 
invested. 
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4. A bank offers ta depbs^tors compound iat^^est at the rate of 5 per 
cent, per ann. calculated yearly. Wnat sum must now be invested in 
it to be worth ;^r76^4 f 6s. 9fd. 4 years hence ? 

$. A sum oi xAdtief ^as invd^ted and thiTde years liater wiis fottnd to 
have increased by /'129.883. Knowing that interest at the ra4!e of 5 
per cent, per ann. had been added yearly to the principal, calculate the 
sum invested. 

6. In Negotiating for the purchase of a house a person offers J^iooo 
ready money, or £2100 three years afterwards. If the seller cui mvest 
his mone^ in such a bank as is mentioned in Exercise 3, which is the 
better offer, and why ? 

7. Find what capital will have increased M a year to ;^I446 3s. id,, if 
entrusted to a money dealer who gives compound interest at the rate of 
7 per cent per ann. calculated half-yearly. 

8. If in a bank interest at the rate of 3 per cent, per ann. be added 
quarterly to the investments, and on a certain deposit ;^20o of interest 
have acmied in a year, what was the amount of mis deposit ? 

9. A certain sum was placed for 3 years at compound interest calcu- 
lated yearly at the rate 0/2} per cent, per ann. Had it been put out 
at simple interest for the same time at the same rate j^j 14s. 6d. less 
l^ould have been realised. Find the sum. 

10. A pexson invests a sum in a bank where interest at the rate of 
3} per cent, is added yearlv to the deposits ; at the same time he 
invests a like sum in another oank where the rate of interest is } per cent, 
less, but where the additions of interest are made half-yearly; and two 
years afterwards he finds that there is £y of difference in the two 
accounts. Find the sum invested in both banks. 

11. A certain sum deposited in the bank referred to in Exercise 8 
would in a year gain los. more of interest than it would if deposited in 
the bank of Exercise 3. What is the sum ? 

12. The sum of ^^350 is deposited in a bank such as that of Exercise 4. 
How many years must elapse before it will have increased to 



156. Discount. — If a sum of money be due at a future 
time, and it is desired to discharge the debt now, a smaller 
sum is usually taken in payment. This smaller sum is 
called thQ present worth or present value of the sum due at 
the future date ; and the difference between the two sums 
is known as discounty which has been already referred to as 
an dJloi^ance or abatement made in consideration of the 
payment of a sum of money before it is due. Thus if a 
debtof;^4o8 falls to be p^id two years hence, and the 
creditor (that is, the person to whom it is due) accepts at 



240 CLASSIFIED COLLECTION OF 

the present time ;^4oo from the debtor as full payment, 
then ;£4oo is called the present value of the debt men- 
tioned, and the £^Z of difference is called the discount 
on the debt. 

The principle which ought to guide us in estimating what 
the present value should be, or what discount ought to be 
allowed in any case, is made evident if we consider the 
ground on which the creditor accepts with satisfaction a 
sum less than the total amount which is to fall due. This 
he does because he can place at interest the money he at 
present receives with the certain knowledge that it will 
amount to a larger sum by the time of the falling due of 
the debt. If, therefore, he accepts at present exactly such 
a sum as would, if laid out at interest either by himself or 
the debtor, amount to the actual debt at the future date 
referred to, he is dearly not a loser, the debtor is not a 
gainer, and the transaction is perfectly just. 

It is thus seen that the present worth of a sum due at a 
future time and the discount on such a sum are dependent 
on the rate of interest obtainable ; and that when this rate, 
the amount of the debt, and the date at which it is due are 
given, we may find (i) ^'^ present worth by calculating (as 
at p. 229) what sum now placed at interest at the given rate 
would amount to the given debt at the date specified, and 
(2) the discount, by taking the difference between the actual 
debt and its present worth, or by calculating the interest 
which if gained by a sum invested at the given rate for the 
time referred to would increase the sum to the given debt. 
For example, the rate of simple interest being 3 per cent, 
per annum^ 

if we invest ;^ 100 at the present date, 
it will amount to ;£io3 this day next year, 

and to ;^io6 this day the year after next. 

Consequently with this rate of interest we know that in the 
case of a debt of ;£io6 due two years hence 
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the present worth is ^£^100, 
the worth this day next year is ;£^io3, 
the present discount is ;£'6, 
and the discount this day next year is j£^. 

For the sake of easy remembrance the essential statements 
in the above may be conveniently abbreviated and for- 
mulated as follows : — 

Present Worth + Int. on Pres. Worth = Future Debt 

Discount on Fut. Debt=Fut. Debt- Pres. Worth 

= Int. on Pres. Worth. 

Example i. Calculate the present value of ;^545 due 
4 yr. 2 mo. hence, the rate of interest being 3 J per cent. 
per annum. Find also the present discount. 

Interest on ;;^ioo for 4i yr.=;f six 4^ 

,•. in 4i yr. ;^ioo would increase to ;^iooW^ ; 
so that 

present value of ;£iooW^=;^ioo 



;^545 =;f 100 x 



545 



looW 

==j^ioox545x-?i- 
^ ^^^ 2725 

= -/Tioox I x?i 

=;^48o. 
Hence, discount required =;;^545 —^480 

"£65. 

Example 2. What is the present discount on a sum of 
^£3045 i6s. 8d. due 2i yr. hence, the rate of interest being 
3 per cent, per annunrE 

Here we might proceed as in Example i, first calculatmg 

R 
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the present value, and then deriving the discount ; but the 
discount may also be calculated first 

Interest on ;f loo for 2J yr.=;^3 x 2J 

.'. in 2 J yr. ;^ioo would become ^lo'ji; 
so that 

discount on ;^io7j ";^7i 

.-. „ ;f304Si6s.8d.«;^7Jx|?4|* 

« /-iS^ 18275 x^ 

^2 6 215 

«r5^365J^i_ 
-^i 2 43 

-r5x5i 

= ;^2I2 lOS. 

If the rate of compound interest were given, the first por- 
tion of exercises like the preceding, viz., the calculation of 
what ;f 100 would increase to in the given time, would 
necessarily be different. We might equally well, of course, 
find what j£i would increase to, and this is what is done 
in the solution of what may be looked on as a question of 
this kind, viz.. Example i, p. 235. 

Example 3. A debt of pf 212 13s. 4d. is due on 17th 
October, but is discharged on ist March. The rate of 
interest being 2^ per cent, per ann., what discount should 
be allowed, and what is the value of the debt at the latter 
date? 

No. of days from ist March to 17th October 
-30+30 + 31 + 30 + 31 +31 +30+ 17 
= 230. 

Interest on ^100 for 230 days=;£2jx?|? 

»^ix46 ^ 
^a 73 

*73 
.•. discount on j£ioo^^»j£^ 
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__ /-IIS^ 2I2i 



.*. discount on ;^2i2 13s. ^d.^j£^x 



73 ia>W 
'"5^638^ 73 



^^73 3 74*5 
==/-?3,638^ I 

-^ I 3 1483 
^^14674 

A 4449 

.'. value of debt on ist March=;^2i2 13s. 4d.-;^3 6s. 

^jC^og 7s. 4d. 

The sums of money asserted in connection with these 
examples to be correct estimates of present value or dis- 
count, are not, however, the sums which would usually be 
taken as present value or discount if the examples were 
actual cases occurring in the ordinary course of business. 
Discount there appears chiefly in two different forms, viz., 
(I.) in connection with bills of exchange and promissory 
notes, (II.) in connection with the ordinary accounts rendered 
by tradespeople and merchants. 

(I.) In illustration of the former, suppose a person has con- 
tracted a debt, and that instead of discharging it at once he 
finds it will be more convenient to make payment at a later 
date. If the creditor be willing, the debtor may make an 
engagement in the form of a promise to pay the debt or a 
sum in lieu of it at a certain length of time afterwards, say 
3 months. The written instrument in which the debtor 
makes this promise, and which he gives to his creditor, is 
called a promissory note. Again, suppose that instead of 
paying the money himself he has a friend, who from being 
indebted to him, or from some other cause, is willing to pay 
the necessary sum at the future date, he may order this 
friend to do so. The written instrument, handed to his 
creditor, in which he gives this order, and on which his 
friend has to write his acceptance of the obligation, is called 
a bill of exchange. It is spoken of as a bill at 3 months, or 
is said to run for 3 months ; and if the order be made, on 
31st August say, it is said to be drawn on that day. Calen- 
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dar months being counted, it is nominally due on 30th 
November, but is not legally due until 3rd December, three 
days, called days ofgrace^ being allowed. A bill of exchange 
may also serve exactly the same purpose as a promissory 
note, the order in this case being made by the creditor and 
accepted by the debtor, and no third person therefore being 
concerned. 

If the holder of the note or bill presents it for payment 
on 3rd December, he ought of course to receive the full 
sum mentioned on it. But if he desires to be paid before 
this date, the same cannot be expected, as the person from 
whom he asks payment is entitled to discount. Usually it 
is a banker or "bill discounter" who is asked in such 
circumstances, and discount with them is a charge calcu- 
lated, exactly like interest, at so much per cent, per ann. on 
the full debt for the length of time the note or bill has still 
to run. In making this deduction, and in paying the 
balance, the banker or other person is said to discount the 
billy and the rate at which he calculates his chaige is called 
the rate of discount. 

Example 4. A bill for ;^54o 12s. was drawn on 30th 
August, 1875, ^^ ^ months, and discounted on nth Decem- 
ber, 1875, 3.t 2i per cent, per ann. Calculate the dis- 
counter's charge and the sum paid to the holder of the bill. 

The bill was discounted on nth Dec. 
and was not due till 3rd May, 
.'. no. of days for which discount must be allowed 

=^20+31 + 29 + 31 + 30 + 3 
«i44. 
Hence, 

bill discounter's charge«^2jx §4?i- x IM 

o -^ » 100 365 

=;^S-4o6xZl 

^£S ^s. 8d. nearly. 
And sum paid to holder =;^54o i2s.-;^s 6s. 8d. 

'*;£535 Ss. 4d. 
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If the rate of discount taken he the same as the rate of interest 
obtainable, the bill discounter makes a profit ; for his charge 
is then the same as the interest on the^// debt for the length 
of time the bill has to run, whereas the true discount is the 
interest on Xht present worth for the same time. This profit 
may be considered a return for the accommodation afforded 
to the holder ; and being the difference between the interest 
on the Ml debt and the interest on the present worth, it 
must be the interest on the difference between the full debt 
and the present worth, that is, it must be the interest on the 
true discount. 

Example 5. Calculate the discount which a bill dis- 
counter would charge on a sum of jQz^^S i6s. 8d., due 2^ 
years hence, the rate of discount being 3 per cent, per ann. 

Charge required =;^3 x ^^ x ?i- 

=;^9i-37S>^f 
=;^228.437S 
-;^228 8s. 9d. 

The leamer should carefully note the difference between 
this example and Example 2. 

(II.) The discount connected with ordinary accounts is 
quite distinct from either of the forms already described, 
and is much less fixed in character. It is a percentage 
abatement made by tradesmen and merchants who give 
credit, in consideration of early payments, but it is only in 
a very loose way that the element of time enters into it. 

For example, a tradesman announces his terms as " 3 
months' credit: discount at 5 per cent for ready money ;'^^ or, 
it may be, " 6 months credit: 4 per cent, of discount for 
payment within the first 3 months;^* the rate of dis- 
count being thus no longer so much per ctnt. per ann., but 
simply so much per cent. A person who sells for ready 
money fixes his prices so as to gain a certain rate of profit. 
If, selling at the same prices, he ceases to insist on ready 
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money, his rate of profit must decrease, and to maintain it 
he puts an increase on his charges. In the event, therefore, 
of his being still offered ready money, he can afford to 
dispense with this additional charge, which he does by 
giving the so-called Miscount. 

Exercises. Set CIII. 

Find the present value of, and the tnie discount, on — 
I. ;^6i6 19s. 3d. dne 2 yr. hence ; Tate of interest 5 per cent per ann. 



2. ;f989 


»» 


'i 




3. ;f 1246 18. 


»» 


3i 




4- >f 1334 8s. 


ft 


2 




5. ;f 500 3s. 6d. 


fi 


4 




6. £H5 4s. 


»» 


2i 




7. £725 2s. 8d. 


>» 


3 




8. ;f 227^ 9s. 4d. 


»> 


2 




9. £^7 S3 2s. 6d. 


ff 


li 




10. ^^846 17s. 9d. 


ff 


160 da.„ 



M 
ff 
tf 
f» 
tf 
ff 
ff 
»f 
ff 



3 

2 

»i 

2 

4 

3i 

3i 



ft 
ff 
ff 
ft 
f» 
ff 
f> 
ff 
ff 



Find the true discount (without first calculating the present value) 
on — 

I. ;^4676 i8s. 3d. due 3iyr. hence; rate of interest 3 per cent, per ann. 



ff 
ff 
ff 
ff 
ff 



2 

5 
4 



2. ;f 1333 IS- 9j<i- 

3- ;^i557 5s. 9<1. 

4. £$2^ 6s io|d. 

5. ;f22Si 13s. 9d. 

6. ;f672 138. I id. 

7. ;f 830 los. I Jd. „ 7i mo. 

8- ;f57i 15s. 7K .. 7iyr. 
9. ;i"i234 6s. lojd. 

20. £icSs IS. 6fd. 

21. ^^484 3s. 6d. 

22. ;^969 106. 9d. 



ff 
ff 
ff 
tf 

tf 



ff 
ft 
tf 
ff 
»f 
tf 
ft 



ft 
ft 
tf 
f> 
ff 
ff 
ft 
ft 
tf 
ff 



»f 



3* 
3 

«i 

4 

«l 

4 

3* 

4i 
3i 



ff 
>» 

It 

ff 
ff 
ff 
ft 
tf 
ff 
if 
ft 



ff 
ff 
tf 
»» 
ft 
ft 
ft 
ff 
ff 
tf 
ft 



I yr. 10} mo. „ 

5 yr- ft 
164 da. „ 

210 da. „ 

Find the present value and discount in the following cases, where 
compound interest calculated yearly is obtainable : — 

23. j^694 I IS. 6d. due 3 yr. hence; rate of interest 5 per cent, per ann. 

24. ;^946 8s. „ 2 

25. ;f 762 I2s. 6d. „ 2^ 

26. j^88o IDS. 8d. „ 400 da., 

27. A debt of ;^2243 8s., which was not due till Christmas, was dis- 
charged on 30th June. What discount should have been allowed, the 
rate of interest being 5 per cent, per ann. ? 

28. A debt of ^1888 falls to be paid on ist Dec. What snm would 



ff 


tf 


'^ 


tf 


ft 


ff 


ft 
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ft 


ft 


tf 


ft 


2* 


>t 


tf 
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discharge the deht on 24th March of the same year, interest being 
allowed at 5 per cent, per ann. ? 

29. Calculate the value on 4th April of a debt of ;f 1518 4s. which 
is not due till 20th Jan. of the following year, the rate 01 interest 
allowed being at 5 per cent, per ann. 

30. If the rate of interest be 4 per cent, per ann., what discount 
should be allowed on a debt of j^2688, which was discharged on 
8th May and was not due till 20th July ? 

31. The sum of £^$2 12s. was due on lOth Oct., 1876. Find its 
value on 27th Feb., 1876, the rate of interest being 5 per cent, per 
ann. 

32. What discount should be allowed when a debt of ^400 lOs. 6d. 
due on 1st July is discharged on 29th Feb., the rate of mterest being 
2^ per cent, per ann. ? 

33. The sumof;^ H22 i8s. was due on 5th Aug., 1875. What would 

be its value on 31st Jan., 1875, interest being allowed at 5 per cent, per 
ann. ? 

34. On 2 1st May, 1876, a bill for ^800 was drawn at 3 months, and 
on 20th June it was discounted at 8 per cent, per ann. Find the 
discounter's charge. 

35. Goods to the value of ;^I4I 7s. 6d. are purchased on 7th March, 
and fall to be paid on 30th Nov. If the rate of interest be 3} per cent. 
per ann., what would be the ready-money payment ? 

36. A bill discounter on 2nd July charges at the rate of 10 per cent, 
per ann. in the case of a bill for ;^6oo drawn on 31st May at 6 months. 
What sum does the holder receive ? 

37. Find the present value of ;f 35322 2s. 6d. due 2 years hence, the 
obtainable rate of compound interest calculated half-yearly being 5 per 
cent, per ann. 

38. What would the holder of the following promissory note receive 
if it were discounted on 4th Aug. at the rate of 8 per cent, per ann. ? 

j^400. London, x8M April, 1876. 

Six months after date, I promise to pay Mr, James Brown or his order 
the turn of four hundred pounds » 

William Benson. 

39. If the rate of discount be 3 per cent, per ann., what sum will a 
person receive on 29th Feb. for a bill for j^68o drawn on ist Jan. at 
6 months ? 

40. What would be the discounter's charge on 31st May in the case 
of the following bill, if the rate of discount were 4^ per cent, per 
ann. ? 

1^x050. Manchester, ^th May, 1875. 

Three months after date Pay to Mr. John Johnson or his order the sum 0/ 
one thousand and fifty pounds, value received. 

David Williams, 
To Mr. Joseph Wathins, 

Tunbridge. 

41. Calculate the discounter's charge in the case of a bill for 
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;^240 los. drawn on 4th March at 9 months and discounted on 27th 
April, the rate of discount being 3^ per cent, per ann. 

42. A legacy of ;^4(XX> falls to be paid to the legatee on his coming 
of age. What would be its value when he is 19 years old, the obtain- 
able rate of compound interest calculated yearly being 3 per cent, per 
ann.? 

43. On 30th Jan. a bill is drawn for £S^6 7s. 6d. at 3 months and is 
discounted on 29th Feb., the rate of discount being 6} per cent, per 
ann. If the rate of interest be 3^ per cent, per ann. what gain does 
the bill discounter make ? 

44. A debt of /'iooo due on 31st Dec, 1878, was discharged on 
31st Dec, 1876. Assuming that compound interest calculated yearly at 
the rate of 3^ per cent, per ann. was obtainable, find what discount 
should have been allowed. 

45. The following bill was discounted on i8th Oct. at the then rate 
of interest, viz., 3 per cent, per ann. Find the bill discounter's 
profit. 

j^26oo. Gkugow, %ih July, 1875. 

Four months after date pay to me or to my order the sum of two thousand 
six hundred pounds i for value received. 

Walter CampbeU. 
To Mr, Edgar Jeffreys, 

Swansea* 

46. A debt of j^20oo due 3 years hence is discharged now, when the 
rate of interest obtainable is 3^ per cent, per ann. How much more 
would the discount have been if this had been the rate of compound 
interest calculated yearly ? 

47. A person who has a debt of j^250 due on 21st Aug. and a debt 
of j^iooo due on loth Dec. wishes to discharge them both on 30th 
June. What total sum should he pay, the rate of interest being 4 per 
cent, per ann. ? 

48. A workman who is paid monthly receives on pay-day ;^2 14s. 5d. 
less than his full wage, the difference being caused by his having 
received an advance a fortnight before. Knowing that in such a case 
the employer reckons as if the rate of interest were 12 per cent, per 
ann., find the sum which was advanced. 

49. A tailor's terms are <* 4 months* credit ; discoimt at 5 per cent, for 
cash." What is the ready-money payment for goods of the value of 
^40 ? What would it be if the rate of discount were 5 per cent, per 
ann., and what should it be if this were the rate of interest ? 

50. A person has a debt of j^250 due 3 months hence, and another 
of j^300 due 6 months hence. Supposing the rate of interest to be 3 
p er cent, per ann., find the total present value of the two, then calculate 
in what time the sum found would increase to ;f 550 (^>., ;f250+;f 300), 
a nd thus determine how many months hence ;f 550 snould be accepted 
i n discharge of both debts. 

51. A person has a debt of ;^400 due 6 months hence, and a debt of 
^600 due 9 months hence. Calculate how long hence the sum of the 
two full debts should be taken in discharge of both, the rate of interest 
being 5 per cent, per ann. 
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52. A merchant has debts of ;f 600, ;f 800, ;f 900, due 3 months, 4 
months, 6 months hence respectively. The rate of interest being 2^ 
per cent, per ann., how many montns hence ought he to pay ;f6ao + 
;f 800 +;f 900 in full discharge of the separate debts ? 

53. Supposing that compound interest calculated yearly at the rate 
of 3 per cent, per ann. is obtainable, calculate what sum of money 
ought to be given on the last day of this year in return for an annuity 
of ^100 payable on the same day of the next four years. 

54. It is desired to purchase from a banker an annuity of j^i^ for a 
person whose age at present is nearly 67 years. What is the smallest 
sum the banker will ask for it if he expect that the annuitant will only 
reach three score years and ten, and if he can obtain compound 
interest calculated yearly at the rate of 4 per cent, per ann. ? 

157- Stocks. — One way of investing money we have 
already referred to, and given examples of the calculations 
connected therewith, viz., placing it temporarily in the hands 
of a banker, or other person, who in return for the use of it 
gives interest at a specified rate. The learner's attention 
is now directed to two other modes of investment, viz., 
(I.) in connection with the capital of a commercial company, 
(II.) in connection with the debt of the Government of a 
State. 

(I.) The promoters of a commercial company usually origi- 
nate it publicly by the issue of a prospectus explaining the 
nature and object of the undertaking, specif)dng the capital 
required, the profit likely to be made, and the number of 
equal shares into which the capital is divided, and inviting 
the public to become shareholders. If suflicient applications 
be made, the shares are then allotted among the applicants, 
and part, at least, of the amount of each share having been 
paid, business is begun. Not unfrequently a share is ;^ioo, 
and part of it is paid on application, part on allotment, and 
other parts are called for at such times afterwards as may be 
thought best, until it \^ fully paid up. At the end of a year 
or half a year after starting, the profit, if any, is ascertained, 
and as much of it as may be deemed advisable is taken as a 
dividend, i.e., a sum to be divided among the shareholders. 
If the prospects of the company be good, or money be 
plentiful, outsiders may wish to become shareholders; on 
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the other hand, if not, shareholders may desire to be so no 
longer : and thus there arises the need for the scUe of 
shares at prices dififering from the original value. If, for 
example, the dividend be at the rate of lo per cent, per 
annum on the money invested, and there be a likelihood of 
it not falling lower, a person who is receiving elsewhere a 
return of only 4 or 5 per cent, for his money will gladly pay 
more than ;^ioo for a hundred-pound share; indeed, it 
is possible he may be safe in paying ;^2oo for it, for if the 
dividend be as he expects, at the rate of ;^io per share, he 
is thus receiving 5 per cent per annum on his outlay. 
Changes in the price of shares will be found taking place 
day by day, and even hour by hour, the fortunes of a 
commercial undertaking and the demand for money being 
usually in a state of greater or less fluctuation. The prices 
are regularly published, and information regarding sales, &c., 
is supplied daily by the newspapers, in the contracted and 
otherwise peculiar phraseology which has grown up with the 
business. A number alone is ordinarily used in specifying 
a price, pounds with us being the denomination which is 
understood. Thus, if a shareholder sells the shares he 
possesses for ;^io2 los. each, the shares of the company 
are said to be at 102^. Further, in so doing, he is said to 
sell out of the company ; and if the price obtained in the 
transaction be published, the shares are said to be quoted at 
102^, and i02i is one of the quotations of the day. If 
shares be selling at their original or nominal value, they are 
said to be <U par; if above it, they are said to be a/ a 
premium^ or above par ; if below it, ai a discount^ or below 
par. For example, if the shares of the company just 
referred to were hundred-pound shares, that is, if ;^ioo 
were their nominal value, then when the above transaction 
took place they were 2^ above par, or at 2J premiuni. 
Sometimes a portion of the capital of a company is raised 
on different conditions from the rest, viz., by having a fixed 
rate of dividend attached to it The shares of such a portion, 
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in contradistinction to the ordinary shares, are known as 
debenturey preference, or guaranteed shares. Before shares 
have been fully paid up, it would be troublesome to deal in 
fractional parts of a share, and consequently only whole 
numbers of shares are sold ; but afterwards this drawback in 
great part disappears, it being found almost as convenient 
that a person should own jQz^$ or jQ^^d of the capital of 
a company as that he should own ;^4oo, ;^5oo, or ;^90o. 
It is, consequently, common to have arrangements made for 
this, and then shares are no longer spoken of, but stock, and 
any portion of the capital not less than jQi can be trans- 
ferred from one person to another. Thus, 7 shares (if 
hundred-pound shares) would be represented by jQ^oo of 
the stock or capital, or shortly, by ;^7oo stock; 12 shares, 
if ten-pound shares, by jQi 20 stock ; and so on. Further, 
if .the former were selling at 90, jQ^oo stock would be worth 
^630, and it thus becomes necessary for the learner to 
distinguish carefully between a number of pounds stock and 
the same number of pounds cc^h, 

(II.) The Government of a State, having incurred a debt 
which it finds itself for the time unable to pay, may borrow 
money for a limited period, very much as a private individual 
would. The mode in which our own Government com- 
monly proceeds is to issue, in return for sums so advanced, 
bills (called " Exchequer Bills ") containing an agreement to 
make repayment, with interest at the rate of so many pence 
per cent, per diem. These bills pass from hand to hand as 
money, and may be renewed from time to time, until the 
Government is in a position to pay them off. It very often 
happens, however, that a Government cannot entertain the 
hope of repaying a certain amount of such temporary loans, 
and what is then usually done is to resolve to hold this 
amount as 2. perpetual loan, at a certain fixed rate of interest. 
This operation is known as funding, and the debt is said to 
be no longer z. floating but b, funded debt. Of course, a loan 
may be funded firom the first ; that is to say, the money may 
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be advanced without recall from the Government, in return 
for perpetual annuities of so many pounds each. A person 
whom the Government credits with a portion of such a 
loan is called a fund-holder; and if the portion were, for 
example, ;^ioo, he would be said to possess ;^ioo Govern- 
ment stocky or to have ;^ioo in the funds. An acknowledg- 
ment of the debt is held by him, and his name stands on 
the register of fund-holders in connection with it, thus 
entitling him to be paid the interest when due. This 
acknowledgment the Government reserves to itself the 
right of, at any time, redeeming by payment of ;^ioo; 
whereas, the holder, if he wishes cash in return for his 
stock, or any part of it, cannot obtain it from the Govern- 
ment, but must find a purchaser in the stock-market, where 
the price to be obtained will be to his advantage or other- 
wise, according to circumstances. What he offers for sale 
may be viewed simply as the right to a perpetual annuity, 
the payment of which is guaranteed on the security of the 
Government, and this is always likely to be in demand as a 
safe investment. The funded debt of our own country, due 
in the main to engagement in foreign wars, amounts nearly 
to the enormous sum of ;^8oo,ooo,ooo. This affords a 
vast source of investment for the savings of the population ; 
and the calculations connected with the subject of it are 
thus of great importance to the learner. 

Government stocks are named from the fixed percentage 
attached to them, an additional designation being sometimes 
added for the sake of distinction. For example, 3 per cent, 
stocky 5 per cent, stocky French 3 per cent, stocky India 
4 per cent, stock; or, more shortly, 3 per cents.y 5 per 
cents.y &c. The funds of the British Government are 
in great part 3 per cents., the largest portion being known 
as 3 per cent. Consols y from having originated by the consoli- 
doMon of various loans into one uniform stock ; and another 
as 3 per cents. Reducedy firom having had originally a higher 
percentage attached to it. 
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The emplo3nnent of the term stock to denote the capital 
required to redeem a ^nded debt is an extension of the 
use ahready explained. In the same way, the interest paid 
half-yearly to the fund-holders is, with still less accuracy, 
termed a dividend. 

The purchase or sale of stock is usually made through a 
stockbroker^ whose commission is a percentage (generally \) 
on the amount of stock dealt in, or on the proceeds in the 
case of certain railway and other stocks. Thus, Consols 
bought at 93f cost the person for whom the purchase is 
made 93^, and bring to the seller only 93^. 

Example i. If the 3 per cents, be at 95, what will be 
the cost of ;^i55o stock, and what the total expense of 
purchase, the brokerage being \ per cent. ? 



Cost of ;^ioo Three per Cent. stock=;^95 



1550 
100 

= ;^I472 lOS. 



Brokerage=;^ix!^ 

= ;^i i8s. 9d. 
.'. total expense of purchase «;^i474 8s. 9d. 

The last result may be got directly, thus : — 

Total expense of ;^ioo stock =»;^95 + ;£'i 

«;^i474 8s. 9d. 

£xample a, I invest the sum of ;^I23S iSs. 9d. in the 
3i per cents, when they are at 98^. How much stock do I 
obtain? * 

Stock obtained for ;^98i =;^ioo 

« ;^i23S i8s. 9d.-;^iooxigi 

Example 3. What annual income is derived from ;^65oo 
Dutch 5 per cent, stock ? 
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Income from ;f loo stock=;^5 



6500 
• • 99 — ~ 



100 

Example 4. When Consols are selling at 91^, what sum 
will be realised from the sale of jC2'j^o stock, the broker's 
charge being J per cent. ? 

Sum received for ;^ioo stock =;^9ii-;^i 

;^275o „ «;^9if x^ 

=;^25i2 i6s. 3d. 

Example 5. A person invests ;^2ooo in the 3 J per cents, 
when they are at 90. What yearly income will he thence 
receive ? 

Here we might, as in Example 2, find the amount of 
stock purchased, and then, as in Example 3, calculate the 
income required. But since every j£go invested purchases 
;^ioo stodc, and therefore brings in ;^3i of income, we 
may proceed more simply thus : — 

Income from ;^9o invested =;;^3 J 

,f ;^2000 „ =;^3Jy2°~ 



90 
=;^77 15s. 6fd. 

Example 6. When New Three per Cent stock is at 
92I-, how much of it must be sold out so as to realise 
;^ioi8 17s. 6d. ? 

Stock required to realise ;^92i =;^ioo 

„ „ ;^ioi8 17s. 6d.«;^iooxi2i|i 

=;^IIOO. 

Example 7. A sum of money is invested in Four per 
Cent, stock when it is selling at 78. What rate of interest 
per cent, per ann. is obtained on the money ? 

Interest obtained per annum on ;^78=;^4 



100 



£5^' 
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Example 8. How much money must be invested in the 
Three per Cents, when they are at 91^, so as to bring the 
investor an income of ;^6oo a year ? 

Sum invested to bring j£^ a year=;^9if 

Example 9. In which is it more advantageous to invest, 
the 3 per cents, at 91 J, or the 3i per cents, at loi ? 

Here we might find, as in Example 7, the rates of 
interest per cent, (or, better, per pound) per ann. that 
would be obtained in the two cases, and thus answer the 
question ; or we may proceed as follows : — 

In the ist case an expense of ;^9ii yields £^ 

^>-, ;^3iH 
But in the 2nd case an expense of ;£'ioi yields ;£^3i 
.'. the second investment is the more advantageous. 

Example 10. The sum of ;^iooo is invested in 4 per 
cent stock when it is at 122^, and sold out when it is at 
112^^. Find what loss is thereby sustained, the brokerage 
being neglected. 

Here we might find, as in Example 2, the amount of 
stock obtained for ;^iooo, then, as in Example 4, the sum 
realised on selling out, and then subtract this sum from 
;^iooo ; or we may proceed more easily as follows : — 

Loss sustained on ;^i22j=;^i22j-;^ii2j 

„ ^iooo=;^iox????. 

" ^^ ^^ 122J 

=^8i I2S. 7Hd. 

Example 11. If I transfer ;^2i75o stock from the 3^ per 
cents, to the 3 per cents, when the former is at 92^ and the 
latter at 87, what amount of 3 per cent, stock do I obtain, 
and what is the consequent alteration in my income? 

Here we might find, as in Example 4, the money value of 
the ;^2i75o stock, and then calculate as in Example 2, how 
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much 3 per cent stock would be got for this sum ; but it is 
easier to proceed as follows : — 

(i) Stock obtainable when the price is 92i=£2i'j$o 

87 =;^2i75ox^ 

(2) Income from original stock=;^3j^ x ^11^ 

-^£1^^ 5s. 



and „ new „ =-£z^ 



23125 



100 
-£^9Z 15s- 

.*. diminution of income =;^ 67 los. 

Exercises. Set CIV. 

1. What annual income is derived from j^i56o of i\ percent stock? 

2. What amount of stock can be bought at 94 for ^^4230 ? 

3. A person owns ;^4555 3^ per cent stock. Find his annual 
income from it. 

4. When the 3}^ per cents, are at 96}, how much* money shall I 
receive for ;f 6480 of this stock ? 

^. Find the cost of ;^7500 Bank stock at 221^, the broker's charge 
being taken into account. 

6. How much stock can be bought at 92^ with ;^22230, brokerage 
being taken into account ? 

7. What money shall I receive for ^f 6550 4 per cent, stock selling at 
io6f , brokerage at the rate of \ per cent, being paid ? 

8. When 3 per cent, stock is selling at 89! the sum of ^7000 is 
invested in it. How much stock is obtained ? 

9. The possessor of ;^346o 4 per cent, stock sells out at 105. What 
sum does ne realise, the broker's charge being taken into account ? 

10. What half-yearly dividend will be derived from ;^i845 3^ per 
cent, stock } 

11. When 3 per cent, stock is at ^2\ how much must be sold out to 
pay a debt of j^5o6, brokerage being taken into account ? 

12. What annual income will be derived from the investment of 
;^366o in Russian 5 per cents, when they are at 91} ? 

13. 3 per cent, stock is purchased at 92I. What rate of interest 
per cent, per ann. does the purchaser receive for his money, the sum 
paid for brokerage being considered ? 

14. The sum of /'4500 is invested in the 4 per cents, when they are 
selling at 106. What annual income will the investor thereby receive? 

15. If ;^6300 be invested in Bank stock at 252, how much stock is 
obtained and what is the broker's charge ? 



PRACTICAL EXAMPLES, WITH NOTES. 257 

16. A person bought through a broker ;^I950 stock which cost him 
;f 1735 los. What was the selling price ? 

17. Which is the better investment, the 3 per cents, at 9 if, or the 3 J 
per cents, at io6f , brokerage being taken into account ? 

18. Find what annual income a fund-holder will derive who pos- 
sesses ^6500 3 per cent, stock and ;f 8450 3J per cent, stock ? 

19. If the 3 per cents, be at 91 J and the 4 per cents, at io6f, which 
will afford to the investor the higher rate of interest ? 

20. Calculate the cost of ;^55oo 3 per cent, stock and ;f 4600 5 per 
cent, stock, when the former is at ^^7^ discount and the latter at £6^ 
premium. 

21. If ;^5200 be entrusted to a broker for the making of an invest- 
ment in the French 5 per cents, at I03|- and the payment of his com- 
mission thereon, what amount of stock will be obtained ? 

22. A person desires an annuity of /"lOO. What will be the expense 
of obtaining it, including brokerage, if3 percent. Consols be purchased 

at 93 J ? 

23. The cost of ;f 7500 5 per cent, stock, including brokerage, is 
j^Sdoo. How much is the price of stock above par ? 

24. On the shares of a trading company £^ los. has been paid, and 
the half-yearly dividend is 15s. per share. What rate of interest per 
cent, per ann. are the shareholders receiving for their money ? 

25. The annual sum paid in dividends to holders of 3 per cent. 
Consols is about j^ii856cxx). How much of this stock is there ? 

26. A father leaves /* 16082 in equal portions to two sons : the one 
invests his legacy in the 3 per cents, at 93}, the other in the 4 per 
cents, at 107}. Find the diiierence of their half-yearly dividends. 

27. A person who owns ;f 4000 3 per cent, stock sells out as much 
as will pay a debt of ;^423. The 3 per cents, being at 94, calculate 
how much stock still remains in his name. 

28. What is the amount of stock acquired by a person who transfers 
;^6220 stock from Hungarian 5 per cents, at 56} to the 6 per cents, 
at 77t ? 

29. jf 18750 is invested in the 3 per cents, at 93 J. Find the 
investor's net income therefrom, after an income tax of 4d. in the 
pound has been deducted. 

30. A speculator who before the deposition of the Sultan in 1876 
bought Turkish 6 per cents, at 12}, sold them afterwards at 15^. Find 
his gain per cent. 

31. ;^6900 is invested in Consols at 92. What loss does the investor 
sustain by a fall of i^ in the funds ? 

32. An investor who had 50 ;^io shares allotted to him in an oil 
company, sold them out when they were quoted at ;^22 premium, and 
invested the money in India 4 per cents, at par. What would be his 
yearly income from this stock ? 

33. A person buys;^7200 India 4 per cent, stock at 101} and sells 
it out at 102^. Find the amount of his gain, taking into accotmt the 
brokerage in both transactions. 

S 
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34. A fixnd-holder transferred £t)yx> stock from the 3 po cent. 
Consols at 93} to the India 5 per cents, at 104^. Calculate the inoome 
he would derive from the latter. 

35. j^42O0O stock is transferred from the 3 per cents, at qH to the 

4 per cents, at 106^. What alteration will thos be made in the holder's 
half-yearly dividend ? 

36. The 3 per cents. Reduced amount to about ^^105000000 stock. 
Wliat sum would be required to redeem this portion of the National 
Debt at its present price, viz., 93} ? 

37. The piofits of a public company whose capital consists of 
£2000000 ordinary stock and £200000 6 per cent preference stock 
amounted in one year to /'70000. If tne whole profits had been 
divided among the stockholders, what rate of dividend would have 
been declared on the ordinary stock ? 

38. A person buys j^4500 3 per cent, stock at 95I, sells out a third 
of it at 94|, £i(iOO at 96} and the remainder at | premium. Find what 
sum he thus gains, the broker's commission being taken into account. 

39. A fund-holder sells a quantity of 4 per cent, stock at 102^, and 
realises /'1125, which he invests in another 4 per cent, stock at 98. 
How is his income improved by the transference ? 

40. /'3294 is invested in Government stock at 91^, and soon after 
there bemg a rise of i, half the stock is sold out, and the other half 
when there is a further rise of \, What gain has the investor made ? 

41. ;^6ooo 4 per cent, stock is sold out at £2 discount, and the pro- 
ceeds are invested in a mercantile company's £2^ shares at par, which 
pay a dividend of j^i los. per share. Find the improvement in the 
mvestor's income. 

42. If ;^9350* be invested in the New 3 per cents, at 93^, and the 
stock afterwards sold at 93!, what expense is incurred for brokerage ? 

43. A person who possesses /'3000 invests the half of it in the 3 per 
cents, at 92^ and the other half in the 4 per cents, when they are at i^ 
premium. Find the average rate of interest received for his money. 

44. If I invest in the 4 per cents, and receive interest at the rate of 

5 per cent, per arm. for my money, how much is the stock below 
par? 

45. On 31st March, 1855, the funded debt of the British €rovemment 
was made up as follows : — 3^3007775 2 J per cents., /'745333404 
3 per cents, (viz.. Consols, Reduced and New), j^287i5i5 3} per cents., 
and ;^433i24 5 per cents. Find how much of the aimual national 
expenditure was due to dividends on debt. 

46. A person invests ;^5i87 los. in the 3 per cents, at 83, and when 
they have risen to 84 he transfers three-fifths of his capital to the 4 per 
cents, at 95. Find the alteration in his income. 

47. A person invests /5460 in the 3 per cents, at 91 ; he sells ofut 
;^2000 stock when they nave risen to 93^, and the remainder idien 
they have fallen to 85 ; he then invests the produce in 4^ per cents, at 
102. What is the difference in his income ? 

48. A public company is paying a yearly dividend of £6 per share, 
and the shareholders are receiving the same rate of interest for their 
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money as if it had been invested in a 3 J per cent, stock at 98. Find 
the market value of a share. 

49. A person on the day that he was paid his half-yearly dividend 
from the 3 per cents, sold out at 89}, the total sum received, after the 
deduction of brokerage, being £s^S* How much of this was dividend, 
and what amount of stock had lie possessed ? 

50. A person has an income of ;^350 a year from money in the 3 per 
cents, and 4 per cents. Knowing that he owns /dooo of the former 
stock, find how much of the latter must stand in his name. 

51. The 3 per cents, are at 91 J, and the 5 per cents, are an equally 
good investment At how much premium does the latter stock 
stand ? 

52. When the India 4 per cents, are at 102 a stockholder sells out, 
and when they fall to loal buys in again. Knowing that he now 
possesses ;^4O0O stock, find by how much he has improved his 
mcome. 

53. A person who buj^ into the 3 per cents, finds that afler paying 
an income tax of 4d. in the pound his net income is at the rate of 3 
per cent, for the money invested. At what price was the stock 
purchased ? 

54. " If the 3 per cents, be at 95 and the Government offer to receive 
tenders for a loan of ;f 5000000, the lender to receive five millions in 
the 3 per cents, together with a certain sum in the 3J per cents., what 
sum in the 3 J per cents, ought the lender to accept ? " 

55. A speculator invested in India 4 per cent, stock at loi^, and in 
selling out made a gain of 4 per cent. How much had the stock risen 
in price ? 

56. " A person sells Midland Railwav stock, paying 6 J per cent., at 
128^, and invests in Great Western Railway stock, paying 3 per cent., 
at 72}. By how much per cent, per ann. will the interest received for 
his money be altered ?** 

57' ;f 13800 is invested in 3 J per cents, at 92, and the dividends as 
paid are invested in the same stock, the price being ^ lower at each 
successive investment. Calculate the third dividend received. 

58. The dividends on the 3 per cent. Consols are paid on 5th Jan. 
and 5th July, the dividends on the New 3 per cents, are paid on 
5th April and 5th Oct. What money must a person who already holds 
jf 1500 of the former stock and /2500 of the latter invest so as to secure 
an income of ^400 a year paid quarterly, Consols being at 93 and the 
New 3 per cents, at 91 J ? 

59. When the 3 per cents, were at 90, I found that by selling out 
and investing in India 4 per cents, at 95, 1 could improve my income 
by ;f 24 6s. What was the amount of my stock in the 3 per cents. ? 

60. A person invests a sum of money in the 3 per cents, at 92} and 
a like sum in the 4 per cents, at 123 J, and finds that his annual income 
from the one is 5s. more than from the other. Calculate the total sum 
invested. 

158. International Exchange. — If a person in a 
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foreign country, say France, receives from England a quan- 
tity of goods, for which he is charged ;£ioo, it is clear that 
he must disburse such an amount of French money as may 
be an equivalent of the sum in question, and that a calcula- 
tion must be made to find this amount 

As a basis of calculation he might compare the French 
gold coins with ours as to purity and weight, and finding as 
he would do that i sovereign contains as much pure gold 
as a French gold piece of 25.17 francs, it would follow that 
he had to send to England 25.17 francs x 100, />., 2517 
francs. Or, again, he might begin by finding the amount 
of pure gold in a sovereign, and multiplying the result, viz., 
7.316 grammes, by 100, he might resolve to send 731.6 
grammes of pure uncoined gold. In the former case he 
would be said to remit specie in payment, in the latter to 
remit bullion. 

Neither of these courses, however, would in all likelihood 
be followed. Just as a merchant in Glasgow who owed the 
sum would not send a package of sovereigns in payment, 
so the French merchant has a simpler way than those 
referred to, viz., by means of a bill of exchange (see p. 243). 

The Glasgow merchant would go to a banker, pay him 
;^iQo and a small sum additional for the accommodation, 
and would receive an order (not called a bill of exchange, 
but a draft) on a London bank, which he would forward to 
his creditor, and the creditor on presenting it at the bank 
in London would receive ;;^ioo in retiun. The Glasgow 
banker undertakes to forward sums thus paid to him, but as 
the London bank may have issued similar orders on the 
Glasgow bank, no transfer of specie may be necessary 
between them. In like manner the French merchant would 
procure from a banker or other person a bill of exchange for 
;;^ioo, payable in London, and this would be forwarded 
and cashed as the draft would be. Here, too, no transfer 
of specie might be needed, as the debts due by France to 
England might be equal in amount to those due by England 
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to France. The/nV^ paid for the bill would be at the rate 
of so many francs per pound ; but the important point to be 
noticed is that this number of francs would not necessarily 
be 25.17. In fact, the rate would vary from time to time ; 
for should there be a preponderance of debt due by France 
to England, and in consequence a great demand for bills 
and a probable necessity for remitting specie, the French 
bankers would naturally charge higher for the accommoda- 
tion afforded; while, if the opposite were the case, they 
would willingly take les^, thus changing the price, as dealers 
in other commodities do, in accordance with the law of 
supply and demand. Bills are spoken of as bills on the 
place in which they are payable, and are sometimes called 
paper of that place. The rate of exchange, which depends 
solely upon the weight and purity of the coins of the two 
countries, is known as the intrinsic 01 par rate of exchange, 
or, shortly, the/ar of exchange between the two; and the 
rate at which exchanges are actually made, or current rate, 
is spoken of as the course of exchange. If the course 
of exchange between Paris and London were quoted at 
"25.17," we should therefore say that exchange between 
the two cities was at par ; and if the quotations were above 
25.17, we should say that the rate of exchange was against 
French merchants zxid^for ours, or that British money was 
at a premium, and similarly in the other possible case. The 
current rate of exchange can never be much above or below 
par, for a merchant who found that it would cost more to 
pay a foreign debt by means of a bill of exchange than by 
the transmission of specie could adopt the latter method ; 
and, besides, if the rate of exchange be against a country, 
its merchants would be less eager to import, and those of 
the other country more so, /.^., there would be a double 
tendency to equalise the debt between the two countries, 
and so bring back the rate of exchange towards par. 

The mode above explained of using a bill of exchange in 
the pa)nnent of a foreign debt is not, however, the only one. 
The French merchant, instead of remitting a bill on 
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London, might order his creditor to draw on him in France. 
In obedience to this, the creditor would cause a bill of 
exchange, payable by the debtor, to be. drawn out, and 
would proceed to negotiate it, /.^., to sell it or receive his 
money in return for it. 

Further, various other modes might be followed. Instead 
of remitting to his creditor a bill on London, 'the debtor 
might remit a bill on Amsterdam, say, which would be 
negotiated as before ; or he might give an order to draw 
on Amsterdam ; or, still less directly, he might remit to 
a correspondent in Amsterdam, who would remit to another 
in Hamburg, whence a final remission would be made to 
London ; and so on — the object to be gained by any such 
indirect mode being the payment of his debt of ;£ioo with 
the smallest possible number of francs. 

Finally, calculations of exchange are sometimes compli- 
cated by the currency of a country being depreciated ; that 
is to say, by the substitutes in circulation for the standard 
coins being of less value than the standard coins them" 
selves. Thus, in America, loo gold dollars are at present 
worth considerably more than loo of the paper dollars 
current; if the number be ii8, gold is said to be at 1 8 per 
cent, premium, and this is what is indicated by such a 
quotation as "gold, iiS." The rates of exchange, it must 
be noted, refer always to the standard coins. 

Example i. When the rate of exchange is 20.64 
marks for J[^\^ how many marks, &c., will be given for 
;;^54o i6s. 8d. ? and how many pounds, &c., for 5000 
marks? 

(i) ;;^ I = 20. 64 marks 

.*. ;£54o 1 6s. 8d.= 20.64 marks X 540! 

= 11162.80 marks 
= 11162 marks 80 pfennige. 

(2) 20.64 marks =;;^i 

.*. 5000 marks=j^i x5?^ 
^ ^ 20.64 

«;£'5ooooo+2o64 
«;^242 4s. iijd. nearly. 
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Example 2. How many pounds sterling, &c., are equi- 
valent to 6480 dollars of American currency when gold is 
at 114, and the rate of exchange is 4.88 dollars for ^i ? 

114 dollars in currency =100 dollars in gold, 

114 
=5684.21 dollars in gold. 

But 4.88 dollars in gold«;;^i 

...5684.21 „ =^lxf|^ 

=;£s6842i+488 
-;£ii64 15s. iijd. nearly. 

Or we may condense the reasoning as follows : — 

Required amount =6480 dollars in currency, 
114 dollars in currency =100 „ in gold, 
and 4.88 „ gold ^£1, 



... required amount=;^i?? 



X 100 XI 



114x4.88 

/ -81OX lOOOO 

^ 114x61 
/<i35oooo 



19x61 
=;;^ii64 15s. iijd. nearly. 

Example 3. A London merchant wishes to pay a debt 
of 6400 francs to a Paris merchant, when the course of 
exchange is quoted at 25.40 in London, and 25.45 in Paris. 
What gain is there to the former merchant if, instead of 
remitting, he be drawn upon by the latter ? 

The latter draws for such a number of pounds as would 
in Paris produce 6400 francs. Now in Paris 

25.45 francs are the produce of £1 



6400 „ „ £1^ 



6400 



2545 
So that the sum drawn /or=^ £640000+2^45 

^£^5^ 9s. 5Jd. nearly. 

On the other hand, the former would have paid in 
London such a number of pounds as were there the 
equivalent of 6400 francs, and 
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this no. of pounds=;;^-4^=;;^64ooo+254 

=;^25i 19s. 4id. nearly. 
.'• gain required=9S. iid. 

Example 4, A London jeweller, who has a debt of 23844.95 
francs to pay in Geneva, remits bills on Amsterdam when 
the rate of exchange between London and Amsterdam is 
II florins 19^ stivers for j£i, and that between Amsterdam 
and Geneva 2i2f francs for 100 florins. What sum does 
he pay in London ? (One florin= 20 stivers.) 

Required sum =23844.95 francs, 
21 2 J francs =100 florins, 
and 11.9625 florins =;;^i. 

.-. required sum=^"3844.^5x loox i 
^ -*-» 212.75 X ''•9625 

=;;^936 i8s. 6id. nearly. 

Example 5. When the rate of exchange between London 
and Vienna is 14.05 florins for j£i, between Vienna and 
Geneva iSii francs for 100 florins, and between Geneva 
and Paris 99^ francs for 100 francs, what is the rate of 
exchange between London and Paris by way of Vienna and 
Geneva? 

Required no. of francs=;£i, 

;;^i = 14.05 florins, 
1 00 florins =181.5 francs, 
and 99.875 francs =100 francs. 

.-. required no. of francs= ^^ ^^'^^x 181.5X 100 
^ 1x100x99.875 

_ 1405x1815 

99875 
= 25.53... 

Exercises. Set CV. 

Find the cost in London of a bill of exchange for — 

1. 5500 francs on Paris at 25.35 (francs for^f i). 

2. 2020 rupees on Bombay at is. 9fd. (for i rupee). 

3. 460.50 dollars on New York at 4.88 (doll. for;f i). 

4. 410.45 roubles on St. Petersburg at 32J (d. for i rouble). 

5. 3015 marks on Hamburg at 20.44 (naarks for^^i). 
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6. 700460 reis on Oporto at 52^ (d. for i milreis, ue.^ 1000 reis). 

7. 6140 gulden on Vienna at 14.20 (gulden for;f i). 

8. 345.25 guilders on Amsterdam at 11.95 (g^^(^* ^^^j^')- 

9. 670.30 pesetas on Cadiz at 25.64 (pes. for^^i). 

10. 864.75 lire on Genoa at 25.70 (lire for ;^i). 

11. If it were necessary to remit ;^i 50 17s. 6d. to Paris, /'200 i6s. to 
Bombay, and ;^i75 14s. 3d. to St. Petersburg, what bills on these 
places would be obtained at the foregoing rates ? 

1-2. If it were necessary to remit to London ;^2I4 12s. 6d. from New 
York, /500 14s. lod. from Hamburg, and £*]$ 5s. from Oporto, what 
would the bUls cost at the rates given above } 

13. What would the sale of a bill of exchange on London for 
;^I20 8s. 6d. produce in* Vienna, Amsterdam, and Genoa at the rates 
already mentioned ? 

14. If the coiu^e of exchange between London and St. Petersburg 
be quoted at 32^, how much English money will be got for 45 roubles 
45 copeks ? (100 copeks= i rouble). 

15. How many pounds, &c., are obtainable for 1320 florins 60 kreut- 
zers when the rate of exchange between London and Vienna is quoted 
at 14.12 ? (100 kreutzers=i florin). 

16. What amount of American currency is equal to ;f 500 14s. 6d. 
when gold is quoted at 115 J and the course of exchange at 4.89 ? 

17. If the cost of a bill on Paris for 8974 francs be ;^400 12s. 6d., 
what is the course of exchange ? 

18. A bill of exchange for ;^640 12s. 6d. at sight is negotiated in 
Vienna when the course of exchange is quoted at 14.15. What sum 
ought the buyer to pay ? 

19. How man]^ pounds, &c., must be paid in London to settle a debt 
of looooooo reis in Lbbon, if bills on Paris be bought and forwarded 
to Lisbon when the course of exchange between London and Paris is 
quoted at 25.35, and between Paris and Lisbon at 542 (francs for 100 
milreis)? 

20. The sum of ^^250 los. is laid out in London on bills of exchange 
on Paris at the rate of 25.30 francs per £ij and the bills having been 
remitted to Vienna are negotiated there at the rate of 178 francs for 
100 florins. What sum do they bring ? 

21. Had bills on Vienna at the rate of 14.15 been bought with the 
;^250 los. of Exercise 20, how much more or less would the holder in 
Vienna have received ? 

22. The par of exchange between London and Paris is 25.17, and 
the com^e of exchange is quoted at 25.42. At how much per cent, 
premium is English money ? 

23. When the course of exchange between London and New York 
is quoted at 4.96, London exchange (i.e,y English money) is said to be 
at 2 per cent, premium. Calculate from this the par of exchange. 

24. A merchant in Paris has a debt due to him in Amsterdam, in 
payment of which he may draw on Amsterdam, or cause bills on Paris to 
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be remitted to him. Which is the preferable course, if in Paris the 
quotation is " Amsterdam, 212J *' (francs for lOO guilders)^ and in 
Amsterdam " Paris, 55 " (guilders for 120 francs) ? 

25. An American sends to his son in this country a bill of exchange 
for 2*220 when gold is at 15 per cent, premium and the rate of exchange 
is 4.87. What would the bill cost in currency, there being a banker's 
charge of J per cent. ? 

26. A merchant in Geneva who has a debt of ;^ 11 50 to pay in 
London may remit paper on Paris at looj^ which is quoted in London 
at 25.40, or paper on Amsterdam at 211^ which is quoted in London 
at 11.95. Which method is the more advantageous, and by how 
much ? 

27. When gold is quoted in New York at no the cost of a bill on 
London for;^240 17s. 6d. is 1293.02 dollars in'currency. What is the 
current rate of exchange ? 

28. A sum of ;f220 is handed in at a bank to pay for a bill of 
exchange on Paris and the banker's charge of ^ per cent, on the same. 
If the course of exchange be quoted at 25.25, what sum will the holder 
in Paris receive ? 

29. For how large a sum can a person with ;^45o obtain a bill of 
exchange on Hamburg, when the course of exchange is quoted at 20.45, 
and there is a banker's charge of 1^ per cent. ? 

30. The cost in New York of a bill for ;f 648 12s. 6d. on London is 
$3577.65 when the rate of exchange is quoted at 4.80. What must be 
the quotation for gold ? 

S[. Messrs. A and B of Paris have to make a remittance of 40000 
ars to New York, and this is accomplished by their correspondent 
in England buying London paper on New York at 4.88, and drawing 
upon them in return at 22.45. What sum must their remittance thus 
cost them ? 

32. Mr. A of London remits £460 lo Mr. B of Paris when the rate 
of exchange is quoted at 22.40 ; with the sum received Mr. B buys 
paper on Vienna at 180, and remits it to Mr. A, who negotiates it at 
14.15. What is the result of these transactions ? 

33. A London merchant wishes to remit paper to Paris in payment 
of a debt. Which paper is best, as deduced from the following ? 

Quotations in London. Quotations in Paris, 

Paris 25.40. 

St. Petersburg 32J. P^tersbourg 350 [fr. for 100 r.l 

Vienna 14.20. Vienne 180 pFr. for 100 g.jl 

Genoa 25. 72 J. Gdnes 99} [fr. for 100 fr.J 

34. The American gold dollar weighs 1.672 gram, and is -ft fine, 
the French twenty-franc piece weighs 6.451 grams, and is of the 
same fineness. Calculate the par of exchange between the two 
countries, stating it as so many francs per dollar. 

35. A London exchange dealer wishes to procure paper on St. 
Petersburg, and finds that he can have it from Paris and from Geneva 
by remitting paper on these places in return. Deduce from the followiug 
quotations wnich is the better place to deal with : — 
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London Quotations, Paris Quotation. Geneva Quotation. 

Paris 25.70. Petersbourg 349. P^tersbourg 350. 

Geneva 25.80. 

36. British standard gold is 22 carats fine {i.e.y 22 parts out of 24 are 
pure), and 40 lb. troy of it are coined into 1069 sovereigns. Find the 
par of exchange between France and England, giving it in francs per 
pound. (See Exercise 34.) 

37. A London firm, a partner of which carries on a branch of the 
business in Paris, has a debt to pay in Vienna, and this may be accom- 
plished in one of the following ways, viz. : — (i) by remitting London 
bills on Vienna to the creditor, (fi) by remitting London bills on Paris 
to the partner, and by the latter remitting Paris bills on Vienna to the 
creditor, (3) by remitting London bills on Paris to the partner, and by 
ordering the creditor to draw on the partner in Paris, (4) by ordering 
the creditor to draw on the partner and the partner to draw on the 
London house. With the following quotations, which is the best 
way ? 

London Quotations, Paris Quotations, Vienna Quotation, 

Vienna 14.20. Vienne 180J. Paris 41 J [for 100 fr.] 

Paris 25.60. Londres 25.16. 

159. Sharing of Profits, &c. — Here there are few 
technical terms requiring to be explained : the subject will 
be sufficiently understood from a study of the examples 
following, and the reasoning made use of in their solution. 

Example i. Three brothers have ;;^io, ;£5, ;£i, respec- 
tively, the whole of which is put into a savings-bank as one 
sum, the total 'interest received being £^2, How should 
this be divided among them? 

Interest on the whole, viz., ;;^i6=;£2 

.'. interest on;^io, ue.y ist share = ;^2 xi? 

interest on J[^^^ ue,^ 2nd share =;;^2 x i. 

= i2s. 6d. 
and interest on ;£i, i>., 3rd share = ;;^2 x^ 

«'2S. 6d. 

Example 2. Three merchants enter into partnership, con- 
tributing respectively ;;^iooo, ;;^i5oo, and ;;^2ooo, for the 
carrying on of their business. After a certain time they 
find tl^t they have lost ;;^3ooo, and the partnership is 
dissolved. What share should each bear of this loss? 
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Total capital ^j£i ooo + ;;^ 1 500 + ;i^20oo 

Now, since the loss on ;£45oo=;£3ooo ; 
hence, 



1000 



1st share, i.e., loss on Xiooo=j^3ooox 

J 7 *.*o #«oa 4500 

«;£666 13s. 4d. 

2nd share, />., loss on ;;^i5oo=;^3oooxI^ 

4500 

3rd share, />., loss on ;;^2ooo=;£3ooox ????. 

'=;£i333 6s. 8d. 

Example 3. Two partners advance ;;^iooo each on 
starting business together: three months afterwards they 
admit two additional partners, one advancing ;;^i2oo, the 
other ;£8oo, and at the end of the year the profits, amount- 
i'^g to ;£2ioo, are divided. Find the share of each 
partner. 

I St partner haS;£iooo invested for 12 mo. 
2nd „ ;£iooo „ 12 „ 

3rd „ ;^i2oo „ 9 „ 

and 4th „ £ 800 . „ 9 „ 

which is the same as if 

ist partner had ;^i2ooo invested for i mo. 

2nd „ ;^I2000 „ „ 

3rd „ ;^io8oo „ „ 

and 4th „ £ 7200 „ „ 

Now ;;^I 2000 + ;£'l 2000+;^! 0800 + ;^7 200 = ;^42000; 



.•. ist partner's share«;^2ioox 



I2CXX) 



42000 
^£600. 

2nd „ =;^6oo. 

J r 10800 

3rd „ =;^2IOOX_- 

4th „ «j^2ioox-Z?22. 

^ " **-» 420Q0 

=;£36o. 
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Example 4. 120 oranges are divided among four boys, 
and for every 6 which the eldest receives, the second 
receives 3, the third 2, and the youngest i. What are their 
shares? 

6 + 3 + 2 + i«i2; so that out of every 1 2 given away, the 
eldest receives 6, />., he receives A of the whole ; and so 
on. Hence, 

share of eldest = 1 20 x ^=« 60 

12 



99 



99 



19 



2nd=I20x-i=s^O 
12 ^ 

3rd=i2ox-£. = 2o 
^ 12 

4th=i2ox -L=io. 



12 

The number 120 is said to be divided here into parts 
i>roportumcU to the numbers 6, 3, 2, i, or into parts in the 
ratio <2^6, 3, 2, I. Also, the first part is said to be to the 
second as 6 is to 3, or in the ratio of 6 to 3. 

Example 5. Divide ;;^ii8o into shares which shall be 
proportional to the reciprocals of 2, 5, 7. 

The reciprocals of 2, 5, 7 are i, i, i, or fj, +♦, ^ \ and the 
sum of these being +f , we see that out of every ^ of the 
whole M must go to the first share, \^ to the second, and 
M to the third. Hence, 

ist share =;£ii8oxg 

=;£ii8ox||=;£7oo 

2nd share-j£'ii8ox£4=j/^28o 
^ 59 ^ 

3rd share ==;£i 180 x i?=^2oo. 

Example 6. Divide 30 guineas among A, B, and C, so 
that A's share may be half as much as B's, and C's half as 
much again as A's and B's together. 

Here for every jQi which B receives, A must receive 
/■ J, and C must receive £1 + jQi and half as much more, 
that is, in all £i-^£\y or ^2 J. The money has thus to 
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be divided in shares proportional to i, i, 2^; hence, since 

A's share » 30 gain, x^ 

=3ogum. xl«4 guin. 

B's share =30 guin. x^^S guin. 

C's share =30 guin. x ^ = 18 guin. 

Example 7. The sum of ;£ioo los. is to be divided 
among 12 men, 10 women, and 15 children, each woman 
receiving three-fourths of a man's share, and each child half 
of a woman's. Find what each man, each woman, and 
each child will receive. 

I woman's share »^ man's share 

4 
.'.10 women's shares »7i men's shares ; 

and I child's share »^ woman's share 

2 

=1 man's share 

o 

.'. 15 children's shares » 5 i^ men's shares. 

Hence i2 + 7i+5i men's shares«the total amount, 
/>., 25! men's shares«;;^ioo los. 

.*. I man's share=;;^ioo ios.+25i 



= £100 lOS. X — 

"^ 20I 

£4. 



3^ 
4 
and I child's „ =^1 x i=ios. 



Consequently, i woman's share=;;^4x?=;;^i 

4 



2 

Example 8. On starting business, A has a capital of 
;^6ooo ; B is admitted as a partner 4 months afterwards 
with a capital of ;;^4ooo ; and at the end of the year the gain 
amounts to ;^29oo. What share of this should each 
receive, supposing that the rate of gain before the admis- 
sion of B was a half more than it was afterwards ? 

A had ;^6ooo invested for 4 mo. at the high rate, 
and ;£6ooo „ 8 mo. at the low rate. 
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which is the same as if 

A had ;;^24ooo invested for i mo. at the high rate, 
and ;£48ooo „ „ low rate, 

which is the same as if 

A had ;^24ooox ij invested for i mo. at the low rate, 
and;^48ooo „ „ „ 

which is the same as if 

A had ;;^84ooo invested for i mo. at the low rate. 

Agam, 

B had ;;^4ooo invested for 8 mo. at the low rate, 
which is the same as if 

B had ;£^32ooo invested for i month at the low rate. 

The gain has thus to be divided into parts proportional 
to 84000 and 32000 so that 

A's share = -£2000 x^-^?? 
"^ ^ 116000 

= ;£2IOO 

and B's share =X2 900 x.i^??L 

"^ ^ 116000 

«;£800. 

Exercises. Set CVI. 

1. A bankrapt's assets amount to ;^6oo, and his debts are ;^I200 to 
A, /200 to B, and ;^ioo to C. What sum should each creditor 
receive ? 

2. Four partners contribute ;f 600, ;f 800, /"looo, ;^I200 respectively 
to the capital of their joint undertaking. What fraction of the annual 
profits should come to each ? 

3. Three farmers agree to buy a road engine for ^^200, one of them to 
have the use of it for 6 months of the year, another for 4 months, and 
the third for 2 months. What share of the costs should each bear ? 

4. A fortune is bequeathed to three persons in parts proportional to 
5, 3, 2, but the testator is found to have left a debt of ;^i650. How 
much less will each legatee thus receive ? 

5. Divide ^^39 i8s. among three persons, so that as often as the first 

fets a crown, the second may get half-a-crown, and the third a 
orin. 

6. Of the capital of an undertaking A subscribes ;^400, B ;^350, and 
C ;^250. What percentage of the gain should each receive ? 

7. Divide the sum of £^1^ 2S. 8d. into two shares in the ratio of 
7 to 9. 
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8. Divide 60 into parts proportioiial to the second powers of the first 
fonr integers. 

9. One of the three partners of a trading firm owns a third of the 
capital, another owns a fourth, and the third owns the remainder. 
Find their shares of a year's profit amomiting to £2iiT. 

10. One kind of gunpowder is formed of 77 parts of nitre, 9 of sul- 
phur, and 14 of charcosu. In i^ ton of it how much is there of each 
mgredient ? 

11. Divide 50 into parts proportional to the reciprocals of the first 
four integers. 

12. Divide 41 into parts 'proportional to the second powers of the 
reciprocals of the first four integers. ^ 

13. Divide 41 into parts proportional to the reciprocals of the second 
powers of the first four integers. 

14. The annual expense of keeping a horse is borne by four persons, 
who pay ;f 20 3s. 4d., £1^ los., £1^ i6s. 8d., £^ 6s. 8d. respectively. 
How many days of the year ought each person to have him ? 

15. Three persons obtain a lease of a field of 13 ac. 2 ro. 37 po. for 
gardening, and pay respectively ;^3 6s. 6d., Z*^ 12s. 8d.,;^io 7s. of the 
rent. What share of the field should each chimi ? 

16. A merchant becomes bankrupt and is owing money to four 
creditors, viz., to A £iiz 6s. 8d., to B ;^25i los., to C £^"^2 2s. 6d., 
and to D ;f 505 los. lod. The bankrupt's assets being £tZ9 is. 3d., 
what share should each creditor receive r 

17. One gentleman gives away 6 guineas, dividing his gift into three 
shares proportional to i, }, i ; another gives away J of 6 guineas to 
one person, \ to another, and ^ to another. Find the differences 
between the former shares and the latter. 

18. Three graziers rent a field for 17 weeks at a cost of ;^298s. 
One of them keeps 20 oxen in it for 7 weeks, the second 25 oxen for 
10 weeks, and the third 10 oxen the whole time. What share of the 
rent should each pay ? 

19. A fishing-rod 11^ feet long is made up of four pieces, two of 
which are of the same length, the other two being respectively a half 
and a third of this length. How long is each piece ? 

20. A legacy of ^^452 13s. is divided among three sons, the share of 
the eldest being thrice that of the youngest and twice that of the second 
son. Find the shares. 

21. A stationer starts business with a capital of £1000^ and after 4 
months takes a partner who supplies ;^2000. What share should each 
receive of the first year's profits, which amount to ;^I498 ? 

22. Divide 210 apples among A, B, and C, so that B's share may be 
double of C's and half of A's. 

23. Two partners, A and 9» begin business together. Find A's 
share of the first year's gain of £itoo, it having been agreed that as 
manager he is to receive a fixed salary of ;^500 and 10 per cent, more 
of the remainder than B. 
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24. Divide 56 oranges among 6 boys and 1 1 girls, giving each girl 
twice as many as each boy. 

25. What share of ;^86o 14s. 4d. should each of three persons receive, 
if the first is to have 25 per cent, more than the second, and the second 
20 per cent, more than the third ? 

26. A tradesman commences business on 14th March with a capital 
of ;^500; on ist June he takes a partner with;^400; on 30th Novem- 
ber another partner is admitted with;^450 ; and at the end of. the year 
a profit of ;^620 falls to be divided. Find the share of each. 

27. The sum of ^^19 is divided among 24 men and 36 women, the 
shares of 3 men being equal to the shares of 5 women. Find each 
man's and each woman's share. 

28. Divide ;^8i9 among A, B, C, D, E, so that A's share may be 
double of B's, treble of C's, half of D*s, and half as much again 
as E's. 

29. Three cattle-dealers rented a grass field for ^^30 9s. One ot 
them had 10 oxen grazing in it for three weeks, another had 35 sheep 
for 4 weeks, and the third 5 oxen and 15 sheep for 2 weeks. Sup- 
posing that an ox eats three times as much as a sheep, what share 
ought each dealer to pay of the rent ? 

30. The sum of ;^23 3s. lod. is paid to 14 men and 25 women, and 
for every 4d. given to each woman 6d. is given to each man. Calculate 
a man's share. 

31. Three workmen receive in all three half-crowns, the share of the 
first being double that of the second, and half as much as those of the 
second and third together. Find the shares. 

32. A piece of work is begun by three gangs of labourers, consisting 
of 12, 15, and 20 men respectively. The first gang remains 5 davs at 
the work, the second remains 3 days longer, and the third finishes 
the work in 2 days more. What fraction of the whole is performed by 
one man in each gang ? 

33. Divide 220 apples among 12 men, 14 women, and 15 children, 
so that the shares of 3 men may be equal to the shares of 5 women, 
and the shares of 2 women equal to the shares of 3 children. 

34. A sum of ;^30 is to be divided among 3 pedestrians according to 
their speed of walking, and they are found to travel a mile in 8 min. 
30 sec, 8 min. 45 sec, and 9 min. respectively. Find the share of 
each. 

35. The thickness of 10 cards is .1475 in., and 5 of them are of one 
thickness, 2 of them are each a half thicker than any of the five, and 
the remaining 3 are each half as thick again as either of these two. 
Find the thickness of one of each set. 

36. Three partners. A, B, C, share a gain of ;^6i2.iis. B has had 
twice as mucn money as A in the business, but only for a third of the 
time, and C, who has been a partner for the same time as B, has had 
as much as A and B together. Find ^ch partner's share of the 
gain. ' 

37. A tradesman engages in business with a capital of £S^ ^^^ 
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after 3 months takes a partner with a capital of ;^8co. The gain for 
the first 6 months being j^i 200, how should.it be divided, if the rate of 
gain per cent, per ann. during the partnership were double what it was 
before ? 

38. Two booksellers engage in trade as partners, the senior partner 
having a third more capital than the other. After 5 months both of 
them double their capital, and a third partner is admitted with a third 
of the capital held by the junior partner on starting. How should the 
year's gain of jf 707 be shared ? 

39. A church collection composed of threepenny, fourpenny, and 
sixpenny pieces amounted to ;^i6 4s., and there was a third more 
threepenny pieces and a third less sixpenny pieces than fourpenny 
pieces. Find the number of each coin. 

40. A begins business with a capital of ;^640 ; after 3 months B is 
admitted as a partner with ;^48o ; and after other 3 months C is 
admitted with ^^320. If the rate of gain per cent, is a third 
higher after the admission of B, and falls to its former position 
when C is admitted, what fraction of the year's gain should each 
receive ? 

160. Arba of Surfaces. — ^We have already seen that a 
square whose side is 3 feet long contains 3 times 3 square 
feet; that one whose side is 12 inches long contains 
12 times 12 square inches ; and the learner may also already 
know that we speak of the 9 square feet and the 144 square 
inches as the area of the respective squares, the area of a 
surface being an expression for the quantity of it in square 
miles, square yai:ds, or any other such units. The calcula- 
tion of areas, of which we have here two examples, is 
dependent upon the science of geometry, and as the shapes 
and properties of surfaces are very varied, it is an exceed- 
ingly extensive subject There is one form of plane surface, 
however, which is of very common occurrence in ordinary 
life, and the area of which is calculated in a way that can 
be explained without assuming much knowledge of geometry. 
This plane figure is the rectangle^ of which the square 
may be considered a particular case. 

In geometry, a rectangle is defined as a plane figure 
bounded by four straight lines, called its sideSy and having 
all its angles right angles, ^^., the figure A B C D ; and it 
is shown that the opposite sides are equal. If a rectangle 
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has all its sides equal, it is called a square, e,g,^ the figure 
P Q R S. The length of either of the two longer sides is 
called the length of the rectangle, the length of either of the 
two shorter its breadth^ and both are spoken of as its 
dimensions, • 



B 



Fig. 6. 



The area of a rectangle is usually calculated from knowing 
its length and breadth. Consider the case of a rectangle 
8 in. long and 5 in. broad, and let the above figure A B C D 
represent it. Then, since A D is 8 in. long, it may be 
divided into 8 parts, each an inch in length, and we may 
draw lines through the points of division in the direction of. 
the breadth. Similarly, A B may be divided into 5 such 
parts, and lines drawn lengthwise 
through the points of division, the 
result being as in -the annexed dia- 
gram. Now each of the little figures 
thus formed must be a square inch, 
and there being 5 rows of them, and 
8 in each row, it is clear that the 
number of square inches in the rectangle is 8 x 5 ; so that 
the area of a rectangle 8 in. long and 5 in. broad is 
(8x5) square inches. 

Had the dimensions been S/eet and 5^^/, the area would 
evidently have been (8x5) square feet, and similarly in the 
case of any other unit. Further, what is established here 
when the numbers used in specifying the dimensions are 
8 and 5, will be seen to hold in the case of any other whole 
numbers whatever. Thus the area of a rectangle, whose 
length is 7 miles, and breadth 2 miles, is 14 square miles; 






























































































Fig. 7. 
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and the area of a rectangle, whose length is 9 metres, and 
breadth 4 metres, is 36 square metres. 

Coming now to the case where the dimensions are given 
in fractional numbers, let us take, as an example, a rectangle 
4} yards long and 2i yards broad. Here the denomi- 
nators of the two fractions being 4 and 3, we can express 
the dimensions in twelfths of a yard by means of whole 
nambers, the length being 57 twelfths of a yard, and the 
breadth 28. Now we already know that the area of a 
rectangle 57 twelfths of a yard long and 2S broad is 
(57 X 28) small squares, whose sides are a twelfth of a yard 
in length ; and there being 144 of these in a square whose 
side is a yard in length, that is, in a square yard, the area in 

question is i^^i^ sq. yd. But 5Z^=17 ^ aS^^j x 2i ; so 
^ 144 ^ -^ 144 12 12 ^ ' 

that the area of a rectangle whose length is \\ yd. and 

breadth 2\ yd. is (4i x 2^) sq. yd. 

A similar result will be found in other instances, and we 
thus come to the general conclusion that whether the 
numbers used in expressing the length and breadth of a 
rectangle in terms of the same unit be integral or fractional^ 
their product is the number of corresponding square units 
in the area. 

The modes of calculating the areas of other figures are 
dependent upon this fundamental result and the theorems 
of geometry ; but even without a knowledge of the latter, 
they are well worth remembering. Thus, the area of a 
triangle is shown to be half that of a rectangle with the 
same base and height ; the area of a circle to be the area of 
the square on its radius multiplied by 3. 141 59...., or ap- 
proximately by V^, or fM ; and so on. 

Example i. The length of a rectangular black-board is 
5 ft. 6 in., and the breadth 3 ft. 8i in. Find the area of its 
surface. 

Length « 66 in. 
and breadth » 44^ in. 
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Or thus : — 



/. area « (6 6 x 44^) sq» in. 
= 2937 sq. in. 
= 20 sq. ft. 57 sq. in. 

Length*- si ft. 
and breadth«3Hft- 

.*. area=«(si^x 3H) sq. ft. 
-W sq. ft. 
= 20 sq. ft. 57 sq. in. 

Example 2. Calculate the area, in acres, &c., of a rect- 
angular field whose length is 25 chains 47 links, and breadth 
16 chains 8 links. 

Length^ 25.47 chains 
and bread th» 16.08 chains. 

.*. area»(25.47 x 16.08) sq. chains 
-409.5576 sq. chains 

==40-95576 ac. 

=40 ac. 3 ro. 33 po. nearly. 

Example 3. The area of a rectangular park is 173 ac. 
2 ro. 23 sq. po. 13 sq. yd., and the breadth is 2 fur. 35 
po. 3 yd. Find its length, 

Area«i73 ac. 2 ro. 23 sq. po. 13 sq.yd. 
=8404481 sq. yd. 
and breadth =2 fur. 35 po. 3 yd. 
-635i yd. 

Now we know that whatever may be the number of yards 
in the length, that number multiplied by 63 5 i^ must give 
840448}: hence 

length-?^ yd. 

«i322iyd. 

=6 fur. 2^ yd. 

Example 4. What length of gilt ribbon f in. broad will 
be required to gild a circular plate 5i in. in diameter? 
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Radius of plate«5i in.+2-2i in. 

.'. area „ =(2! x 2} x 5i5j gq, jj^ nearly. 

Now, to cover the plate the piece of ribbon required 
must have the same area as the plate. 

••. area of ribbon«l^^ sq. in. : 

but breadth „ «? in. 

=2 ft. y^yVin. 

Exercises. Set CVII. 

1. Calculate the area of a rectangular ceiling 20 ft. 4 in. long and 
13 ft. 7 in. broad. 

2. A rectangular surface is 4 yd. 2 ft. 7 in. long and i yd. i ft. i in. 
broad. Find its area. 

3. How many square feet of surface are there in a rectangular floor 
which is 16J ft. long and 12} ft. broad ? 

4. Find the area of a rectangular plate 4.105 in. broad and 1.625 ^< 
long. 

5. A rectangular piece of ground is 113^ ft. long and 17} ft. broad. 
Give its area in square yards. 

6. Find the area in acres, &c., of a square field the length of whose 
side is 46 chains 25 links. 

7. Express in acres, &c., the area of a rectangular field 1 fur. 13 po. 
2} yd. long and 25 po. 4 yd. broad. 

8. The surface of a rectangular table contains 27 sq. ft. 34 sq. in. and 
its length is 6 ft. 2 in. Find its breadth. 

9. 400 rectangular tiles, each 2} in. long and ij in. broad, are re- 
quired to cover a hearth. Find the number of square feet in the 
hearth. 

10. A rectangular piece of ground 30 po. in length and 6 po. 2f yd. 
in breadth is divided mto 13 plots. Find how many square yards mere 
will l>e in each plot. 

11. How broad must a rectangular walk 116 yd. 2 ft. long be, when 
105 flags 3^ ft. long and 2f ft. broad are required to pave it ? 

12. What must be the breadth of a rectangular plantation whose 
area is 12} ac. and length 31 chains 25 links ? 
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13. How many pordons, each coDtaining 72 sq. in., could be cut out 
of a piece of cardboard 24 in. square ? 

14. A circular plot of ground has a radius of 106 links. Find its 
area in acres, &c. 

15. There is if sq. ft. of surface in the two faces of a rectangular 
school slate, and the breadth of the slate is 8 inches. Calculate its 
length. 

16. From a book-leaf 12 in. long and 8} in. broad two equal rect- 
angular pieces are cut, the dimensions of which are half those of the 
leaf. How many square inches of paper remain ? 

17. On a circular piece of ground 130 yd. in diameter a walk 3 yd. 
broad is made all round close to the boundary. Find the area of the 
walk. 

18. Calculate the number of square feet of wall surface in a room- 
whose circuit is 56 ft. 6 in. and height 1 1 ft. 8 in. 

19. On the back of an envelope 4I in. long and 3I in. broad are 
gummed 4 postage stamps, each .9875 in. long and .0125 in. broad. 
What space remains for the address ? 

20. A drawing occupies one side of a sheet of paper 8 in. long and 
6i in. broad, with the exception of a margin f in. wide all round. 
How mkny square inches does the drawing nil ? 

21. How many yards of ribbon 3^ in. wide would cover a square 
mile of surface ? 

22. Two circular flower-beds 15 ft. 6 in. in diameter are marked off 
in a rectangular plot of ground 60 ft. long and 52} ft. broad, and the 
remainder of the plot is paved. Calculate the area of the pavement. 

23. What length of carpet } yd. wide would be required to cover a 
rectangular floor 18 ft. long and 13} ft. broad ? 

24. A map is 6^ in. in length and 4f in. in breadth, and the scale 
is ^ in. to the nule. Find how many square miles of surface it 
represents. 

25. What length of paper 22 in. wide would be required to cover a 
wall 16 ft. 6 in. long and 10 ft. 8 in. high ? 

26. A rectangular room is 16 ft. 6 in. long, 13 ft. 9 in. broad, and 
lift. high. Find the total area of its wall surface. 

27. Find the number of square yards of surface in the walls and 
ceiling of a rectangular chamber 20 ft. 4 in. long, 18 ft. 6 in. broad, and 
10 ft. 2 in. high. 

28. A circular flower-bed 12 ft. in diameter touches the sides of the 
square plot within which it is situated. Find the area of the remainder 
of the plot. 

29. A rectangular garden 240 yd. long and 180 yd. broad 13 divided 
into two equal parts by a straight pathway 5 ft. broad, which runs in 
the direction of the length. Find the area of one of the parts. 

30. The height of a rectangular room is 12 ft. 3 in., the length 
27 ft. 4 in., and the breadth 18 ft. 6 in. Find the amount of wall 
space, sdlovnng for three rectangular windows each 6 ft. 3 in. by 
5 fL 4in. 
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31. From a rectangular piece of groand 16} yd. long and 12} yd. 
broad there is marked off a border path 3I ft. broad all round. What 
fraction is the path of the whole ? 

32. A map 3 in. long and 4 in. broad represents 48 square miles of 
the earth's surface. To what scale is it drawn ? 

33. How many squares 1- in. on the side could be cut out of a rect- 
angular piece of tin 3} ft. long and 10 in. broad ? 

34. A patchwork covering has an area of 4^ scj. yd., and is com- 
posed of 150 square pieces of the same size. Find the lengdi of a 
side of each of these squares. 

35. A rectangular box 3} ft. long, i ft. io| in. broad, and i ft. ^ in. 
deep is to be covered on all sides with leather. How many square 
feet of leather will be required ? 

36. What would be the cost of polishing a rectangular block of 
granite 4 ft. long, 2^ ft. broad, and i^ ft. thick, at the rate of lod. per 
square foot ? 

.37. How many slabs 4 ft. 3 in. long and 3 ft. broad would l>e required 
to pave a square surface whose side is 204 yd. long ? 

38. A sheet of paper 3 ft. 4 in. long and i ft. 5 in. wide is folded so 
as to form a pamphlet of 16 pages. Find the area of one page. 

39. A rectangular surface Ji yd. long and 2^ feet tn-oad has its 
length diminished by i^ ft. fiy how much must the breadth be 
increased so as to preserve the same area as before ? 

40. An iron chest, the external dimensions of which are 4 ft. 2 in., 
2 ft. 6 in., I ft. 8 in., and the walls of which are uniformly f in. thick, 
has been painted both inside and outside. Calculate the total amount 
of painted surface. 

41. The length of a rectangular room is 24 ft. 7 in., the breadth 
20 ft. 5 in., and the area of the walls and ceiling 1851 sq. ft. 131 sq. in. 
Find Uie height of the room. 

42. The length of a rectangular room is 16 ft. 8 in., the height 14 ft., 
and the area of the walls and ceiling 130^ sq. yd. Find the breadth 
of the room. 

43. The total superficial area of a rectangular block of gold is i J.112 
Sq. in., and two of its dimensions are 1.4 in. and 1.04 in. Find the 
'third. 

161. Bulk of Solids. — The ^/k of a solid body is the 
quantity of space it occupies expressed in cubic inches, 
cubic feet, or any other such units. Solids, like surfaces, 
are infinitely various in form ; and, as before, we consider 
the calculation of the bulk of those only which are the 
simplest and most common, viz., the correlatives in solid 
geometry of the rectangle and square. 

A rectangular solid^ or rectangular paralldopiped^ is a 



PRACTICAL EXAMPLES, WITH NOTES. 28 1 

figure bounded by six rectangular surfaces, called its sides 
or faces ; for example, a brick, or a box, in their ordinary 
forms. The opposite sides of the figure are known to be 
alike. If all be alike, that is, if they be all squares, the 
figure is called a cube. Rectangular solids are seen to have 
length, breadth, and thickness, that is to say, three dimen- 
sions. 

The calculation of the bulk of a rectangular solid is 
usually made from knowing the length, breadth, and thick- 
ness. Consider the case represented in the accompanying 
woodcut, where the length, B C, is 8 in., the breadth, C D, 
5 in., and the thickness, A B, 3 in. Dividing A B into three 











Fig. 8. 

equal portions, and cutting, as indicated, through the points 
of division, parallel to the upper face, we get 3 slices, each 
I in. thick, 8 in. in length, and 5 in. in breadth. Now, 
taking one of these, we see that by making 8 cuttings in 
one direction, and 5 in another, as shown in the second 
woodcut, we divide it into 40 cubic inches, so that in the 
whole 3 slices the 'number of cubic inches is 40 x 3, or 
8x5x3. The bulk, therefore, of a rectangular solid, 
whose dimensions are 8 in., 5 in., 3 in., is seen to be 
(8x5x3) cubic inches. 

In the same way we may show that the bulk of a 
rectangular solid 4 yd. long, 3 yd. broad, and 2 yd. thick, 
is (4 X 3 X 2) cubic yards ; and the learner will perceive 
that a similar result must be obtained in every case where 
the unit of length, whatever it may be, is contained an 
exact number of times in each of the dimensions. Further, 
by treating, as on p. 276, the case where fractional numbers 
occur, he may convince himself, as before, of the truth 
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of the general conclusion, viz., that. whether the numbers 
used in expressing the dimensions of a rectangular solid in 
terms of the same unit be integral or fractional, their 
product is the number of corresponding cubic units in the 
bulL 

Of the many results deduced from this by means of the 
theorems of solid geometry, the learner may remember one, 
viz., that the bulk of a sphere or ball is the same as the bulk 
of the cube on the radius multiplied by % of 3.14159.... 
Also it may be noted that volume and cubic content are 
sometimes used for bulk, width in place of breadth, and 
depth and height instead of thickness. 

Example i. On a flat piece of ground, containing 
15 sq. ft. 36 sq. in., a rectangular block of brickwork, 
10 ft. 3 in. high, is built. Find its bulk. 

Area of surface=2i96 sq. in. 
and height=i23 in. 

.'. bulk=(2i96 X 123) cub. in. 
= 270108 cub. in. 
= 156 cub. ft. 540 cub. in. 

Or thus : — 

Area of surface=i5J sq. ft. 
and height =« 10 J ft. 

.*. bulk=(i5ix 10 J) cub. ft. 

=?5£i cub, ft. 

= 156 cub. ft. 540 cub. in. 

Example 2. Find the bulk of a rectangular block of ice, 
6 ft. 3 in. long, 2 ft. \^ in. broad, and 8f in. thick. 

Length=6j ft., breadth=2i ft., thickness=ff ft. 
.-. bulk= ^6 J X 2f X ii- j cub. ft. 

=.f?S,i9,L3\cub. ft. 

=1^5 eub. ft. 
1024 

= 10 cub. ft. ii5sH cub. in. 
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Or thus : — 

Bulk=(75 X 28i x 8|) cub. in. 
==i8435H cub. in. 
= 10 cub. ft. 1155H cub. in. 

Example 3. A tank 1 7^ yd. long and 4f yd. broad, is 
to be capable of containing 540 cub. ft. of water. What 
must its depth be ? 

Volume of tank =» 540 cub. ft. 

= 20 cub. yd. 
and area of bottom==( 171x4!^) sq. yd. 

=80 

Now we know that the number of yards in the depth 
must be such a number that when we multiply 80 by it, we 
shall have 20 for result ; hence 

depth =(20 +80) yd. 

^l yd. 

Example 4. i cub. ft. of wax is run into a cake i in. 
thick. Find the extent of the surface of this cake. 

Bulk of wax=i cub. ft. 

o 

-2i6 cub. in. 

and thickness of cake »- in. 

4 

and whatever may be the number of square inches in the 

surface, we know that the number multiplied by J must 

give 216. 

.•. area of siuface=(2i6^i) sq. in. 

=864 sq. in. 

=6 sq. ft. 



Exercises. Set CVIII. 

1. Calculate the cubic content of a rectangular box whose internal 
dimensions are 2 ft. 1} in., 10} in., and i ft. 

2. How many cubic feet of stone are there in a rectangular slab 
M'hose length is' 2^ yd., breadth 2^ ft., and thickness 2^ in. ? 

3. The cross section of a rectangular beam of wood contains 2 sq. ft. 
1 10 sq. in., and the length of the beam is 2} yd. Find its bulk. 
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4. A rectangular hollow is to be dug in a level piece of ground, the 
dimensions being 100 ft., 28^ ft., and i^ ft. Calculate now many 
cubic yards of earth must be removed. 

5. The length of a rectangular block of building stone is 1} yd., the 
breadth i ft. 6 in., and the Siickness io| in. Find its bulk. 

6. How many cubes with an edge of 3 in. could be cut out of a cube 
with an edge of 3 ft. ? 

7. The dimensions of a rectangular plate of silver are 1.25 in., . 125 in., 
.0125 in. Find its bulk. 

8. The length, breadth, and bulk of a rectangular mass of concrete 
are 3} ft., 2) ft., 36288 cub. in. respectively. Find the thickness. 

q. 2000 bricks, each 9 in. long, 4} in. broad, and 3 in. thick, are 
required to fill a waggon. Find the cubic content of the waggon. 

10. The length of a rectangular school-room is 50 ft. 6 in., the 
breadth 16 ft., and the height 10 ft. How many pupils could it ac- 
commodate, allowing according to the government regulations 80 cub. 
ft. of space for each pupil ? 

11. How many cubic inches are there in a rectangular solid whose 
length is i| yd. and whose cross section is a square 1.45 ft. on the 
side ? 

12. There are four equal cubes whose edge is 1 of an inch in length, 
and one cube whose edge is twice as long. Find the difference in 
bulk between the former and the latter. 

13. The cross section of a rectangular plank of wood measures 4]^ in. 
by 2^ in. In order to have a cubic foot of timber what length must I 
cut off? 

14. How many portions, each containing i^ cub. in., are contained 
in a cube whose edge is half a yard long ? 

15. If the earth were actually instead of approximately a solid sphere 
3956 miles in radius, how many cubic miles of matter would it 
contain ? 

16. How many cubes .01 in. on the side would be of the same bulk 
as a cube .1 ft. on the side ? 

17. A rectangular gas-holder is internally 12 ft. long, 5^ ft. broad, 
and 4^ ft. deep. How many more cubic feet of gas would it hold if 
each dimension were increased by half a foot ? 

18. The diameter of a spherical pellet of shot is an eighth of an inch. 
Find its bulk. 

19. How many cubes whose edge measures 1} in. could be packed 
into a rectangular box whose dimensions are i ft. 3 in., 10} in., 
4} in. 

20. A brick wall the thickness of which is 14 in., and the face of 
which has 272} sq. ft. of surface, contains a rod of brickwork. How 
many rods are there in a rectangular wall whose dimensions are 180 ft., 
6^ ft'., I ft. II in. ? 

21. A rectangular swimming-tank is a fathom deep and has a surface 
of half an acre. How many cubic feet of water does it contain ? 
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22. A lead ball 6 in. in diameter is melted and recast into bullets 
J in. in diameter. How many of the latter should there be ? 

23. A rectangular tin box is internally 8^ in. broad and 2} in. deep. 
What must its length be in order that it may hold a gallon ? 

24. A rectangular corn-chest measures internally 4 ft. 2 in. in 
length, 2 ft. 8 in. in breadth, and 2 fc. 6 in. in depth. How many 
pecks will it hold ? 

25. The leaves of a book are 7.125 in. long and 4.815 in. broad, and 
the thickness of 400 of them is three-quarters of an inch. Find the 
bulk of one of them. 

26. Into a basin full of water three cubes of iron are thrown, the 
edges of which measure 4 in., 3} in., 3j^ in. respectively. How many 
gills of water will overflow ? 

27. How many gallons of water must be run off from a rectangular 
cistern which is 4 ft. 3 in. long and 2 ft. 6 in. broad, to lower the sur- 
face of the water in it 10^ in. ? 

28. A spherical iron shell is 10 in. in diameter, the thickness of the 
iron being uniformly 2} in. What room is there inside for explosives ? 

29. A rectangular tank receives 1400 gallons of oil, and the liquid 
surface level is thereby raised half a foot. * Find the area of the bottom 
of the tank. 

30. A cubic inch of steel is raised in temperature from o** C. to 100** C, 
each dimension being thereby increased .001 in. How much is the 
bulk increased ? 

31. Into a cubical box full of water a ball i ft. 8 in. in diameter is 
put, and is found exactly to touch all the sides of the box. What 
bulk of water may be remaining ? 

32. A rectangular solid 4^ ft. long, 3} fl. broad, 1} ft. thick is 
increased 1 1 in. in thickness. By how much must the breadth be 
diminished so as to retain the same bulk as before ? 

33. The external dimensions of a rectangular iron chest are 2 ft. 3 in., 
I ft. 8 in., I ft. 2^ in., and the sides, lid, and bottom are i in. thick. 
Of how many cubic inches of iron is it formed ? 

34. The internal dimensions of a rectangular stone coffin without a 
lid are 6 ft., i ft. 8 in., i ft. 6 in., and the walls are uniformly 6^ in. 
thick. Of what bulk of stone is it composed ? 

35. 1000 gallons of water are run into an empty cylindrical tank, the 
area of the bottom of which is 2 sq. yd. 8 sq. ft. 84 sq. in. How high 
must the water stand in the tank ? 

36. A ball of lead is cast into a rectangular block equal in length 
and breadth to the former diameter, viz. 4 inches. Find the thickness 
of the block. 

37. A cubical vessel is filled by a cubic foot of water, and from it 
enough is poured to fill another cubical vessel whose dimensions are a 
third less. How much is the level in the former vessel thereby 
lowered ? 

38. The bore of a pipe is S^ sq. in. and water is running through it 
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at the rate of 5 ft. per second. How many aibic feet does it supply 
per day ? 

39. When the temperature of a cube of zinc is raised from 32° F. to 
212^ F., each dimension is thereby increased .3 per cent. Find the 
percentage of increase in the bulls. 

40. A round tower is smmounted by a hemispherical roof. Calculate 
how many cubic feet of space there are in it, knowing that the internal 
diameter is 20 ft. and the height of the walls 35 ft. 



THE ROOTS OF NUMBERS. 

162. A POWER of a number, as has already been seen, is 
a product each of whose factors is the given number, and it 
is called the second power if the repeated factor occurs twice, 
the third power if the repeated factor occurs thrice, and so 
on. Thus 

is called the second power of 5, and 

27 ,v- 3 3 3 ^^ /3\' 
64' 444' \4/ 

is called the third power of }. 

163. When one number is a power of another number the 
second is known as the corresponding root of the first. 
Thus 64 being the second power of 8, 8 is called the second 
root of 64, and .001 being the third power of .1, .1 is called 
the third root of .001. A root of a number may thus be 
defined as a number the corresponding power of which is 
equal to the given number. 

The root sign is s/y a corruption of the letter r, and the par- 
ticular root intended is indicated by a small figure placed over 
the first portion of the symbol : thus >ij sj stand for the fifth 
root of J the eighth root of respectively. When it is the 
second root that is meant to be specified the small figure or 
index is often omitted. Thus 

/^.ooi or v^(.ooi)=.i, 
and \/64 or yjZi «8. 
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1 64. The finding of a particular power of a given number, 
or, as the expression is, the raising of a given number to a 
particular power, is an exercise in multiplication ; the find- 
ing or extraction of a particular root of a given number is 
an inverse process requiring special attention. The two 
operations are sometimes spoken of as involution and evo- 
lution. 

The learner may advantageously compare the problem of 
the extraction of a root of a number with the two other 
inverse problems of multiplication already dealt with, viz. 
division of one number by another, and the resolution or 
decomposition of a number into prime factors. 

Extraction of the Second Root, 

165. The problem of the extraction of the second root 
of a number being the finding of a number which when 
multiplied by itself produces the given number, it is soon 
seen that there are many numbers whose second roots very 
readily present themselves. Thus, knowing that the second 
powers of the first nine integers are 

I, 4, 9> 16, 25, 36, 49, 64, 81, 

we can at once tell the second root of each of this series of 

numbers ; and if we happen to know any other such fact, as, 

e.g.^ that 

17 X 17 = 289, 

we know also that 

\/289=»i7. 

Further, observing that if we take a number and raise it 

to the second power, then take the number which is ten 

times as large and perform the same operation, the result 

in the latter case is one hundred times that in the former — 

thus 

7x7=49, 70x70=4900, 700x700=490000, 

— it is clear that we can tell the second root of any number 
whose digits are the digit or digits of one of the second 
powers 
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I, 4, 9, i6, 25, 36, 49, 64, 81, 
followed by an even number of zeros. 

Similarly, observing that if we take a number and raise it 
to the second power, then take a number which is a tenth 
of this and perform the same operation, the result in the 
latter case is one-hundredth of that in the former — thus 
7x7-49, .7 X. 7=49, .07 X. 07 -.0049, 

— ^we see we can tell the second root of any number got 
from one of the second powers 

I, 4, 9, 16, 25, 36, 49, 64, 81, 

by shifting the units' mark an even number of places to the 
left. 

Lastly, since the second power of a fraction is got by 
finding the second power of the numerator and the second 
power of the denominator and forming the fraction whose 
numerator and denominator are respectively these second 
powers, it is evident that we can tell the second root of any 
fraction whose numerator and denominator are such that 
we happen to know their second roots. Thus, knowing 
that 

^16=4 and V'49=*7> 
we also know that 

^49 7 
and that 






Exercises. Set CIX. 

What is the second root of 

I. 400, 3600, 6400, loooo. 2. 90000, loooooo, 250000. 

3. 1600000000, 81000000. 4. .25, .0025, .01, .0016. 

5. .000081, .0009, .000001. 6. .00000036, .00000004. 

,1149 g 16 25 16 64 • 

7- 4' T^ 8l' 0^* ^' Y^ 64' 8l' 8l' 

49 9 I 81 y r^ •, t 

9. -^» -^» » • 10. 2i, 6J, I*, 2*. 

^ 100 1600 40000 4900 ** * " " 

II. lA, SA. 3A» iJJ. 12. lit, 445, 32H, 3^f- 
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Find by trial the second root of 

13. 324, 625, 361. 14. 484, 961, 10201. 

15. Between what two powers of 10 does the second root of 84681 

lie ? and between what two multiples of 10 ? 

166. As the learner will have already observed, there are 
many integral numbers which are not the second powers of 

integers, e,g. the numbers 2^ 3, 5, In proceeding to 

give a general process for the extraction of the second root, 
we leave such numbers out of consideration for the present, 
and deal first of all with numbers which, like 16, 3 1, 900,... 
are second powers of whole numbers. 

167. When the second root of a given number is sought, 
the course which first suggests itself is that of Ex. 13, 14, 
Set CIX., viz. experiment. For example, the number 
being 1444, 32 might occur as likely to be the second root; 
we should therefore raise 32 to the second power, obtain- 
ing the result 1024, which shows that 32 is too small \ then 
we should take a larger number than 32, raise it to the 
second power, and so on. 

168. In order to improve upon this course of procedure, 
it is clearly important to have an answer to the following 
question, viz. : " If the number tried be so much more than 
32, how much more than 1024 {i,e. 32*) will its second power 
be ?" for then we shall have a better chance of being suc- 
cessful in the second trial. 

The answer to this general question will be suggested by 
considering a special case. Suppose the nmnber tried be 
36, />. 32+4. We have then to find 

(32 + 4)^ 
and must therefore multiply 32 + 4 by itself. Now we are 
familiar with the fact that to multiply 32+4 by 32 + 4 we 
may multiply 32+4 by 32 and 32+4 by 4, and add the 
results. But the result of multiplying 32 + 4 by 32 is got 
by taking the sum of 32 x 32 and 4 x 32, and therefore will be 



32* + 4x32, 



u 
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Similarly the other result, viz. that got by multiplying 32+4 

by 4, is obtained by taking the sum of 32 x 4 and 4x4, and 

therefore will be 

32x4 + 4'. 

Hence the two results taken together amount to the sum of 
32', 4x32, 32x4, and 4', and the second and third of 
t))ese being equal, the sum may be put in the form 

32' + 2x32x4 + 4*. 

We thus learn that the second power of 32 + 4 is greater 
than the second power of 32 by twice 32 multiplied by 4 
together with the second power of 4, and the question 
proposed is answered for the special case considered. 

The second power of 4 and twice 32 multiplied by 4 
amounting to 272, this gives 1024 + 272, i,e, 1296, as the 
second power of 36, so that 36 like 32 is too small. 

Taking now 32 + 6 as likely to be correct, let us find its 
second power exactly in the manner preceding, but more 
shortly, thus : — 

(32 + 6)*=(32 + 6)x(32 + 6) 

=(32 + 6) X 32 + (32 + 6)x6 
=32' + 6 X 32 + 32 X 6 + 6* 
. =32* + 2x32x6 + 6*. 

This, it will be found, is equal to 1444, so that the second 
root of the given number is 38 ; but the important point to 
be noticed is the general result which is evident from the 
two cases considered, and which gives the answer to the 
question proposed, viz. : 1/ the number tried be greater than 
yi by an additional number (4 or 6 in the above cases), the 
second power wUl be greater than 32' by twice ^2 times the 
additional number, together with the second power of the said 
additional number, 

169. A little examination will ^how that what is here 
stated in regard to 32 is equally true of any other if umber, 
so that, with a slight alteration in the mode of statement, 
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we have the following still more general and important 
truth, viz. : The second power of the sum of two numbers 
(32 + 4 and 32 + 6 above) is greater than the second power of 
one of the numbers by twice this number multiplied by the other ^ 
together with the second power of that other. Thus, taking 
two additional cases where the sums of the two numbers 
are the same, viz. 17, we have 

(l2 + 5)*«I2' + 2X 12x5 + 5'=I44+I20+25 

=289, 

and (io + 7)*=io* + 2x lox 7 + 7'=ioo+ 140 + 49 
«289. 

170. The full value of this theorem lies not in its 
enabling us to find the second power of a number, but in 
helping us to find a better approximation to the second root 
when one approximation has been already tried. Suppose 
that 9025 is the given number, and that we have tried 85 
as a number likely to be its second root, and have found it 
to be too small, 85* being=7225, which is 1800 less than 
the given number. The correct second root will therefore 
be so much more than 85 that its second power will be 
greater than 85* by 1800. Now we know otherwise that, 
since it exceeds 85, it must have its second power greater 
than 85* by twice 85 times its excess over 85, together with 
the second power of this excess. Consequently, twice 85 
times the excess, together with the second power of the 
excess, roust be equal to 1800, so that 170 times the excess 
must be nearly 1800, and therefore the excess itself nearly 
xo. Trying 10, we find that twice 85 times 10 and 10* 
amount exactly to 1800, so that the second root sought is 
85 + 10, i>. 95. 

If we had taken 90 as our first approximation to the 
second root, the work, on account of the decimal nature of 
our notation, would have been easier. Thus it is at once 
seen that 90^=8100, and that this is less than the given 
number by 925. Then as before we say that twice 90 times 
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the defect of 90 from the true result, together with the 

second power of this defect, must equal 925, so that 180 

times the defect must nearly equal 925, and that therefore 

the defect itself must be nearly 5, Then trying, we find it 

to be exactly 5, and consequently the result is 90+5, i.e, 

95, as before. 

The figuring in these processes is sometimes arranged as 

follows : — 

9025 I 85 + 10 9025 I 90 + 5 

85*= 7225 9o*« 8100 

2x85x10=1700 1800 2x90x5=900 925 

5'= 25 



io*= 100 



1800 



925 



The finding of the 10 in the one case and of the 5 in the 
other is not shown, being done mentally on asking, in the 
former case how often 2x85 is contained in 1800, and in 
the latter how often 2 x 90 is contained in 925. 

As another example, let us find the second root of 1369. 

1369 I 30 + 7 
30^= 900 

2 X 30 X 7 =420 



f= 49 



469 
469 



Knowing that 30* is less than 1369, and 40' is greater, 
we see that the second root sought must he between 30 and 
40. Instead of taking any of the numbers 31, 32, . . . . we 
prefer from the experience before gained to begin with 30. 
Now 30* is less than 1369 by 469, and 469 being known to 
be 60 {i,e, 2 x 30) times the additional number wanted, 
together with the second power of this number, it follows 
that as the additional number is small as compared with 30, 
60 times this number will be approximately equal to 469. 
Dividing 469 by 60 we get 7, and taking 2 x 30 x 7 and 7' 
we find the amount to be exactly 469. Hence, 

Vi369=37. 
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Exercises. Set CX. 

Find the second root of the following numbers :*- 

I. 529. 2. 1 156. 3. 1936. 4. 21 16. 

5. 2809. 6. 4225. 7. 8281. 8. 5041. 

9. 3481. 10. 2401. II. 7744. 12. 9409. 

256 676 841 ^ 2209 

'^- T8:j:9- ^^' TsTi' '5. Y^- 16. ^. 

17. i«M. 18. lUM' 19. 3]ftft. 20: 68,%. 

21. 16.81. 22. 7.84. 23. .006241. 24. .00008464. 

171. In the preceding exercises there are three or four 
digits in the given number, and the second root is attained 
in two steps : the number of tens in the root is got as a first 
step, and then as a second the perfect result. When the 
given number is expressed by more than four digits, a 
greater number of successive approximations is usually 
necessary, and these we are careful to choose in the way 
our system of notation renders desirable, viz. first the 
number of units of the highest kind in the result, then the 
number of units of the next highest kind, and so on. Thus, 
if the result were 4376, it would be obtained in four suc- 
cessive portions, 4000, 300, 70, 6, and not in such portions 
as 4138, 217, 19, 2, although it is possible so to proceed. 
It is thus important to be able easily to tell (i) what is the 
highest kind of unit in the result, and (2) how many there 
are of it; in other words, (i) how many digits the result 
contains, and (2) what is the first digit. 

172. Knowing that 

io'=ioo 
1 00^ « 1 0000 
1000*= 1 000000 
10000*= 1 00000000 



and observing that the numbers raised to the second power 
are the smallest numbers of 2, 3, 4, 5, ... . digits, that 
the numbers on the right are the smallest numbers of 3, 5, 
7, 9, . . . digits, and that the number of digits in the latter 
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case is always one less than twice the number of the digits 
in the former, we readily conclude that corresponding to 3 
or 4 digits in the given number there are 2 digits in the 
second root, corresponding to 5 or 6 there, are 3, corre- 
sponding to 7 or 8 there are 4, corresponding to 9 or 10 
there are 5, and so on. The same will also be apparent on 
considering the ordinary process of multiplying a number 
by itself. For example, if the number contain 7 digits, 
when we multiply by the last of them we begin by passing 
over 6 places to the right of the units' mark, and then con- 
tinue through either 7 or 8 places more, consequently there 
must be either 13 or 14 places in the result. 

When the number of digits in the second root of a given 
number is known, it is not difficult to tell what the first 
digit is. For example, take the number 6985449. Here 
there are 7 digits, consequendy there must be 4 digits in 
the second root sought, a fact which is usually made evident 
by marking off the origmal digits in pairs, beginning at the 
place of the units^ mark, thus : — 

6'98'54'49. 
Now the highest unit in the root being the thousand^ the 
question is how many thousands there are ; and the answer 
evidently is 2 thousand, for the second power of this is 
4'oo'oo'oo, which is less than the given number, and the 
second power of 3 thousand is 9'oo'oo'oo which is greater. 
Again, if the number were 488601 we should separate the 
figures thus — 

48'86'oi, 

thereby showing that the highest unit in the root is the 
hundred; and seeing that 6oo'=36'oo'ooand 7oo'«49'oo'oo, 
we should conclude that the number of hundreds in the 
root is 6. 

173. Proceeding now to the extraction of the second 
root in the case of numbers such as have just been referred 
to, let us consider as an example the number 760384. 
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The figuring ananged in the manner shown in § 170 is as 
follows : — 

76'o3'84 I 800 + 70 + 2 
800' « 64 00 00 



2x8oOx 70 » 1 12000 
70'= 4900 


120384 
1 1 69 00 


2X67OX 2 = 3480 
2^^ 4 




3484 
3434 



Here, beginning on the right hand^ we mark off the 
digits in pairs, and find the first approximation to be 800. 
After subtracting 800* we inquire how often 1600 {i,e* 
2x800) is contained in the remainder. Finding that it 
will be over 70, we take 70 as the next portion of the root, 
and having found the sum of twice 800 times 70 and 70* to 
be 1 16900, we subtract this from the remainder in question, 
which gives us the new remainder 3484. Now, having 
taken away 800' and 2 x 800 x 70 + 76*, we have subtracted 
in all 870^ and thus know that the given number is greater 
than 870' by 3484. The stage we have reached is there- 
fore exactly the stage we should have been at if we had at 
once tried 870 as our first approximation^ the figuring in 
which case would have stood thus : — 



760384 I 870 
870'=" 756900 

3484 

Moreover, if we had done this we. should next have in- 
quired how often 2 x 870 is contained in 3484, and have 
concluded the operation as follows : — 



2 X 870 X 2 =3480 

4 



2^= 



3484 
3484 



and this is exactly what we do in the other case also, as is. 
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seen above. Thus in the process of extraction the third 
portion of the root is found exactly as the second is found ; 
and so also are all the succeeding portions if there be any. 

174. For practical purposes, however, the figuring em- 
ployed in this process of extraction may be considerably 
curtailed. First of all, we may adopt the abridgment made 
in the ordinary processes of multiplication and division, 
viz. the omission of final zeros and omissions associated 
with this. The saving thereby obtained will be seen by 
comparing the following : — 

76o3'84 , 800 + 70 + 2 



800'= 


64 00 00 


2x800x70 » 1 12000 
70*= 4900 


120384 




1 1 69 00 


2X87OX 2 = 3480 

2'- 4 




3484 
3434 



(II.) 



76'o3'84 (872 





8'= 

x7 ^ 




64 


2x8 


112 


1203 




f- 


49 


1 1 69 


2x87 


X 2 = 


348 


3484 




2'^ 


4 












3484 



The second abbreviation is of a different kind, viz. the 
substitution of one set of operations for another set equiva- 
lent to the former but less desirable. Instead of multiply- 
ing 160 {U. 2 X 80) by 7, and 7 by 7, and adding the two 
results, as we do above, we may simply multiply 167 by 7 ; 
instead of multiplying 1740 (/>. 2 x 870) by 2, and 2 by 2, 
and adding the results, we may simply multiply 1742 by 2 ; 
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and similarly with every such set of operations. Thus we 

have the form — 

(III.) 

76'o3'84 1^72 

64 
1203 

167 X 7 = 1169 

~ 3484 
1742x2= 3484 



and from this we may further omit the portions " X7 



}j 



"X2-." 



175. The curtailment of the figuring is accompanied by 
a simplification of the mental work and a change in its 
character. ' Without keeping in view the reasons for the 
steps taken, we need now only proceed as follows : — 



6'98'54'49 

4 



2643 



46 

524 
5283 



298 
276 



2254 
2096 



15849 
15849 



Having marked off the digits in pairs, we find on the left 
of the last mark the figure 6, and we ask ourselves what is 
the largest integer whose second power is less than 6. 
Taking note of this integer as the first digit of the root, we 
place its second power under the 6, and subtract. Then 
affixing to the remainder the two figures 98 which follow 
the 6 in the original number, and placing to the left of the 
remainder the double, 4, of the first figure of the root, we 
inquire how often 4 is contained in 29. The answer to 
this gives an approximation to the second digit of the root, 
which is not 7, as we should soon find, but 6 ; and we note 
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6 down immediately afler the 2 of the root, and after the 4 
which was placed on the left of 298. Then the 46 on the 
left is multiplied by the 6 of the root, and the result placed 
under the 298 and subtracted from it. To the remainder 
there is appended, as before, the next pair of figures in the 
original number, viz. 54, and to the left of the remainder 
there is put the double of the 26 which now stands on the 
right of the original number. Then we ask how often 52 
is contained in 225, and so on, exactly as in the case of the 
preceding digit of the root. 

176. When one or more zeros, followed by a significant 
figure, occur in the root, a little additional care is necessary. 
Having found that a particular digit must be o, we put it 
down in the usual two places, but do not of course go on 
to multiply : then the next pair of figures in the original 
number is appended to the last pair written, and we are 
again ready to ask " How often ? " and proceed as before. 
Thus, in finding ^497^^5 ^^^ \/2509oo8i, the figuring 
would be as follows : — 





49'7o'2S 70s 
49 




25'o9'oo'8i 5009 
25 


1 40s 


7025 
7025 


10009 


90081 
90081 



When one or more zeros occur at the end of the root, we 
have to note that there must be one for every two which 
occur at the end of the given number ; thus, taking the case 
of \/i 64025000000, we have — 

i6'4o'25'oo'oo'oo j 405000 

16 

80s 4025 
4025 



177. When in the given number there are digits to the 
right of the imits* mark, we may write the number in the 
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common fractional form and extract the root of numerator 
and denominator. The doing of this once, however, will 
show that it is really equivalent to going through the pro- 
cess of extraction with the number as given, and inserting 
the units' mark in the result at the stage where we begin to 
deal with the fractional digits. Thus — 

Vi588.8i96=V^5^^^^96 

^ ^15888196 _ 3986 

'l/ioooo "" 100 

-39.86; 

or, we may simply figure as follows : — 

iS'88.8196 ( 39.86 

9 
69 



788 



688 
621 



6781 
6304 



7966 47796 
47796 



the units* mark being inserted in the root at the time when 
we append the figures 81 to the remainder 67. 



Find the second 
I. 506944. 
4. 319225. 

7. 788544. 
10. 1317904. 
13. 6723649. 
16. 15 147664. 
19. 62362609. 
22. 82446400. 
25. 689220009. 
28. 2689.4596. 
31. .08708401. 



Exercises. Set CXI. 

root of the following numbers :• 
2. 839056. 

5- 454276. 
8. 998001. 

". 1555009. 
14. 10857025. 

17. I 5896169. 
20. 6382412 I. 
23. 98604900. 
26. 612711009. 
29- 5323'6.i6. 
32. .00576081. 



3. 889249. 

6. 617796. 

9. 826281. 
12. 1811716. 
15. 9455625. 
18. 49 I I 2064. 
21. 77404804. 
24. 6412806400. 
27. 2380952025. 
30. 658.076409. 
33. .00088804. 
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34. ^^mm^ 35- 6rfiiJT. 36. 4HJf»H- 

37. 81 126049000000. 38. 1082432 1 60000. 

39. .000000160402653009. 40. .06008279196296227921. 



178. We now come to consider the subject of the second 
root in connection with integral numbers such as 2, 3, 5, 
. . . , whose second roots are not integers ; and the first im- 
portant point to be noticed is, that not only are the second 
roots not whole numbers, but they are, further, not fractions 
expressible b'y a finite number of figures. For suppose that 
the second root of one of them can be expressed in the 
form of a fi-action with a finite number of figures in the 
numerator and denominator, and that we have the fraction 
in its simplest possible form. Then, if this fraction were 
multiplied by itself, the result would necessarily be the 
original integer, whereas we know that if we multiply a 
fraction in its simplest form by itself, the numerator and 
denominator of the result contain the same factors as the 
original numerator and denominator, and that, conse- 
quently, the faction cannot be simplified. Thus the second 

power of ^-^ is ^^—5, and, the former numerator and dc; 
14 14 ^ ^4 

nominator having no common factor, there cannot possibly 
be a factor common to the latter numerator and denominator. 
A number, like 4, A, .01, • . . whose second root can 
be found and finitely expressed, is called an exa^t second 
power; any other number, such as 5, i, .1, . . . is called an 
inexact second power ^ and such numbers preceded by the 
sign of the second root, e^. \/5, \/i, \/.i, . , . are called 
surd expressions, or surds, 

179. If an integral number be taken at random, and the 
process of extraction of the second root applied to it, we 
are enabled to say whether the number be an exact or 
inexact second power, and, if the former, what its second 
root is, if the latter, what is the largest integer whose second 
root is less than it. Thus, taking 81395, ^^ ^^i^^ — 
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48 


8'i3'9S 285 

4 

413 
384 


56s 


2995 
2825 



170 

and, consequently, know that 81395 is an inexact second 
power, and that the nearest second power below it is 170 
less than it, that is to say, is 81225, the second root of 
which is 285. 

180. Although there is no number, finitely expressible in 
the ordinary ways, whose second power is equal to any of 
the numbers 2, 3, 5, ... , yet it is possible to find a number 
whose second power will approximate ^l'^ nearly to any one of 
these numbers as may be desired. Thus, taking the case 
of 2, if we write it in the form i^, and apply the process 
of the extraction of the second root to the numerator and 
denominator, we find the number \^^ whose second power is 
1.96, that is to say, within less than a tenth of 2. Again, 
if we write it in the form i 88oooo > and perform the like 
operations, we have the result 1.414, whose second power 
is 1.999396, that is to say, within less than a ten-thousandth 
of 2. Similarly, by using a fractional" form with a still 
higher even power of 10 for denominator, a number may be 
found whose second power will be a still closer approxima- 
tion to the number in question. 

Numbers, like 1.4 and 1.4 14, whose second powers are 
approximations to a certain number, like 2, are viewed as 
approximations to the second root of that number. It is cus- 
tomary also to speak of the expression i. 4142 13 ... , which 
consists of an infinite number of figures found in the 
manner just explamed, as the second root of 2, and to say, 
for example, that 1.4 14 is the second root of 2 correct to 
three right-hand places, or to within less than a thousandth. 
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i8t. From what has been already said (§ 175), the 
learner will be prepared to find that in practice the approxi- 
mations to the second root of 2 are not found from the 
fractional forms tHy HiH, . . . , in the way explained, but 
simply as follows : — 



24 
281 



2 I 1.41, 



100 

96 



400 
281 



1 1900 



where we start with the number 2, and apply the process, 
appending two zeros to each remainder when it is found. 

Example. Find the second roots of 5.256 and .1 correct 
to within less than a thousandth. 



\/5»256 = 2.292... 
5.256 I 2.2Q2... 

4 



\/.I — .316... 

.10 1 .316... 
9 



42 



125 
84 



449 

45S2 



4160 
404 1 
1 1900 
9164 



61 
626 



100 
61 



3900 
3756 



144 



2736 



i§2. In the case of fractions whose numerator and de- 
nominator are inexact second powers, we may at once 
proceed to find approximations to the second roots of the 
numerator and denominator, and divide the one approxi- 
mation by the other, thus — 



^?=10=MI4£:r = .8i6..., 
^3 i/3 i.73*0-- 
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or we may advantageously alter the form of the fraction so 
as to have either the numerator or denominator an exact 
second power, thus — 

^3 3x2 V6 2.4494... 
or 

^3 ^3x3 3 3 

Of these three modes the last is evidently the best, even 
in the case where the fraction as given has a numerator 
which is an exact second power. It may be improved 
upon by making the denominator an even power of 10, 
thus— 

/^- = 'y/.666666. . . =» .8 1 6 . . . 

Exercises. Set CXII. 

Find the second root of the following numbers correct to three right- 
hand places ; — 

I. 5. 2. 17. 3. 18. 4. lOI. 

5. 67. 6. 217. 7. 346. 8. 404. 

9. 1229. 10. 1407. II. 1437. 12. 21 1 7. 

13. Find the whole number nearest to 5520150 which is an exact 
second power. 

14. Find the second root of 2 131 correct to within less than a 
hundred-thousandth, and thereby obtain (46)^ (461 )^ (4616)^ (46162)^, 
(46i627)», and (4616275)'. 

Find the second root of the following numbers correct to within less 
than a millionth : — 



15. .1601. 


16. .0801. 


17. 16.08. 


18. .002531. 


19. 2.925, 


20. 29.25. 


21. .0013. 


22. .00013. 


^3. h' 


24. f3. 


■>-i- 


26. I 

7 


27. 3i. 


28. 6^. 


29. 8f 


30. loiA. 



Perform the operations indicated in the following expressions, 
giving the results correct to within less than a ten-thousandth : — 

31. (V7-V3) (V7 + V3). 32. \/2x^3--v/6. 

33. 1/(^2 + V3). 34- ^1^- 

35' V{ /,\Zl^Zi y 36. V[2^V(2^V2)]. 
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The Extraction of the Third Root. 

183. The principles which underlie the process of the 
extraction of the third root of a number are exactly the 
same as those which have appeared in connection with the 
extraction of the second root. It thus happens that what 
has to be said regarding the former is closely similar to 
what has already been said regarding the latter. Indeed 
it would not be difficult, and the learner would find it 
exceedingly instructive, to re-examine each statement made 
on the subject of the extraction of the second root, and try 
to find the corresponding statement which holds good 
under the heading we have now reached. For this reason 
only the more important points will be noticed in what 
follows. 

184. First of all we find the third powers of the first nine 
integers to be — 

I, 8, 27, 64, 125, 216, 343, 512, 729, 

from which we know and have to remember that — 

>J/i = i, ^8=2, </27=3, &c. 

Then we note such related facts as — 

5»=i25, 5o'=i25ooo, 5008=125000000, ...... , 

and thus learn that — 

v/2i6ooo=6o, 
V^7 29000000 = 900, 

and numberless other results. 
Similarly we may observe that — 

53=125, .53=. 125, .o5'=.opoi25, , 

and hence infer that — 

\/.o64=.4, 
V^.ooooo8=.02, 
and so dh. 

185. We next go on to examine the difference between 
the third power of a number and the third power of another 
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which exceeds the former by a certain amount, in order 
that, having got one approximation to the third root of a 
number, we may be enabled readily to proceed from it to a 
better. The theorem found is, The third power of the sum 
of two numbers is greater than the third power of the first of 
them by thrice the second multiplied by the second power of the 
first, thrice the first multiplied by the second power of the 
second, and the third power of the second. Thus — 

(32 + 4)'=32'» + 3x32^x4 + 3x32x42 + 4', 
and (32 + 6)^=32^ + 3x32^x6 + 3x32x6' + 6'; 

so that, knowing, for example, that — 

7o'=343ooo» 

3x7o'»x5 = 73500, 

3x70x52= 5250, 

and 5^- 125, 

we have by addition — 

75^-421875. 

186. Lastly, we seek to know the connection between 
the number of digits in an integer and the number of digits 
in its third power, so that, knowing the latter, we may 
readily tell the former, and thus be enabled, when a number 
is given, to take the most suitable first approximation to its 
third root. The connection found is that the number of 
digits in the third power of an integer is three times the 
number of digits in the integer itself, or is either one or two 
less than this. Thus the number of digits in 768 198252 51 
being 11, which is one less than three times four, there must 
be four digits in the third root ; therefore, for a first ap- 
proximation we have only to seek among the numbers 1000, 
2000,3000, ...., and the choice from these is easy. 

187. Suppose now that we are asked to find the third 
root of the number 75686967. Beginning at the place of 
the units' mark we count the digits oflf in threes towards the 
left, and thus learn that the highest unit in the result is 

X 
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the hundred. Trying 40c, we find its third power to 
be 64'ooo'ooo; trying 500, we find its third power to be 
i25'ooo'ooo; and the given number being between these 
third powers, we take 400 as our first approximation to the 
root wanted, and subtracting 64000000 from 75686967, 
obtain the remainder 11 686967. Knowing that this re- 
mainder must be the sum of 3 times 400^ multiplied by the 
additional portion of the root wanted, 3 times 400 multi- 
plied by the second power of the additional portion, and 
the third power of this portion, we say that 3 times 400 
multiplied by the additional number must be less than 
1 1686967, and that therefore the additional number itself 
must be less than 1 1686967 -i-(3x 400*), which is equal to 
24.3.... Accordingly, taking 20 as the second portion of 
the root, we find thrice 20 times the second ix>wer of 400, 
thrice 400 times the second power of twenty, and the 
third power of 20, add the three results together and sub- 
tract the sum from 1 1686967. In the remainder, 1598967, 
we have now got the excess of the original number over the 
third power of 420, and therefore know that 1598967 must 
be greater than 3 times 420' multiplied by the third por- 
tion of the root, so that the said portion must be less than 
i598967-*-(3x42o*), which is equal to 3.0.... Trying 3 as 
the third portion, we proceed as before, and find there is 
no remainder — the root sought being thus 423. 

The figuring of the process may be arranged as follows : — 

75'686'967 | 400+20 + 3 
400^= 64 000 000 

3 X 400^ X 20 =9600000 

3 X 400 -x 20'= 480000 

20^= 8000 



1 1 686 967 



10088000 



3X420-X3 =1587600 
3«= 1 1340 
3'= 27 



3x420 x3«= 1 1340 



1598967 



I 598 967 
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Similarly, in the case of -^491169069, we have 

49i'i69'o69 I 700 + 80 + 9 



7003« 


343 000 000 


3x700^x80 =117600000 

3 X 700 X 80*= 13440000 

8o'« 512000 


148 169 069 




131 552 000 


3x780^^x9= 16426800 

3 X 780 X 92« 189540 

9'= 729 


16 617 069 




16 617069 



188. The curtailment of figuring due to the omission of 
final zeros is readily made ; that due to the substitution of 
one set of operations for another is not so simple. In the 
case of the first of the preceding examples, when we had 
found the second portion of the root, viz. 20, we performed 
the operations indicated in the expression 

3 X 400* X 20 + 3 X 400 X 20* + 20', 

and when we had found the third portion, viz. 3, the opera- 
tions performed were those of a similar expression, 

3x42o*x 3 + 3X420X 32 + 33. 

Now instead of these we substitute 

{3x400* + (3x400 + 20) X 20} X 20 
and {3x420* + (3x420 + 3)x 3)x 3 

respectively ; that is to say, taking the former, we now mul- 
tiply 400* by 3, and set aside the result; then multiply 400 
by 3, add 20 to the product, and multiply the sum by 20 ; 
then adding this result to that formerly set aside, we mul- 
tiply the whole by 20. The legitimacy of this depends 
upon the well-known fact that to multiply the sum of one 
or more numbers by another number we may multiply each 
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of the former numbers separately and add the results : thus, 

shortly, 

( 3 X 400' + (3 X 400 + 20) X 20 } X 20 

— {$^406*+ 3 X400X 20 +20') X 20 

« 3 X 400* X 20 + 3 X 400 X 20' + 20*. 

These changes, then, having been made, the figuring in the 
example referred to may stand as follows : — 

75'686'967 [423 
64 



122 


48 

244 


II686 




5044 


10088 


1263 


5292 

3789 


1598967 




532989 


1598967 



Here we first find the greatest number whose third power 
is less than 75 to be 4, place the third power of the 4 below 
the 75, subtract, and append to the remainder the three 
figures 686 which follow the 75. Secondly, taking three 
times the 4, that is 1 2, and three times the second power 
of 4, that is 48, and placing them separately to the left of 
the 1 1686, we find that the 48 is contained 2 times in 
the 116; and annexing this 2 to the 12 on the left, we 
multiply the 122 thus got by the 2, put the result below the 
48, but with two of the figures to the right of the 8, add, 
multiply the sum by the 2, place the product below the 
1 1686, and subtract, thus getting the second remainder, 
1598, to which we append the next three figures 967 of 
the original number. Thirdly, taking three times the 42 
on the right of the original number, and three times the 
second power of the 42, viz. 5292, and placing them sepa- 
rately on the left of the 1598967, we inquire how often the 
5292 is contained in the 15989; and so on, exactly as 
before. 
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Examples. Find the third root of 43095.8795 correct to 
within less than a hundredth, and the third root of .05 and 
of iV correct to within less than a thousandth. 

(i.) v/'43095-8795 =35.06.... 

43'o95-8795 ( 35o6-- » 
^27 

95 27 

475 



3175 



16095 
15875 



10506 



367500 
63036 



36813036 



220879500 
220878216 



(11.) ^.05=. 368.... 



1284 

•050 I .368. ... 
27 



96 


27 
576 


23000 




3276 


19656 


1088 


3888 
8704 

397504 


3344000 
3180032 



(III.) 



or — 



163968 

^ii^ii' 11 II ^^ 

= V^.727272727... = .892... 



Exercises. Set CXIII. 

What is the third root of the following numbers ? — 
I. 1000, 8000, 64000. 2. 512000, 8000000000. 

3. 27000000, looooooooo. 4. .001, .027, .000343. 

5. .000001, .000000064. 6. .000000008, .000000216. 

7. If a whole number of 7 digits be multiplied by a whole number of 
6 digits, how many digits will there be in the result ? 

8. If a whole number of 8 digits be multiplied by a whole number of 
9 digits, and the product be mmtiplied by a whole number of 10 digits, 
how many digits will there be in the final result ? 
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Find the third root of the following nmnbers : — 

9. 10648. 10. 32768. II. 91 125. 12. 262144. 

13. 175616. 14. 636056. 15. 474552. 16. 970299. 

17. .166375. 18. 438.976. 19. .024389. 20. .005832. 

21. 1 28 1 2904. 22. 88716536. 23. 306182024. 

24. 688465387. 25. 9383^3739- 26. 1609840448. 

27. .000313046839. 28. .000057960603. 29. .000009129329. 

30- 3395290.527' 31. 9090072.503. 32. 216865.152512. 

33. .275767330229. 34. 472183192.403. 35. 884.183155192. 

Find the third root of the following numbers correct to within less 
than a thousandth :— 
36. 3- 37. 6. 38. 30. 39. 47. 

40. III. 41. 194. 42. 215. 43. 705. 

44. 2293. 45. 4724. 46. 5742. 47. 9139. 

Find the third root of the following numbers correct to six right- 
hand places : — 

48. .8t8. 49. .047. 50. .009. 51. .000349. 

52. .61. 53. .of, 54. li. 55. 26i. 

Perform the operations indicated in the following expressions, giving 
the results correct to three right-hand places : — 

56. -^(-^.i-v^.oooi). 57. 2x-y3 + -^24. 

58. -5^2 -^.2 -^.02. 59. -5^5x^25. 

60. ^5' + (^5)*. 61. (^2+^5)+^7 + ^(f+7). 



Extraction of the Fourth and Higher Roots. 

189. From the parallel study of the extraction of the 
second and third roots the possible generality of the 
method is brought strongly before the learner. On exami- 
nation this possibility would be fully confirmed. It would 
be found that in the extraction of ^e /our/A root we should 
mark off the digits of the given number in famrs, find the 
first digit of the root sought from knowing the/aurfA powers 
of the first nine integers, and then repeatedly apply the 
theorem regarding the fourth power of the sum of two 
numbers ; and similarly in other cases. As we advance to 
the higher roots, however, the fundamental theorem be- 
comes more complicated, and the labour of extraction 
rapidly increases. 

It can also be shown quite generally that if an integral 
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number be not a power of an integer, neither is it that power 
of any fraction finitely expressible. We thus have exact and 
inexact fourth powers, fifth powers, &c., and surd expres- 
sions, like x/4> \^6, &c. 

XQO. It is important to notice, however, that the fourth, 
sixth, and other roots may also be found by means of the 
processes for the extraction of the second and third roots. 
In raising a number, 3 say, to the fourth power, we mul- 
tiply 3 by 3 with the result 9, then, instead of multiplying 
this result by 3 and the new result again by 3, we may 
simply multiply the first result, viz. 9, by 9. Thus the fourth 
power is the second power of the second power, and there- 
fore to find the fourth root of a number we have only to 
find its second root and the second root of the result. 
Again, since 





5' 


-5x5 


XS ' 


<S> 


<S> 


<S 








-S'^h' 


x5' 






or 


-5'xS' 






-(57, 










=(5')*. 


it 


follows that 















^15625=^^15625=^125=5, 

or =v^v^is62S=v^ 25=5. 
Similarly, 

and so on. 

Exercises. Set CXIV. 

Find the fourth root of each of the foUowing numbers correct to 
within less than a thousandth : — 

I. .0004. 2. 04. 3. .004. 4. 3.91- 

5. Which of the following are not surds ?—y4, ^8, ^32, ^81, 
V^32. \/% ^729. ^343» ^64. 

Find the sixth root of 
6. I 7596287801000000. 7- .000000010779215329- 

Find the eighth root of each of the following numbers correct to 
within less than a hundredth : — 

8. 1851. 9. 3j. 10. 2.66. u. 28+16^3. 
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Find the ninth root of 

12. 118.587876497. 13. .000000322687697779. 

14. The area of a square field is 3 ac. 3 ro. 25 sq. po. Find the 
length of one side in links. 

15. The bulk of a cube is i cub. ft. 732} cub. in. Find the length 
of the edge. 

16. Name the roots between the twelfth and twenty-fifth which can 
be found by extracting second and third roots, and show the opera- 
tions to be performed in each case. 

17. A number multiplied by the tenth part of itself is iHS- What 
is the number ? 

18. The side of a square is 4 ft. 8 in. What will be the length of a 
side of another which is ten times as great ? 

19. A rectangular bar of metal 13 ft. long, 3 in. broad, and li in. 
thick is changed into a cube. What will the length of an edge of the 
cube be ? 

20. The total area of the faces of a cube is i sq. ft. ^oHi sq. in. 
Find the length of one edge. 

21. A certain number, the third part of it, and the fourth part of it 
are multiplied together, the result being .000000144. Find the 
number. 

22. A sum of ;^ 1000 is placed in a bank where the interest is calcu- 
lated yearly and added to the principal, and after 3 years the sum has 
increased to ;^i 157 12s. 6d. What is the rate of interest per cent, per 
annum? 

23. The area of a circular plot is 44 sq. ft. 2^ sq. in. Find approxi- 
mately its diameter. 

24. Perform the operations indicated in the expression 

giving the result correct to within a thousandth. 

25. A cubical cistern when full contains 83946.85 litres of water. 
Find its depth. 

26. The bulk of a brass ball is 9 cub. in. Find approximately its 
radius. 

27. A sum of ;^iooooo lay in a bank for four years, the interest being 
added yearly to the principal. Knowing that the sum had thereby 
increased to 1 16985 17s. iii<l«i calculate the rate of interest per cent, 
per annum. 
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FRACTIONAL NUMBERS NOT FINITELY 

EXPRESSIBLE. 

191. When only one unit, such as the foot^ the povnd^ 
the hour^ is employed in taking the measurement of any 
magnitude, and the unit is not contained in the magnitude 
a whole number of times exactly, the use of a fraction is 
necessary in order that a more accurate measurement may 
be expressed. For example, in measuring a line we may 
find it to be between 9 and 10 inches long, and if greater 
accuracy be wanted we may take a foot-rule subdivided into 
sixteenths of an inch, and find that the length is rather more 
than 9iV inches. To have perfect accuracy, however, it 
would be necessary to find some aliquot part of the inch 
other than the sixteenth which would be contained a whole 
number of times exactly in the portion at first left unmea- 
sured. Now the question here arises whether this be 
always possible. May there not be a line less than an inch 
long, such that, were we to try to measure it by the half, the 
third, the quarter, and all the other aliquot parts of the 
inch in succession, no one of them would be found con- 
tained a whole number of times in it exactly ? The answer 
is that unquestionably there may. 

It is known from geometry that the side and diagonal of 
a square are incommensurable — that is to say, have no com- 
mon measure. Now if the lengths of these lines could be 
finitely expressed in fractional form, like f and -H-, they 
would have a common measure, like tV, ^.^. i^iV; and 
therefore it follows that if either of them be finitely expres- 
sible in figures, the other is not. Thus, if a square be de- 
scribed whose side is exactly i ft. in length, then the length 
of the diagonal is between i ft. and 2 ft., more accurately 
between 1.414 ft. and 1.415 ft., but its exact excess over 
I ft. cannot be indicated by any fraction whatever with a 
finite denominator, and the attempt to do so results in the 



314 FRACTIONAL NUMBERS 

interminate expression 1.4142..., which we have already 
referred to as being called the second root of 2, and which 
we for shortness write " \/2." 

Again, it is known that a diameter of a circle and the 
circumference are incommensurable, and thus it similarly 
happens that if a circle be drawn with a diameter exactly 
I in. long, the length of the circumference is somewhat 
more than 3 in., more nearly 3f in., more nearly 3t4V in., 
more nearly still 3.14159265 in., but not exactly expressible 
by means of any fraction whatever with a finite number of 
figures in the numerator and denominator. For the inter- 
minate expression in this case we write for shortness ir. 

192. The term incommmsurable, which is only strictly 
applicable in speaking of two things, such as the diagonal 
and the side of a square in geometry, or the numbers 4^ and 
V^5 in arithmetic, is also used absolutely* in the latter 
science to denote an interminate numerical expression of 
the kind just referred to. Thus ^ 5, apart from any men- 
tion of 4i- or anything else, is called an incommensurable 
numher, while 4^-, and numbers like it which can be ex- 
pressed finitely, are called commensurable; and if it be 
asked. Incommensurable or commensurable with what? 
the answer is. With any number which can be expressed 
in the usual way with a finite number of figures. 

193. In a magnitude such as a mathematical line there 
are no breaks, or, as the expression is, the magnitude is 
continuous. Numbers, on the other hand, are discontinuous, 
that is to say, we pass from one number to another by a 
series of leaps, small or large, equal or unequal; thus, i, 2, 
3, ..., or iThsi lA", iiV, •••. It is because of this difference 
that it is possible to conceive oi finite magnitudes which are 
not finitely expressible in figures, and it is the occurrence of 
such magnitudes and the attempt to express them in figures 
which leads to incommensurable numbers, 

* Compare the two usages of the ynatd prime (p. 92). 



NOT FINITELY EXPRESSIBLE. 315 

ExBRCiSES. Set CXV. 

1. The interminate numerical expression 1.534 is not an incommen- 
surable number. What measure has it in common with i ? and what 
with J? 

2. Which is the more general term, incommensurable number or 
surd ? and why ? 

3. Give an example of two numbers which are separately incom- 
mensurable but relatively commensurable. 



CONCLUSION. 

194. Within the limits of an ordinary text-book it is only 
possible to present a simple outline of many of the sub- 
jects touched upon. For the reader who has advanced thus 
far, and who wishes to continue in any direction the study 
of the subject, a few notes are herewith added which may 
be useful to him as a guide at the outset. 

195. Of general text-books there may be recommended 
those of Cornwall and Fitch,^^^ Brook Smith,^*^ and Voruz,^'^ 
which approximate more or less closely in scope to the 
present work ; and those of Sang^*^ and Seiret,^'^ which deal 
less fully with the practical applications, but are valuable 
otherwise. Baltzer's^*^ will exemplify a common mode of 
treating the subject in the secondary schools of Germany. 

196. Of general historical writings the classical work is 
Dean Peacock's " History," ^'^ given in the " Encyclopaedia 
Metropolitana." There is also a store of material in De 

W " The Science of Arithmetic." London. 

(») «« Arithmetic in Theory and Practice.** London. 

^) " Traits d*Arithm6tique." Lausanne. 

(*) " Elementary Arithmetic." Edinburgh, 1856. ** The Higher 
Arithmetic." Edinburgh, 1857. 

W «* Elements d'Arithm^tique." Paris. 

(«) «*Elemente der Mathematik," b. i. Leipzig. 

C) Published also in the separate volume of the *' Encyc. Metr.," 
entitled << Mathematical Treatises." 
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Morgan's " Catalogue of Arithmetical Books, from the In- 
vention of Printing to the Present Time."^*^ On special 
points of the history much research has been spent since 
Peacock wrote, but it would appear that the results have 
not as yet been collected and condensed. 

197 [pp. 3 — 15]. The various systems of numerical No- 
menclature and Notation afford one of the largest fields for 
historical inquiry. Under this head, beside the general 
history just referred to, the works of Cantor w Martin <*% 
Friedlein^"), Treutlein<"J, Stoy^"J, and Narducci^**^ may be 
mentioned ; but a large amount of all the information that 
has been printed is laid away in scientific magazines and 
the publications of learned societies. 

Systems of notation on the Indo-Arabic principle with 
basis other than the base ten will be found treated of in 
Leslie's " Philosophy of Arithmetic "^^^, a work hkewise in- 
teresting from the historical point of view. The subject is 
also usually considered in modern English books on Algebra 
under the heading " Scales of Notation." 

198 [pp. 15 — 38]. The performance of the Fundamental 
Operations by means of counters is very fully explained and 
illustrated by Leslie <^^ 

On the subject of extended Multiplication Tables, 
Leslie <*^^ Peacock <'^, and De Morgan W may be consulted ; 
the best and most readily obtained is Bremiker's edition of 
Crelle's(i«). 

(8) London, 1847. 

(9) <( Mathematische Beitrage zum Culturleben der Volker." Halle, 
1863. 

(10) « Les Signes Num6raux et rArithm^tique chez les peuples de 
TAntiquitg," &c. Rome, 1864. 

(^1) <* Die Zahlzeichen and das elementare Rechnen," u.s.w. Erlan- 
gen, 1869. 

(") ** Geschichte unserer Zahlzeichen," u.s.w. Karlsruhe, 1875. 

(IS) " Zur Geschichte des Rechenunterrichts." Jena, 1876. 

(1*) *' Intomo ad un Manoscritto della Bibl. Aless." ecc. Roma, 1877. 

(») Edinburgh, 18 17. 

(!•) « Rechentafeln welche alles Multiplidren und Dividiren mit Zah- 
len unter Tausend ganz Ersparen," u.s.w. Berlin, 1864. 
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The abridgment of the process of Division is considered 
in several of the text-books above mentioned, and there is 
a separate work by Guy^"^ which is well worth examination. 

199 [pp. 38—45, etc.]. On the subject of Units of 
Measurement in general, and our own units in particular, the 
articles " Standard " and " Weights and Measures," in the 
" Penny Cyclopaedia," and the writings referred to in these 
articles may be recommended. The most recent book is 
" The Science of Weighing and Measuring,'* by the present 
Warden of the Standards. Information as to the modem 
units of other countries may be found in the commercial 
books known as Cambists (see § 208), and in a handy form 
in Woolhouse's "Weights, Measures, and Money of all 
Nations." 

200 [pp. 85 — 96]. The Prime Factors of all integers from 
I to 10,000 will be found in the first edition of Barlow's 
Tables ^*®^ : the lowest prime factor of the same integers is 
also given under the article " Prime Numbers," in Hutton's 
Dictionary t"^ ; and Oakes's^**^ table, the most recent English 
work of the kind, effects the same object for all integers 
between i and 100,000. 

The most extensive factor tables, however, are German. 
Burckhardt^*^^ gave the lowest prime factor of each of the 
first three million integers, and Dase^**^ did the same for 
the seventh, eighth, and ninth millions. 

It is expected that the British Association will, at an 
early date, publish the tables dealing with the fourth, fifth, 
sixth, and tenth millions. 

From all these tables lists of Prime Numbers may be 
easily made. Of special Tables of Primes the most exten- 

^"^ « La Division Abr^gfie." 1846. 

(18) u j^g^ Mathematical Tables, containing," &c, London, 18 14. 

(19) n ^ Philosophical and Mathematical Dictionary." London, 

1795. 
(:ju) « Machine Tables for Determining Primes, &c." London, 1865. 

C*i) «* Tables des Diviseurs," &c. Paris, 1814, 1816, 1817. 

(«) **Factoren Tafeln," u.s.w. Hamburg, 1862, 1863, 1865. 
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sive published in this country are those of Barlow ^"^ and 
Rees/*^J the former reaching 100,103, the latter 217,219. 

201 [pp. 96 — 119]. The subject of Continued Fractions 
is discussed at considerable length in Todhunter's Algebra 
and other similar text-books. 

202 [pp. 127 — 150], On the subject of the first use 
of the units' mark or decimal point, the introduction of 
which inaugurated one of the most important epochs in the 
history of Arithmetic, there are several writings to be noted 
besides the historical works already mentioned. These are, 
Mark Napier's " Memoirs of John Napier," t**^ De Morgan's 
essay " On some Points in the History of Arithmetic," t**^ 
and a special paper by J. W. L. Glaisher,^"^ read before the 
British Association in 1873. 

For giving the decimal fraction equivalent to a fraction in 
the ordinary notation. Tables of Reciprocals are published. 
Barlow's Worca?) 2^n(j Oakes'Sj^'^J which give the results correct 
to seven places, may be recommended. A table by Good- 
wyn^*^ gives correct to eight places the decimal fractions 
corresponding not only to the reciprocals of integers, but to 
all fractions in the ordinary form, less than WV, and having 
numerator and denominator not greater than 1000. 

The same decimal fractions with their complete cycles 
of recurring figures may be obtained from another table 
of Goodwyn's ; ^'"^ Gauss ^^^^ also gave the cycles for the 

(23J n Cyclopaedia, or Universal Dictionary," &c., in 39 vols. Lon- 
don, 1819. 

(«*) London, 1834. 

(^) ** Companion to the British Almanac." London, 1851. 

(^) <'On the Introduction of the Decimal Point into Arithmetic." 
Reprinted in "Nature," vol. viii. p. 515. 

(27) «t Tables of Squares, Cubes, Square Roots, Cube Roots, Reci- 
procals of all Integer Numbers up to 10,000." London, 1873. 

(28) « Tables of the Reciprocals of Numbers from i to 100,000, with 
their Differences," &c. London, 1865. 

(29) «* A Tabular Series of Decimal Quotients," &c. London, 1823. 

(30) <t A Table of the Circles arising from the Division of a Unit or 
any other Whole Number by all the Integers from i to 1024," &c. 
London, 1823. 

»i) Werke, b. ii. Gottingen, 1863. 
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reciprocals of all the Primes less than 1000. In regard to 
these cycles there are many interesting theorems, and the 
subject has been often studied and written on, but there is 
perhaps no work which contains a collection of the results/^^ 

In calculations with numbers which only approximately 
represent the magnitudes of the things measured, it is im- 
portant, especially in the case of decimal fractions, to know 
the relation between the degree of approximation of the 
result and the degrees of approximation of the numbers 
operated with. The subject is treated of in the two French 
text-books first referred to, and a special discussion of it by 
Vieille ^^] has been considered worthy of mention. 

203 [pp. 155 — 167]. In regard to the proposed Decimal 
Coinage, the Report (1853) of the House of Commons 
Committee may be consulted, and on the question of the 
advantages and disadvantages of decimal systems of units 
in general, there will be found large stores of information in 
the Reports of the various Commissions appointed at 
different times from 18 16 to 1856 to consider the subject. 

Additional details regarding the Metric System may be 
obtained in the Arithmetic of Voruz above referred to ^^^ ; of 
separately published accounts, one of the latest, Dr. Bar- 
nard's,^'^^ may be mentioned. The great scientific work 
bearing on the subject is the " Base du Systfeme M^trique 
Decimal." (^^ The fullest information as to the progress of 
the system in recent years will be found in the " Proems 
Verbaux " of the International Metric Commission, or in 
the accounts of these given by the Warden of the Standards 
in his annual reports. ^^'^ For help in making the change 

C3') Of recent writings may be mentioned papers in the ** Nouvelle 
Correspondance Math6matique," t. i. Bruxelles, 1875. ** Messenger 
of Mathematics," vols, ii., iii., iv. Cambridge, 1873 — 75* 

(33) tt Xh^orie Gen^rale des Approximations numdriques." 

(3*) "The Metric System of Weights and Measures." New York, 
1872. 

(*) 4 vols. Paris, 1 806— 1 82 t . 

(**) For short notices of the Proceedings see ** Nature," vols, vi., vii., 
viii., z., zi., ziii., xv. 
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from the French mode of expressing the measure of a 
magnitude to the British mode, tables such as Rutter's ^^^ 
are in use. 

204 [pp. 171 — 274]. Of text-books explaining and illus- 
trating the various kinds of calculations required in the 
practical affairs of life, there may be recommended Tate's 
" Counting-House Guide,^*^ which deals with the less simple 
of the calculations of commerce, and Bleibtreu*s " Political 
Arithmetic," ^^^ which is more occupied with the departments 
of calculation implied in the name. Text-books regarding 
single branches of business will be given in the order of 
the subjects. 

205 [pp. 222 — 239]. For use in bank offices the results 
of calculations of interest are tabulated and published under 
the title of " Interest Tables." Gumersall's, King's, and 
Laurie's may be taken as examples. 

A more complete discussion of the subject of Compoimd 
Interest than is given in the preceding, will be found in the 
special treatise of Thomson ;^*°^ and of tables falling under 
this head there may be instanced those of Ranee. 

206 [pp. 239 — 249]. On the subjects with which dis- 
count is connected, viz. bills of exchange, promissory notes, 
&c., the treatise of Chitty^"^ is considered a standard. 
From what has been before said, it will be understood that 
the tables in use by bill-discounters are Interest Tables. 

207 [pp. 249 — 259]. Information in regard to the funded 
debt of our own country may be found in any good history 
of England, but Doubleday's " History" ^*^^ may be recom- 
mended as dealing specially with the subject. As to the 

(37) i« Metrical System of Weights and Measures." London. 
<38) London. 

(39) a politische Arithmetik." Leipzig. 

(40) ii Theory of Compound Interest." London. 

(41) « ^ Treatise on Bills of Exchange, Promissory Notes," &c. 
London. 

(42) « X Financial, Monetary, and Statistical History of England," 
Sec, London. 
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amounts of the debts of the various states of the world; 
and other details connected therewith, a good book of refer- 
ence is Fenn*s " Compendium ; ^^^ and as to the laws bear- 
ing on the subject there is a reference book by Royle/**^ 

208 [pp. 259 — 267], On the principles of International 
Exchange the popular works of Goschen ^**^ and Bagehot <**^ 
may be read ; and an excellent book for actual use in the 
counting-house is Tate's "Modern Cambist." Exchange 
Tables are published for almost every pair of trading nations 
in the world, so that no example need be given. 

209 [pp. 274 — 286]. The finding of the Areas of Surfaces 
and the Bulks of Solids is the subject of books on Mensura- 
tion which are numerous. Todhunter's may be mentioned as 
an example of a good first book on the subject. 

210. The more difficult calculations connected with the 
business of Insurance have not been considered in the 
present text-book. Two special works on the subject are 
De Morgan's " Essay on Probabilities," ^*'^ and HaberPs 
" Political Arithmetic."<^) 

211 [pp. 286 — 312]. On the subject of Powers and Roots 
there is probably nothing better than Sang*s " Higher Arith- 
metic," t*^ and the best book of tables is undoubtedly Bar- 
low's,^*'^ above referred to. A general process for the 
extraction of roots is included in Homer's "Method of 
Solving Equations," an account of which will be found in 
Professor Thomson's Arithmetic,^**^ and in most of the 
books dealing specially with the subject. <*^^ In De Mor- 

(«) " Compendium of the English and Foreign Debts," &c. London. 

(**) *• Laws Relating to English and Foreign Funds," ^c. London. 

(46) «« xhe Theory of the Foreign Exchanges." London. 

(*•)" Lombard Street: a Description of the Money Market.",, 
London. 

(«) London, 1838. 

(*8) »* Lehrbuch der Politischen Arithmetik." Wien, 1874. 

(*') A new and important edition of his father's well-known book 
is looked for from Prolessor James Thomson, F.R.S. 

(«0) Young's "Theory and Solution of Algebraical Equations," 
London, 1835 ; or Todhonter's *< Theory of Equations." 

Y 



322 CONCLUSION. 

gan's Catalogue*^ (p. 89) there is a very full list erf writings 
on the method. 

212. Notwithstanding the improvements made. in arith- 
fnetical methods, there are many pursuits in which the time 
and labour required for calculation extend to a serious 
amount, and consequently much ingenuity has been spent 
in endeavours to effect a saving. The two main lines fol- 
lowed in these endeavours have been — 

(I.) The preserving of the results of calculations that 
have been made, classifying them and publishing them in 
tabulated form. Special Tables of this kind have been fre- 
quently referred to in the preceding paragraphs. There are, 
however, most important tables of very general application, 
called Tables of Logarithms, which have not yet been men- 
tioned ; an account of them is given in the work by Sang 
above referred to, and in many of the ordinary text-books of 
Algebra. A very extensive list of arithmetical tables, other 
than those which are strictly mercantile, is published in the 
Report of the British Association for 1873. 

(II.) The devising of Arithmetical Instruments and 
Machines. Of these there is an important list in the valu- 
able catalogue of the Special Loan Collection of Scientific 
Apparatus, and the handbook of the collection contains an 
article on the subject by Professor H. J. S. Smith. The 
calculating machine, or Arithmometer, of M. Thomas, is 
already in use in a number of public offices. 

213, In these notices of books, works <mi Algebra have 
been more than once mentioned. This is because Algebra 
is that division of the Science of Number which immedi- 
ately follows on Arithmetic. To it, therefore, as the natural 
continuation and development of his subject, the reader is 
now finally referred. 
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Set I. 

(i) Six hundred and ninety-nine. One thousand nine hundred and 
ninety-nine. Eighty-three uousand nine hundred and ninety-nine. 
Sixteen million nine hundred and ninety-nine thousand nine hundred 
and ninety-nine. Nine hundred and ninety-nine billion nine hundred 
and ninety-nine thousand nine hundred and ninety-nine million nine 
h'Undred and nineiy-nine thousand nine hundred and ninety-nine. 

(2) Dozen, gross, score. 

(4) Twelve. Here dozen corresponds to -ty (or ten) in the decimal 
system, and gross to hundred, a gross being twelve twelves, just as a 
hundred is ten tens, 

(5) One, two, three, . . . . , eleven, one dozen, one dozen and one, 
one dozen and two, . . . . , one dozen and eleven, two dozen, two 
dozen and one, . . . . , three dozen, . . . . , four dozen, . . . . , 
eleven dozen and eleven, a gross, one gross and one, one gross and 
two, . . . . , one gross and eleven, one gross one dozen, one gross 
one dozen and one, . . . . , one gross two dozen and ten. 

Set II. 

(i) Millions. Hundred thousand millions. Thousand biUions. 
Ten quadrillions. 

(2) Nine hundred and ninety-nine thousand nine hundred and 
ninety-nine. One million. 

(3) Thirty-seven. 

(4) 3«, 904> 3642, rooi. 

(5) One dozen and two. Two dozen. Two gross. Eight gross 
eight dozen and eight. Six dozen and five gross three dozen and 
seven. Eight dozen gross. 

Set III. 
(i) Nine hundred and forty-six thousand eight hundred and twelve. 
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Two hundred and seventeen thousand one hundred and eighteen. 
Twelve thousand two hundred and four. Ten thousand six hundred 
and ten. One thousand one hundred and eleven. 

(2) Two hundred and forty thousand and twenty-four* Twelve 
thousand and eleven. One hundred thousand. Ten thousand and 
one. One hundred and ten thousand one hundred. 

(3) One million ten thousand one hundred. Twenty million two 
hundred thousand and two. Six hundred and six million six hundred 
and sixty. 

(4) Two thousand one hundred and sixty-three million eiglit hun- 
dred and fourteen thousand two hundred and sixteen. Three hundred 
and fifteen thousand two hundred and ten million seven hundred and 
twelve thousand two hundred and twenty-eight. 

(5) Two hundred and one biUion one hundred and twenty thousand 
and twelve million one hundred and two thousand two hundred and 
ten. Twelve billion one hundred and four thousand. 

(6) One thousand and ten billion one thousand miHion one hundred 
thousand. One hundred billion ten thousand million one thousand. 

(7) One billion. Fifty thousand and fifty billion five thousand &we 
hundred million five hundred thousand and five. 

(8) Seventy thousand billion ten million two thousand. Six hun- 
dred billion sixty million and six. 

(9) Six hundred quadrillion four thousand billion twenty thousand. 

(10) Five quintillion four hundred and seventeen thousand one 
hundred and sixteen quadrillion two hundred and eleven thousand 
four hundred and ten trillion ten thousand six hundred billion seven 
hundred and twelve thousand million ten thousand and one. 

Set rv. 

(') 98457. 243648. 111212. (2) 210317. 10702. 300010. 
(3) looioo. loooi. 300000. (4) 72348564. 318164352. 
(5} 11X1212310. Ii22ii7i9200« ^6) 300010002. 100000000040. 

(7) 25008000000. 30000000400000. 

(8) 809980098908890. 2020202002020200. 

(9) 2000000000020000DO00. 
200000020000000000000. 

(10) 6000000000400000000000000000. 
I 2000010000100001000100000. 



Set V. 

(i) 10676434. (2) 1518008. (3) 12314879. 

(4) 10348085. (5) 2596397526. (6) 6765871922. 
(7) 497555091- (8) 8333629034. (9) 1381518341. 

(10) 982778. (II) 1826358265. (12) 15393558261210. 
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(13) 













Total. 












497375 
431676 

376753 
414904 


Total . • 


1179814 


527057 


2499 


"338 


1720708 



(14) 293. (15) 23928. (16) 14428. (17) 55223. 



(I) 5049207. 
(4) 1473439982. 

(7) 1899969989. 
(10) 998999999695- 
(12) 40608. 4860. 

(14) 



Set VL 

(2) 4303692. (3) 156057. 

(5) 9990999. (6) 9999998999. 

(8) 90498980. (9) 199879979969. 
(II) 19099999009799570. 
(13) 755. 



1 




, 


Increase. 


Decrease. 


. 






32856 
17856 


65172 

1 152 
38575 


Total ..■:. 


3798631 


3744444 




54187 



(»5) 



Excess of S 


Over 


Liverpool. 


Glasgow. 


Birmingham. 


Leeds. 


Manchester. . . 
Liverpool • . . 
Glasgow .... 
Birmingham . . 


10770 


27019 
16249 


160388 
1496 I 8 

133369 


244963 

234193 
217944 

84575 



(i6) 31210. (17) 3"io. (18) 31210. (19) 31210. 

(20) 29762. 

(21) (60 + 35+ I7)-(I2 + 2I). (82-43)- (430-399). 

V Set VII. 

(i) 1086783290. 1630174935. 2173566580. 
(2) 659512695. 879350260. 1099187825. 
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(3) 1592069728. 1990087160. 2388104592. 

(4) I 728400810. 2074080972. 2419761134. 

(5) 5899174140- 6882369830. 7865565520. 

(6) I53<>762395- 1756299880. 1975837365- 

(7) 1160079912. 1305089901. 290019978. 

(8) 6657168546. 1479370788. 2219056182. 

Set Vni. 

(i) 31426800000. (2) 7710000000. (3) 52366664000. 

(4) 144992000000. (5) 182760000. (6) 491076000000. 

(7) 459333000000. (8) 7439040000000. (9) 32000000000a 
(10) 4665600000000000. 

Set IX. 

(i) 6769353. 10201701. (2) 17069220. 264201840. 
(3) 43470375- 48248200. (4) 487676354. 245248099. 
(5) 84512840368. (6) 26105701 16700. (7) 2946372000. 
(8) 46839408000. (9) 1 6701 9608070000. (10) 1 7699147440000. 
(") 691337284158024. (12) 121932631 I 12635269. 

Set X. 

(i) 1307674368000. (2) 1024. (3) 640000. - 

(4) ;f43l55. (5) ;f2885. (6) 122880. 

(7) ;f78oo. (8) 630 ; 116. (9) 79800 ; 2850. 

(10) 56400 ; 36120. (II) 2494. (12) ipooooo ; loooooo. 

{13) lOOOOOO ; lOOOOOO. (14) 53369 ; loi ; 1225043. 

(15) 5678992. (16) 83570675. (17) 1728000 ; 1728000. 

(18) 1 7984996402880100* (19) 408040000. 

(20)3x10'; iox(2« + 3*); (i + 2 + 3 + 4)x(ix2x3x4) ; 

(7 + 2)x(7-2). 

Set Xn. 

(1) 17346282 ; 11564188 ; 8673141. 

(2) 27982095 ; 20986571J ; 16789257. 

(3) 12986580 ; 10389264 ; 8657720. 

(4) 4318865 ; 3599054* ; 3084903^ 

(5) 12736666^ ; 10917143 ; 9552500*. 

(6) 11208056* ; 9807049* ; 8717377*. 

(7) 4369526* ; 3884023S ; 3 I 77837 A- 

(8) 2381291J ; 1948329A: ; 1785968A. 

(9) 1957 1 A ; 24560A. 

(10) 1370933A ; 98344A. 
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Set XUI. 



(I) 307614^ 

(3) 20442 1 A'f 
(5) 13368^1 ; 
(7) 40044JH' ; 

(9) 50404ifi ; 
(II) 4283ofH ; 



; 277932rk- 
; I95242fjf 

121351^. 
6ooo3Hi. 

3930Sf**. 
385ooftff. 



(2) 47538x1^ 
(4) 33823*111 
(6) 4226f|H ; 
(8) 200o8ff» 

(10) I029ltf*f 



; 42729^iS-- 
; 2295oif|J. 

8587ttil« 
; 3000iifH. 
; 734o|ff*. 



(12) ioooo8oo|^ ; ioioo8o8o$i. 



Set XIV. 

(2) 999. (3) 339199. (4) 327680. 

(6) 99. (7) 15 hundredweight. 

(9) 235Jtt. (10) £soS' (") 9999. 

(13) 36 ; 498. (14) 64 ; I. (IS) I- 
(17) 8*-^2•=2•. (18) 14. 

(19) ioo-i-4— 100+5= loo-i- 20 J (i2-f-4)-f-3=i. 

(20) (4 X 5 X 6-315+9) X (24 + 2*). 



(l) 120084. 

(5) 43 pounds. 

(8) 1034827^. 
(12) 10. 
(16) 16384 ; I. 



. Set XV. 

(i) 148 far. ; 6540s. (2) I4i6d. ; 

(3) 1440 min. ; 12960 sec. (4} 9688 lb. 

(5) ^016 lb. ; 32256 oz. (6) 904 fur. 

(7) 55044 ft- ; 4488 yd. (8) 768 ro. ; 

(9) 756 cub. ft. ; 1306368 cub. in. (10) 6992 qt 
(11) 7i52od. ; 144720 far. 
(13) 259200 sec. ; 2520 hr. 



52SOS. 

; 79520 cwt 
; 6582 ft. 
^448 sq. in. 



13984 pt. 

(12) i7l36od. ; 2o6400d. ; 33456od. 

(14) 35840 lb. ; 152 St. 
(15) 80000 po. ; ii22o1t. (16) 203280 sq. yd. ; 24624 sq. in. 
(17) 7604928 cub. in. ; 416 gills. (18) 12224 gall. '» 4320 'gall. 
(19) ii4ofouip. ; 6384 threep. (20) 5640 halfp. ; 5040halfp. 

(21) 63360 in. ; 4014489600 sq. in. ; 254358061056000 cub. in. 

(22) o gr. 

(23) 4far.= Id. 

48 far. s i2d.» IS. 
960 far. » 240d. » 20s. ^£ t . 

(24) 16 dr. = I oz. 

256 dr. = i6oz.=s lib. 
7168 dr.= 448 oz.= 28 lb.= I qr. 
28672 dr.= 1792 oz.= 112 lb.= 4 qr.as I cwt. 
573440 dr. s 35840 oz.»2240 lb. =80 qr.s=20 cwt. = i ton. 

Set XVI. 

(i) 2o6d. ; 952d. ; 486d. 

(2) 3552 far. ; 15649 far. ; 2882 far. 

(3) '837 Id. ; 80683 far. 



328 



RESULTS OF THE EXERaSES. 



(4) 27807 sec. ; 21641 min. ; 1816800 sec 

(5) 9968 lb. ; 31600 oz. ; 179661 oz. 

(6) 622 in. ; 6820 yd. ; 22356 ft. 

(7) 4005 sq. in. ; 880 sq. po. ; 135036 sq. ft. 

(8) 449280 cnb. in. ; 653512 cob. in. 

(9) 1096 galL ; 2625 gaU. ; 516 gills. 

(10) 1014 fourp. ; ii93focirp. 

(11) 841 sixp. ; I303lialfp. 

(12) 906) St ; 717 halfcr. 

(13) 31556929* ««. 

skt xvn. 



(2) 7488od. ; 61240s. ; /3W. 
(4) 370 cwt. ; 22 lb. Tfoy. 
(6) 121 ac ; 317 sq. fL 



(I) 7932d. ; 192s. 
(3) 901 da. ; 16 hr. 

(5) 704 7^' f 18 mi. 

(7) 99 cub. yd, ; 3976 gall. 

(8) ;^I57 128. ; £S 15s. 4d. '; £7^ os. 8Jd. 

(9) 2"" I7». 61d. ; £Z3 3»- Sid- ; £30 4s. 2id. 

(10) 25 da. 6 hr. 24 min. 2 sec. ; 23 wk. 5 da. 16 hr. 10 min. 

(11) II cwt. 2 lb. ; t ton i cwt 10 lb.j2 oz. 

(12) 56 tons 18 cwt. ; 3 lb. 8 oz. 7 dwt. 16 gr. 

(13) 76 yd. 2 ft. I in. ; 6 fiir. 38 po. 5 yd. 2 fL ; 69 mi. ii po. 2 yd. 9in. 

(14} 13 ac. 2 ro. II sq. po. ; 6 ac. 2 ro. 9 sq. po. 2^ sq« yd. ; i ac^ 
3 sq. po. 3 sq. yd. 138 sq. in» 

(15) 3 cub. yd. 5^ cub. ft. 1706 cub. in. ; 392 gall. 2 qt. i pt ; 1276 qr. 

7 bus. I pk. I gall. 

(16) 891 flor. ; 314 halfcr. 

(17) ;f 32025 ; 37800 guin. 

(18) 15552 lb. avoir. ; 6yxxx>lb» Troy. 



Set XVIII. 



(I) ;f 22 48. Id. (2) 

(4) /14 188. i}d. (5) 

(7) ;f 66 48. 7*d. (8) 

(10) ;^288 168. Hid. (II) 
(13) ;f285 178. ijd. (14) 
(16) ;^i2702i 168. 6d. (17) 
(19) ;i'i3ii49 I2S. 8id. (20) 
(22) 2 lb. 3 oz. 3 dr. 
(24) 56 lb. 12 oz. 13 dr. 
(26) 51 cwt. 2 qr. 13 lb. 
(28) 180 tons 8 cwt 
(30) 60 hr. 48 min. 53 sec. 



£iSs 7s. 7d. 
;^i8 i6s. lid. 
^276 13s. ijd. 
^328 15s, 8Jd. 
/350 108. 7d. 



(3) ;f 216 los. 9d. 

(6) /24 98. 5d. 

(9) / 300 5s. 4Jd. 

(12) /433 19s. 3d. 

(15) ^"79 i8s. "id. 
^^159169 13s. 2id.^ (z8);^i670i5i6s.2il. 

jC^SSHS 15s. 3d. (21) ;f 12875 78. 8d. 
(23) 60 lb. 13 oz. 5 dr. 
(25) 2 cwt. 22 lb. 14 oz. 
(27) 52 cwt. I qr. 24 lb. 
(29) 165 tons 12 cwt 
(31) 49 hr. 20 min. 45 sec. 
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(32) 56 da. 8 hr. 58 min. {33) 15 da. 4 hr. 24 min. 5 sec. 

(34) 4S wk. 4 da. 20 hr. {35) 40 yr. 179 da. 3 hr* 

(36) 47 yd. 6 in. (37) 58 yd. i ft. i in. 

(38) 3^2 mi. 3 fur. (39) 17 mi. 2 fur. 122 yd. 

(40) 55 mi. 4 fur. 2 po. (41) 12 mi. 4 fur. 3 po. i) yd. 

(42) 126 gall. I qt. I pt. (43) 159 gaU. 2 qt. i pt. 

(44) 104 qr. 5 bus. 2 pk. (45) 190 qr. 5 bus. 

(46) 59 bus. I pk. li gall. (47) 27 bus. 3 pk. I gall. 

(48) 76 ac. 3 ro. 3 sq. po. (49) iii ac. 3 ro. 15 sq. po. 

(50) 91 ac. 2 ro. 12 sq. po. (51) 828 mi. 624 ac. 

(52} 17 ac. 2 ro. 5 sq. po. 24 sq. yd. (53) 14 sq. yd. 3 sq. ft. 86 sq. in. 

(54) 31 sq. yd. I sq. ft. 19 sq. in. 

(55) 103 cub' y^' 19 cub. ft. 601 cub. in. 

(56) 121 cub. yd. 12 cub. ft. 799 cub. in. 

(57) 88 cub. yd. 5 cub. ft. 734 cub. in. 

(58) I lb. 8 oz. 5 dwt. 20 gr. 

(59) 20 lb. 10 oz. 16 dwt. 

(60) 30 lb. 4 oz. 4 dwt. 10 gr. 

Set XIX. 

(X) £Ss 9s. 5d. , (2) ;f 179 58. 6id. (3) ^^40 133. 3d. 

(4) ^364 OS. 9d. (5) ;f 1249s. 3d. (6) £77 8s. 8d. 

(7) £s i8s. 6id. (8) £S3 i is. lofd. (9) £igS i8s. 5id. 
(10) ;^ii8 17s. iijd. (II) / 16 19s. iijd. (12) £117 i6s. 3id. 
(73) 6 lb. 14 oz. 10 dr. (14) i qr. 26 lb. 7 oz. (15) 7 cwt. i qr. 21 lb. 
(16) 6 cwt 3 qr. 19 lb. (17) 16 tons 18 cwt. 3 qr. 
(18) 8 cwt. I qr. 19 lb. (19) 3 wk. 2 da. 18 hr. 
(20) 5 da. 20 hr. 50 min. (21) 5 hr. 55 min. 46 sec. 
(22) 4 hr. 47 min. 27 sec. (23) 2 yr. 250 da. 21 hr. 
(24) 19 hr. 52 min. 35 sec. (25) 2 yd. 2 ft. 11 in. 
(26) 8 yd. I ft. 7 in. (27) 3 mi. 5 fur. 121 yd. 

(28) 6 mi. 4 fur. 142 yd. (29) 5 mi. 5 fur. 19 po. 
(30) I mi. 7 ftu-. 32 po. 4i yd. (31) 8 gall. 2 qt. i} pt. 
(32) IS gall. 2 qt. i pt (33) 18 qr. 5 bus. 3 pk. 
(34) 26 qr. 3 bus. 3 pk. (35) 16 bus. 3 pk. i gall. 
(36) 8 bus. 3 pk. I galL 3 qt. (37) 18 ac. 3 ro. 15 sq. po. 
(38) 9 ac. 30 sq. po. (39) 156 ac. 2 ro. 16 sq. po. 

(40) 134 sq. yd. 8 sq. ft. 61 sq. in. (41) 83 sq. yd. 4 sq. ft. 4!8^.sq. in.* 

(42) 5 ac. 3 ro. 22 sq. po. 22} sq. yd. 

(43) 242 cub. yd. 24 cub. ft. 1632 cub. in.* 

* The numbers of inches in Ex. 41 were meant to occnpy the place of the corre- 
sponding numbers in Bx« 43* and vice versa, the numbers in the results then beings 
48 sq. in. and 163a cub. in. respectively. 
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(44) 141 cub. yd. 10 cub. ft 1063 cub. in. 

(45) 346 cul>- y^' 17 cab* ft* 161 7 cub. in. 

(46) I lb. 18 dwt. 17 gr. (47) 2 lb. 8 dwt. 8 gr. 
{48) 4 02. Troy 244 gr. (49) ;f 335 6s. 5d. 
(50) 2 mi. 834 yd. ; 1083 yd. ; 1 186 yd. 

Set XX. 
(i) ;^27 129. 6d. ; ;^4i 8s. 9d. 

(2) £^3 iSs. oW- ; ;fi" 135. 5<^- 

(3) £^S9 I4»- 2d. ; ^824 128. 8id. 

(4) £^79 3»- W. ; £ios5 OS. 3d. 

(5) ;f567 i3»- 7i<i. ; £^2 53. lofd. 

(6) /15305s. sK ; £m^ 17s. 8d. 

(7) jf 702 88. 6d. ; ;f 790 45. 6}d. 

(8) ^1960 58. 3}d. ; jf2i78 is. 5jd. 

(9) £ZHS 15s. 2j<i. ; ;f2200 I2S. 7id. 

(10) ;f 3975 3s. 9<i. ; jf3i8o 3s. 

(11) ;f7649 3»- iH ; ;f6884 48. 9}d. 
(") ;f3978 6s. 5jd. ; ;f4376 3s. ijd. 

(13) £^0^5 19s. lojd. ; /11303s. 6d. 

(14) /818 58. 3d. ; /681 17s. 8Jd. 

(15) 22 tons 5 cwt. 2 qr. ; 25 tons 19 cwt. 3 qr. 

(16) 28 cwt. 9 lb. ; 50 cwt 2 qr. 5 lb. 

(17) 134 yd. 2 ft. 8 in. ; 168 yd. I ft. 10 in. 

(18) 142 ac. 17 sq. po. ; 129 ac. 30 sq. po. 

(19) 43 gall. 2 qt. ; 72 gall. 2 qt 

(20) 139 sq. yd. 8 sq. ft. 74 sq. in. ; 599 sq. yd. 6 sq. ft. 132 sq. in. 

Set XXI. 

(I) /297 83. 4d. (2) /1740 28. 7jd. (3) /867 iis. iijd. 

(4) /2233 78. 9td. (5) /979 19s. ofd. (6) ^^3737 188. ijd. 

(7) ^5658 128. 3}d. (8) /2579 68. 2d. (9) ^f 2429 12s. id. 
(10) jf5729 19s. I Id. (II) ^24438 28. 4jd. (12) ^2426 08. 9}d. 
( 13) /14089 68. 8Jd. (14) /600 13s. 8Jd. (15) jf 599 38. 6d. 

(16) jf 1505 58. Id. 

(17) 3 tons 17 cwt. 3 qr. 24 lb. 13 oz. ; 6 tons 6 cwt. 2 qr. 7 lb. 

(18) 640 ac. 2 ro. ; 407 ac. i ro. 24 sq. po. 

(19) 21 da. 15 hr. 42 min. 9 sec. ; 29 da. 15 hr. 21 min. 57 sec. 

(20) 13357 mi. 1012 yd. ; 6436 mi. 943 yd. 

Set XXII. 

(I) /18 13s. 8d. (2) /72 8s. 9d. (3) ;f64 9s. 

(4) ^263 OS. 2jd. (5) /528 13s. 6d. (6) /1003 48. 3d. 
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(7) jf393 4». 7<J. (8) £^9SS 2s. 6d. (9) ;f 2047 6s. 8d. 

(10) /16546 5s. 

(ii) 152 tons 18 cwt. ; 166 tons 16 cwt. 

(12) 668 yd. 2 ft. 7 in. ; 796 yd. 

(U) 5791 lir- 52 min. 

(14) 3402 qr. 

(15) 6932 ac. 3 ro. 10 sq. po. ; 4067 ac. i ro. 

(16) 2598 cub. yd. II cub. ft, 64 cub. in. 

Set XXIII. 

(0 £^^5 Ss. 6Jd. (2) ;f 1331 17s. iijd. (3) £6Si 15s. lojd. 

(4) ;f99 6s. lojd. (5) £^2 OS. 8d. (6) jf2i4 19s. loJd. 

(7) ;f3ii 153. 9id. (8) 807 da. 18 hr. 30 min. 

(9) 488 oz. 12 dwt. 18 gr. (10) 470 ac. i ro. 34 sq. po. 

(ii) 25 cub. yd. 15 cub. ft 626 cub. in. 

(12) 28 tons 3 cwt. 2 qr. 2 lb. 

Set XXIV. 

(0 ^837 19s. 9d. (2) /254 i6s. Sid. (3) /2131 2s. lojd. 

(4) >f 10401 6s. 7d. (5) / 13603 5s. 7jd. (6) ^^8289 14s. loJd. 

(7) /2667s 8s. 6d. (8) /24380 ss. 3id. 

(9) 2478 qr. 3 bus. 2 pk. (10) 37171 yd. 9 in. 

Set XXV. 

(1) £^g IS. 9d. ; ^32 14s. 6d. 

(2) jf 139 48. lod. ; jf 104 8s. 7jd. 

(3) £^5^ 19s. 7id.i * ; i'127 3s. 8id. 

(4) £^5S 5s. oid.i ; ^127 14s. 2jd. 

(5) £52 6s. 8£d.J ; ^44 17s. ijd. 

(6) ;f 29 6s. lod. ; ;^25 13s. sfd. 

(7) £^9 19s. 2fd.f ; ;f 17 14s. lojd. 

(8) 2'77 8s. 9d. ; £69 13s. lojd. 

(9) £1^ OS. ojd. ; ;f 12 14s. 6}d.-A- 

(10) i6s. 4jd.-A- ; iSs. 

(11) s8 hr. 2 min. 2S sec. ; 26 hr. 22 min. $$ sec. 

(12) 9 cwt. 3 qr. 21 lb. ; 8 cwt. 3 qr. 21^ lb. 

(13) 3 yd. I ft. 7 in. ; 2 yd. i ft. oA in. 

(14) I ac. 3 ro. 2S sq. po. ; i ac. 2 ro. 39^^ sq. po. 

* The I here following the d, is understood to denote the fourth part of a 
farthtngt not of a, penny. Abetter mode of writing such results is afterwards 
given. 
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Set XXVI. 

(I) £^^ 14s. ojd. (2) 13s. 9id. (3) £s 6s. lojd. 

(4) ^18 15s. 2jd. (5) /19 i6s. 2jd. (6) £is 17s. 4f<i- 
(7) 178. 8ld. (8) £12 OS. sjd. (9) ;f73 OS. ojd. 

(10) 58. ofd. (11) 6 c^- 1 qi*. 13 lb. ; 2 cwt. 2 qr. i6A's 1^* 

(12) 7 lb. 13 oz. 12 dr. (13) I hr. 13 min. 47 sec. ; 56 min. 291^ sec. 
(14) I da. 13 min. (15) 3 po. 2 yd. i ft ; 2 po. 4 yd. i ft. 8Ain- 

(16) I mi. 38 yd. ; 1154 yd. i ft. %ii% in. 

(17) 3 ro. 27 sq. po. ; I ac. I ro. 18^ sq. po. 
(x8) 9 sq. yd. 67 sq. in. 

(19) 2 bus. I gall. ; 5 bus. iff gall. 

(20) 17 cub. ft 342 cub. in. 

SExXXVn. 

(I) £^^ 14s. o^d. (2) £iz 19s. 4jd. 

(3) £S 6s. loJd. (4) £iz 19s. 4td. 

(5) 13s. 9td. (6) £2 08. ©id. 

(7) I cwt. 3 qr. 17 lb. (8) i bus. 3 pk. i gall. 3 qt. 

(9) £Z 178. 2jd. (10) £2 19s. ojd. 

(11) 6 cwt. I qr. 13 lb. (12) 7 lb. 13 oz. 12 dr. 

(13) I hr. 13 rain. 47 sec. (14) 3 po. 2 yd. i ft. 

(15) 9 sq. yd. 67 sq. in. (16) 17 cub. ft. 342 cub. in. 

• 

Set XXVin. 

(0 3. (2) 1305. (3) ". (4) 123. (s) 261. 

(6) 41. (7) 315. (8) 105. (9) 9«. (lo) 57. 

(11) 171. 

(12) 59Httt* I^ 524 be put in the exercise for 542 the result is 58. 

(13) 67. (14) 38«. 

Set XXIX. 

(i) ;^4o82i los. ; ;f 1069. (2) ;f346i ss. ; ;f 1680 88. 

(3) ;f 1536 48- ; /6841 14s. (4) ;f 1985 68. ; £1 los. 

(5) £W ; £12 13s. 4d. (6) ^2697 ; £s 6s. 8d. 

(7) ;f 10620 6s. 8d. ; £2 IS. 8d. (8) ;^89S i8s. 4d. ; £iQ& 7s. 

Set XXX. 

(0 ;f234 78. 6d. (2) £^l I2S. 6d. (3) ;f2o8. 

(4) /49 17s. 4d. (5) £Z2 i8s. 4d. (6) ;f366 6s. 

(7) ;f 32 7s. 6d. (8) ;f 259 OS. 6d. (9) ;f 662 15s. • 

<io) £is 5s. 4d. (II) £^ 15s. 7i<i. (12) £2^ 19s. 4jd. 

(13) ;f 12 IS. ofd. (14) £2^ 14s. 8td. (15) ^85 13s. 6fd. . 
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(16) /106 19s. ijd. (17) £2^ IIS. lojd. (18) ;fi9i 08. iijd. 
('9) £S^ "s. 9icl. (20) / 125 OS. 3fd. 

Set XXXI. 

(0 ;f4i3 55. (2) £n^ I2S. 6d. (3) ;f40S 6s. 8d. 
(4) ;^ii22 i8s. (5) jf2009 IIS. 8d. (6) ;^I028 2s. 6d. 

(7) £2S7 195. (8) jf 850 I2S. 4d. (9) £S97S 15s. M. 

(10) ^^3246 15s. 9d. (II) ;f436 ss. 7jd. (12) ;f 1448 14s. ojd. 

(13) jf 1016 15s. 5jd. (14) ^2956 i6s. s^d. (15) ;f 1120 3s. ejd. 

(16) ;f 1395 i8s. 2d. (17) ;f24S4 los. «Jd. (18) ;f 2561 SS. ijd. 

(^9) £i^S^ !<»• 3d. (20) ;f 17075 I2S. iJd. 

Set XXXn. 

(0 £3H T5S. (2) ;f 180 i6s. 8d. (3) ^^367 iis. 6d. 

(4) £$^S 15s- (5) jf 170 los. (6) /158 6s. 7d. 

(7) ;fii66 2s. (8) ;^626o I2S. 6d. (9) ;f 71395 los. 9d. 
(10) ;f 18729 13s. 9d. 

Set XXXin. 

(I) £2 17s. ojd. (2) ;f 116 13s. 4d. (3) 115 gaU. 2 qt. 

(4) 19 tons II cwt. (5) ;^28 17s. 6d. (6) 59 ac. i ro. 6 sq. po. 

(7) 5 hr. 50 min. (8) £1 7s. 6d. (9) ;f 29 5s. 
(lo) 13 hr. 30 min. 

Set XXXIV. 

(0 jfS7 17s. 4<J- (2) /412 28. 6d. 

(3) £S 7s. 8}d. (4) £13^ i6s. 8d. 

(5) 25777 sq. yd. 7 sq. ft* (6) ^"8 9s. 7d. 

(7) 2i6 gall. I qt. (8) 715 ac. i ro. 10 sq. po. 

(9) 177 hr. 17 min. 30 sec (10) ^56 los. 2j^. 

Set XXXV. 

(I) £iz 68. 4d. (2) £4 4s. (3) 228 mi. 

(4) 5 tons 2 cwt. (5) 3 hr. 54 min. 3 sec. (6) 2 ac. 2 ro. 

(7) 77 lb. 8 oz. (8) ;f344 2s. 6d. (9) 21 ft. 

(10) £6 IIS. ii{d. (II) ^^264 IIS. 2^. 

(12) £ioS 158. 8Jd. JH far. 

Set XXXVI. 

(!) /309 08. 6d. (2) /355 los. Sid. (3) ^64 i6s. 6id, 

(4) ;f 1000. (5) jf 57 3s. 4d. (6) 429 mi. 

(7) 8 da. 
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Set XXXVII. 

(0 1131- (2) 16. (3) 131b. 14 oz. 

(4) 222. (5) 2s. ofd. (6) £^^6 12s. 6d. 

(7) ;f 32 4s- lod. (8) £ 10 13s. 4id. (9) £9^. 

(10) £2$ lis. 8d. (II) ;f4i2 108. (12) 5jd. 
(13) 127 ac. 3 ro. 29 sq. po. J2f sq. yd. (14) ;f 562 2s. 6d.,;f 843 3s. 9d. 

(IS) £b& i8s. ijd. (16) £% 14s. 7id. (17) ;f 14 48. Si^. 

(18) ijd. (19) 963, 1053. (20) 45- 

(21) 131b. (22) 75025. (23) £^ 13s. 

(24) 10 mi. 1440 yd. (25) 11 200. (26) £2 4s. 6d. 

(27) 315- (28) "10781. (29) jii2495 i6s. ijd. 

(30) 1601. (31) 8 ac. I ro. 36^ sq. po. 

(32) 8100. (33) .29. (34) 5 gaU. 2 qt. I pt. 

(35) 308- (36) £^9 19s. 6d. (37) 79900. 

(38) I hr. 24 min. 55 J sec. (39) ;f 250. 

(40) 239445. (41) 272 ac. 2 ro. 27 sq. po., 240 ac. 37 sq. po. 

(42) £1 3s. 4d. (43) 3705860. (44) IIS. 8d. 

(45) 12279 cub. in. (46) 5s. 6d. (47) 126. 

(•48) ijd. (49)- Jd. (50) £S 13s. Sjd. 

(51) 261b. (52) 76 bus. (53) 192,3756. 

(54) 720. (55) Shr. (56) 600. 

(57) 50456. (58) £9 17s. (59) j^38 IIS. 4d. 

(60) £2 OS. ojd., £1 2s. 6d. 

Set XXXVIII. 

(1)2x2x5x5 ; 2x2x2x2x2 ; 2x2x2x3x3. 
(2)2x2x2x2x3x3 ;' 3x3x7 ; 2x2x3x3x5. 

(3) 3x5x5 ; 5x5x5 ; 5x5x7. 

(4)3x3x13 ; 3x3x17 ; 3x3x23. 

(5) 3x19 ; 3X2Q ; 3x7x7. 
(6)3x5x17 ; 3x3x7x7 ; 3x5x37. 
(7)3x3x5x17 ; 2x2x2x3x47 ; 2x2x3x43. 
(8)2x11x17 ; 11x47 ; 5x11x19. 
(9)2x2x2x3x3x3x11 ; 3x3x5x11x17. 

(10)3x3x3x3x3x11x29 ; 3x3x11x11x11x23. 
(II) 13x29 ; 13x17 ; 17x19. 
(12)7x19x19 ; 7x13x13 ; 13x23x23. 

(13) 53» 59» 61, 67, 71, 73, 79, 83, 89, 97. 

(14) 163, 167, 173, 179. 

Set XXXIX. 

(0 6- («) 7. (3) 75. (4) 3. (5) 3. 

(6) 4. (7) 72. (8) 2. (9) 27. (10). 99. 
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Skt XL. 

.(0 I. (2) 19. (3) 7. (4) "• (5) 7. 

(6) 7. (7) 13. (8) I- (9) 2. M 23. 

Set XLI. 
(I) 221. (2) 14. (3) 19. (4) 39. (5) 26. (6) 17. 

Set XLII. 

(i) 60. (2) 120. (3) 120. (4) 1680. 

(5) i8o- (6) 360. (7) 3780. (8) 1440. 

(9) 15600. (10) 3528. (II) 11400. (12) 378a; 

Set XUn. 

(I) 2520. (2) 2520. (3) 5040. 

(4) 1716. (5) 285285. (6) 109512. 

(7) 26455. (8) 33565. (9) 77763. 
(10) 106913. 

Set XLIV. 

(1) 2i ft. ; lAd. ; £ih 

(2) Seven-tenths, t^. 

(3) "A%» T^iAr* looxT^nF* roiyJoinrtf* i666'A«6d* 

/^\ 2A Aft ffOQ gOOQ 

(5) h ¥, V, ¥ ; e, W, W, W. 

(6) ♦, ¥, ¥, ^* ; m. ^¥^, ¥tf , HH*. 

(7) ¥, H^, ¥. ^¥^, ^^^^. 

(8) «. ¥ft?, ¥ft^S ^^¥«y^. 

(9) ^^^ ¥oW, ^«f«f, °*?8888" . 
(JO) J4J4, iffA, i^jjft, A^yyiii, A^jp. 

Set XLV. 

(1) li, 3i» ^ 2f, 2iZf, ijf, 7. 

(2) II A, 6iflfr, 4ii^» 30nfcj, "A-, 5A. 

(3) 35*» 296A, 3132$, 4, 9» 280W. 

(4) 4, 9I, 200, 8, 7A, 246Jf . 

Set XLVI. 

(I) Seventeen hundredths, ^. (2) f, A» if» 14^. 
(3) Ml af> M» 84' (4) so» so» so» 801 sis* 

is) i%. n. Hf H, «. (6) A, «, Afe. 
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Set XLVII, 

(0 h f, f (2) «, H, «. (3) H, «, «. 

(4) «. f, ». (5) A. «, A. (6) t, *. A. 

(7) »», «l, JH. (8) rfttir, Aft, f 

Set XLVni, 
(0 rf» af> !*> ■«• 

(2) M. A, «. «. 

L (3) THfV» TirO» 2*0 > «*• 

(4) «». 4««» AA, im, Aft. 

\5/ m* 990* bTO* «60» »«o« 
(w «fo» «so» Ab"* "ffaot ¥to» 

(7) itf», WiAr, AHfr. Hit. iftf- 

(8) *«r, JH*. AWr. JWSr. AVJf- 

(9) sfr* innr» sK* sa** rfr* 

(10) im, Tim, iH«, »M. 7«iy, -fm- 

(11) AA. ffM, AA, AA, AA, AA- 

(12) A, *», h I 

(13) A », A, f 

(14) «?» ih 4H, ^, 

(15) 2 A, «, m, ». 

Set XLIX. 

(I) 2. (2) 2A. (3) i«. (4)Ab^. 

(5) 999A%. (6) iJ8. (7) i«. (8) ijf. 

(9) 9H. (10) 19A. (II) i34irfff. (12) 39^- 

(13) 104A. (14) i6tA. (15) 14H. (16) 8A 

(17) 20. (18) 14A. (19) s#.v. (20) em^' 

Set L, 

(I) A, J. A, i' (2) I J, 4A. 3T#Sff. i5i- 

(3) H, A,, m, T*y. (4) At, rffy, AA, irifc. 

(5) 4i, 8f , 25*, A^. (0) 2i, 8M, if, qoUi- 

(7) 9mi*, 3i, !«. (8) 881, 2itt, sij. 

(9) At, «l* (10) 2*. 

(II) 3m. (12) "A 

Set LI. 

(I) iVA, AA, m, m, Hh (2) 2»f, 3tfc. 3^, 4AV. 
(3) A, i, T^. U) A, A, f. (5) li, loA- 
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(6) 27, 2«. (7) A, 1^. (8) a, 4. 

(9) 78*» 3- (10) 360. 22. (II) I J, 38. 

(12) 31*. (13) SSUh (H) 7fi. 

(15) im. (16) ff«M«-<y. 

Set LII. 

(0 A, *V, sW, rfy. (2) iftfifr, tIt, lihf uliff- 

(3) 20, i7f, 9}. (4) Jf» lA, lA. 
(5) 2A, iJ^, !«. (6) m, h ItWt. 
(7) 21^5. !», 9. (8) 3f, l*» ttf. 

(9) A, A, I9t, i«. (10) iH, «, *. ^ 

(") I A, iH. (12) 20A-. (13) lA^. ItIW. 

(14) ih 4A. (15) i*H. (16) IT^. 

(17) 71A. (18) iMr. (19) «, W«-. 

(20) AV, mi- 

Set LIII. 

(0 i, i I. (2) f, f (3) f 

(4) t, A. (5) A, *, A, f- (6) f. 

Set LIV. 
(I) I . i + i 



I I 



i+— r 3+4- 



1 I 



' + — i '+— T 



1 + — I — 1 + 

5 + T 



I I 

i + — T s+r 



(3) I 



I I 



1+ ; 2 + 



I I 

1+ ; 1 + 



I I 



1 + ; 1 + 



I 'I 

1+ z 2 + 



I I 

1+ ; 1 + 



I "I 

I+— 7 2 + - 

'^2 
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(4) I 



I+' 


2- 


I 


I 

^ 1 


V-, 


3+ , 




3+ , 

^ _I_ — . 




•+ I 


3 + 3 




'+ I 




'+ I 






'*3 


(S) I 


w 


I 

1 


I ' 


1+ f 


1 + ' 






1 


10+ J 
'+ I 


* I 




3+ , 




10+ , 


*n 




' + i5 


T 1 




I 




I 


^-^ I 




'+ I 




4'*" I 






•+ 1 




'"•" I 






'+ I 






*+ I 






3+ I 






^^3 


(7) i, A. [A^]. 




(8) 2, 2j, 2t. 2*, [2tt], 


(9) 3» 3+» 3TWr» 3AV [3TlWr]. 


(10) J, «,«,». 


(II) i» *, }. f, A. 




(12) I, i, f, 1, A. 


(13) h f» A, it, ?«, T%. 








Set LV. 


(I) sAs- ; ^««- 




(2) £^ ; ;fiiTF ; jf A- 


(3) 5s. 2i<i. ; 5id. 




(4) nhi da. ; 135 sec. ; lAw wk. 


(5) 90 lb. ; A ton. 




(6) A^V lb. avoird. 


(7) 140yd. ; Ami. 




(^) tt/W ac- ; 20418! sq. in. 


(9) 4* Pt. ; tIf bus. 




( 10) 2^ oz. troy. 


(II) 12 hr. 26 min. 40 sec. 




(12) 12 cwt. I qr. 41b. 


(13) I ft. 2 in. 




(14) 6 sq. po. 14 sq. yd. 72 sq. in. 


(15) I pk. I gall. 2 qt. 




(16) 2 mi. 17 po. 4 yd. 10 in. 


(17) 8 cub. yd. 6 cub. ft. 1296 cub. 


in. 


(18) 3 ac. 29 sq. po. 2 sq. yd. 


6 sq. 


ft. 108 sq. in. 


(19) 61b. 5 oz. isA^r. 






(20) 3 po. I ft. 7| in. 
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Set LVI. 

U)£i ; £m ; £7i ; £2^^- (2) As. ; i6i}s. ; 132AS. 

(3) Iff cwt. ; zH cwt. ; 6ii cwt. (4) A% da. ; f da. 
(5) T§7 fur. ; -is fur. (6) 26^ Unks. 

(7) If ac. ; « ac. (8) U gaU. ; 5f gall. 

(9) 23^jlb. troy. (10) i^V lb. avoird. 

Set LVII. 

(0 '^ of;f 100 ; ^nSre of;f 100. (2) Hi- 

(3) M. (4) A of 6 ac. 3 ro. 9 sq. po. 

(5) f of 7 cwt. 3} St. ; A of 6 cwt. 15 lb. 8 oz. 

(6) HU' (7) m%. 

Set LVni. 
(I) A. (2) A (3) A (4) ioAjt. 

(5) 102J carats. (6) ijf. (7) 10. (8) iff. 

(9) 2jd. (10) £17 2s. 2jd. (II) ;f4 8s. 8d. (12) ;f2 13s. 4d. 

(13) SS- (H) ;fioos. Hid. (15) ;f3o8o. 

(16)^1443 I2S. (17) 30 da. (18) 7ff. (19) i?hr. 

(20) ;f895i2ios. (21) 5. (22) Tf*&ff. (23) rtfr. . 

(24) A. (25) I Afe lb. (26) ;f 1680. (27) 88. 

(28) 6 hr. (29) 4Tfk. (30) -^A gall, or 3tHt pt. 

(31) ;f28. (32) T^jft^^. (33) ;f4950. (34) £20 i2s. 6d. 

(35) A%. (36) 14 lb. (37) ««. (38) I. 

(39) ;f 29900. (40) a. 

Set LIX. 

(i) Seven thousandths. Three hundredths. Four ten- thousandths. 
One millionth. Five hundred-thousandths. 

(2) Nine ten-millionths. Seven thousand-millionths. Three bil- 
lionths. 

(3) One whole unit and five hundredths. Ten whole units and a 
tenth. Two hundred whole. units and two hundredths. Three thou- 
sand whole units and three ten-thousandths. 

(4) Thirty-one hundredths. Three hundred and twelve thousandths. 
Three hundred and twelve thousandths and three ten-thousandths. 
Thirty-one thousandths and twenty-three hundred- thousandths. Three 
thousandths and thirteen millionths. 

(5) Three hundred and twelve millionths. Thirteen ten-thousandths. 
Two hundred and thirty-one thousandths two hundred and thirty-one 
millionths. Six hundred and eighteen thousandths one hundred and 
eighty-six millionths. 

(6) One hundred and thirty thousandths nineteen millionths. Three 
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hundred thousandths three mfllionths. Twelve thoasandths twelve 
millionths twelve thousand-millionths. 

(7) Fifty thousandths six hundred and seven ten-millionths. Four 
thousand and one ten-millionths. One hundred thousandths five hun- 
dred-mil lionths. 

(8) Ten million whole units and seven ten-millionths. Eleven 
millionths one ten-thousand-millionth. 

(9) Six millionths three hundred and four thousand and twenty-seven 
billionths. Seven thousandths three hundred millionths one thousand 
and two billionths. 

(10) Ten millionths one thousand bOlionths one ten-billionth. One 
hundred thousand billionths one hundred-billionth. 

Set LX. 

(i) .3 ; .004 ; .000009 : •00007. 

(2) .00000001 ; .000000000005 ; .000000000000007. 

(3) 4*7 ; 1^-03 ; 9000.009 ; loo.ooooooi. 

(4) .015 ; .00027 ; .000402 ; .000000001017. 

(5) .203014 ; .05000007 ; .000606002012. 

(6) .00001 ; .003003 ; .0407 ; 20.16. 

(7) .015202 ; .110012 ; .000015000202. 

(8) 20.5 ; .017011 ; 10.0000040003. 

(9) .0300416 ; .760201 ; .0504018. 
(10) 41.026 ; .001043 ; .3000265. 

Set LXI. 

(1) 5, 2, 4, 625, 8, 3125, 32. 

(2) A, .5 ; *» -6 ; -^t .68. 

(3) i'<^» -375 ; A%» 425 ; AWfe, .6875. 

(4) i«**fe, .09375 ; T*fe, .088 ; TM»*fo, .025625. 

(5) Thih* .0192 ; TTiiSftrdTy, .000096 ; iWoWo > .9S4375- 

(6) 3. 6, 7, 9» "» 12, 13, 14, 15, 17, 18, 19. 

SExLXn. 

(1) .8125, .73125, .992. 

(2) .04, .0875, .016. 

(3) .0296875, .0009375, .00544. 

(4) .007890625, .0000064, .000107421875. 

Set LXni. 

(I) .428, .363, .444. (2) .692, .148, .62. 

(3) .034782, .019801, .107843. (4) .970873, .003996, .000533. 

(5) -2, -S, .6. (6) .6, .46, .416, .37. 
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(7) .31. ..i4» -^2, Aj. (8) .io6, .634, .005. 

(9) .6016, .602014. (10) .459' •049$y .64187^ 

(II) .090909, .076923, .058823, .052631. 
(12)3.142...., 3.14150.... , 3.14159.... Beginning with the lowest 

number the order of magnitude therefore is fjt, Jff, V- 
(13) .06, .142, .318427. 

Set LXIV. 

(') A* T§ff» irfey* iftAo g' (2) i, iftSr, irSiir* tAVo* 

(3) irk, Th, irftr. 2i. (4) 2i, yh zh if 

(5) 'rfff» i^^f loiAi 4«>r*Jo. 

Set LXV. 

(I) WsT> fti>»i«77, «»»b»0* (2) if h A» A, i» iV« 

(3) "fifzt rfy, ^ir* iWi» (4) 4A'» iWjr> iriSfffi ii£ittt' 

Set LXVI. 

(I) *, ih ih flJ. (2) iflWs, Tjftfifay. ^' 

(3) 2tAt, 2niW, 2Tife^. (4) ih JSJi, A%- 
(5) «. (6) A. (7) I. 

(8)1*5. (9) Tife. (10) 5i. 



(I) 7042.341763. 

(4) I. 

(7) .0161239. 

(10) 6.691577.... 

(12) 6.235209118. 

(14) 2.000946. 



Set LXVn. 

(2) 2145.001. (3) 9.663. 

(5) 21.89833. . (6) 9.4895. 

(8) .101800149001. (9) 9.40178... 
(II) 2.500343434343.... 
(13) 2.27517535897733$. 
(15) loi 7.54641. 



Set LXVIII, 



(I) 17.3188. (2) .022849. 

(4) .000813. (5) .09912. 

(7) 2968.35. (8) 1.23469. 

(10) 99.9999999. (II) .0133052. 

(13) 2.657575...., .611347.... 

(14) .881197, 1.2269. (15) .59^934471 1.6065526. 



(3) .00136. 
(6) .000006. 

(9) 11.6593873. 
(12) .029643995799. 



Set LXIX. 



(I) .7, 7, 70000, 70070. 
(3) 15426.72. 



(2) .101, lOIOO, I, 

(4) 2.726I3I2. 
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(5) !«>• (6) 90. (7) 3000- 

(8) .oai0792. (9) .0000004. (10) .00012081208. 

(") 303303- (12) .102. (13) 9".0336. 

(14) 912.0336. (15) 27000. (16) 27000. 

Set LXX. 

(I) 2.2814..., 4.5034... (2) .134..., .977... 

(3) 7.015351..., 6377.457017... (4) 2.780...., 2.7800S. 

(5) .001..., JOO13. (6) 4.824..., 4.8243. 

(7) .055-.., .055?- 

Set LXXI. 

(i) .001, .00001, .00000001. (2) 10.1, .101, .00101. 

(3) 2.0212, .0000020212. (4) .4. 

(5) .013. (6) .7872. (7) .0013802. 

(8) .00087. (9) .00000003. (10) .390625. 

(11) .184. (12) 200. (13) 18.4. 

(14) 4001.2. (15) 437.5. : (16) .0125. 

(17) .0013. (18) .0015. (19) .000026. 

(20) .00046. (21) .ooooi§6. (22) 1.98146. 
(23) .017. (24) 5.:r6i904. 

(25) -56395348837209302325581. 



(I 
(3 
(5 
(6 

(7 

(9 

{" 

(13 

(IS 
(16 

(17 
(19: 



Set LXXII. 

;f .0009075, jf. 013335. (2) .12084 cr-i 2.4168 cr. 

19.3536 min., .00192 wk. (4) .03362625 cwt., 59.25824 oz. 

.0000063125 mi., .39996 in. 

85.5638963 sq. ft., .ooi9642;f6;^ ac. 

7s. 3d- (8) £^ 15s. 6W. 

9l<i. (10) £\ 9s. 4fd. iSSfifi,- far. 

3 hr. 3 min. 9 sec. ' (12) i ton 3 cwt. 2 qr. 7 lb. 

2 ft. i-^ftfe in. (14) 3 ro. 27 sq. po. 

I galL 3 qt. I pt. 

I cub. yd. 26 cub. ft. 270 cub. in. 

£1 1 6s. 2id. (18) 3 cwt. I qr. 61b. 

14 sq. in. (20) I ac. 2 ro. 26 sq. po. 11 sq. yd. 

Set LXXIU. 

(0 ;f 1-8 ; ;f-6375 ; ;f I.3J25. 

(2) ;6 12.871875 ; ;f2.oo9375 ; ;f6.077o83. 

(3) .215625 ton ; .27734375 lb. 
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(4) 40.1875 cwt. ; .373046875 St. • 

(5) -73 '25 da. J 360.283 min. 

(6) 4-583 yd. ; 1.36732954. mi. 

(7) 8.916 fathoms ; .157196 mi. 

(8) .60625 ac. ; .254 ac. ; .5439 ac. 

(9) .441550925; cub. yd. ; .921875 qr. 
(10) .46953125 cwt. ; 33-7916 yd. 

Set LXXIV. 

(I) .70875 of/io ; .1484375 of ;f 10. (2) .01527 of ;f 10 lOS. 

(3) -7380952. (4) .6875 of 12 St. 
(5) .16 of 2i da. (6) 4333-846153 fr- 

Set LXXV. 

(1) 3000 m. ; 6500 m. ; 2343 m. ; 802 m. ; 5055 m. 

(2) £'6i ; £'OSZ ; £$.2oS, 

(3) 50 fl- ; -5 fl- ; -05 fl- ; 132.03 fl. 

(4) ;f 116.914. (5) 21109 m. (6) ;f 10.474. 
(7)495fl. (8) ;f 93 6 fl. 3 c. 6 m. (9) 2 fl. 2 c. 4 m. 

(10) ;f2 6 fl. I c. (II) £so 8 fl. 3 c. 3i m. (12) 3f lb. (13) 74. 

Set LXXVI. 

(i);f-6. (2);f.65. (3);f-675- (4) ;f .875- 

(5) ;f-325- (6) £iA' (7) ;f3-375. (8) ;f2.028... 

(9) ;f 1.05. (10) ;fi.8io... (II) £2.667,., (12) £S'27i... 

(13) ;f4-i85... (14) jf 1.392... (15) ;f2.587... (16) ;fio.529... 
(i7);f7-878... (18) ;f 11.597." (19) ji'10.076... (20) ;fi2.o5i... 
(21) ^^20.027... 

Set LXXVII. 

(i) 13s. (2) 17s. (3) 2s. 6d. (4) 6s. 6d. 

(5) 13s. 6d. (6) 19s. 6d. (7) £S os. 6d. (8) ^3 is. 

(9) £^ 5s. 6d. (10) £$ 3s. 6d. {11) £6 7s. 9d. nearly. 

(12) jf4 8s. 3}d. nearly. (13) 12s. 8Jd. nearly. 

(14) £1 IS. 6id. nearly. (15) £2 14s. i}d. nearly. 
(16) £s 15s. (17) /217 15s. (18) 4S. 5id. 

(19) I2S. 7jd. (20) 7s. 3d. (21) 19s. 3id. 

Set LXXVin. 

(1) 3.6 kilom. ; 36000 decim. ; 3600000 millim. 

(2) .0156 kilom. ; 15600 millim. 

(3) 1 1 decim. 34 millim. 
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(4) 46 decim. 2 ctatim. 

(5) 31*056 kilom. ; 31056000 milUm. 

(6) loooooo times ; 1000 times. 

(7) 1 70160 decim. ; 1 701.6 decam. 

(8) .403 metre ; 403 millim. 

(9) 6.4 metres, nearly ; 3.2 metres, nearly ; 25.4 centim., nearly. 

(10) 36.553.... kilom. ; 6.839 kilom. ; 8.138 Idiom., nearly. 

(11) II yd. I ft. 5} in., nearly ; 45 mL 1728^ yd., nearly. 

(12) 1000 kUom. (13) 7500 kilom. 

Set LXXIX. 

(1)1 14.3 ares ; 1 1430 centiares. 

(2) .1411 are; 14. 11 sq. metres; 141 1 sq. decim. 

(3) 27300 sq. metres ; 14600 sq. metres ; 170 sq. metres. 

(4) loooo; loooooo. 

(5) 3.762... sq. metres; 9.29 sq. metres, nearly ; 1.2334.... sq. metre. 

(6) 24.28.... ares ; 6.7782 hectares ; 1.052... hectare. 

(7) 23.25.... sq. in.; 13 ac. 3 ro. 22.05... ^' po* 

Sbt LXXX. 

(i) 1 1 7640 cub. centim. ; .11764 cub. metres. 

(2) 17 cub. decim. 430 cub. centim. ; 31 cub. decim. 426 cub. centim. 

(3) lOOOOOO times. 

(4^ 3104 centil. ; 31 litres 4 centil. 

(5) .03142 hectol. ; 3142 millil. 

(6) 3000; 300. 

(7) 1530 cub. centim. ; 416.3 cub. metres. 

(8) 2.35959... cub. decim. ; 15.65825... cub. metres ; 47.7062.... litres. 

(9) 21.445... hectol. ; 3.7256.... hectol.; 3.975.... litres. 

(10) 16.7824... cub. in.; 13.08... cub. yd. 

(11) 3 gall. I qt. 1.6... gill; 2 qr. 0.507... bus. 

Set LXXXI. 

(i) 51700 grams; .517 quintal; 51700000 millig. 

(2) 4 grams 10 millig.; 31 grams 40 millig. 

(3) 17009 kilog.; 4kilog.; lokilog. 

(4) looooooo; 350000. 

(5) 14.3 grams; 30 millig.; 16 kilog. 

(6) 3.16 millil.; 400 litres ; 14 centil. ; 10 hectol. 

(7) 3.4019... kilog.; 63.503.... kilog.; 2.3813... kilog. 

(8) 34.473... kilog.; 1.77808... metric ton ; 2.4131... quintals. 

(9) 69.853... kilog.; 21.0575... metric tons; .37324... kilog. 
(10) 15 lb. 6.9... oz. ; 19.684... tons; 3 cwt 16.739... lb. 
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(i) 50.9995 quintals. 
(4) 140000 times. 

(7) ;f 1.25. 
(10) 4 decim. 



Set LXXXII. 

(2) 25 millil. 

(5) 50. 
(8) /660. 

(II) 60.512 kilog. 



(3) 2.2 hectol. 
(6) £16. 
(9) 100. 
(12) 160 cub. decim. 



(I) 
(2) 
(3) 
(4) 
(6) 

(9) 
(12) 

(15) 
48 sec. 

(16) 

{19) 
(22) 

(25) 
(28) 

(31) 
(33) 
(35) 
(37) 
(40) 
(42) 
(43) 
(47) 
(50) 

2.4.** ) 

222.7.. 



Set LXXXni. 

.05357142*. 

A deficit of ;^ 1.46 is not accounted for. 

23 hr. 15 min. 18.6... sec. ; 3 da. 2 hr. 28 min. 57.2... sec. 
5 hr. 48 min. 49.65... sec. (5) ;f864 153. Ojfed. 

.416. (7) I5I30-340-.. (8) .2597. 

I farthing. (10) .009009. (11) jf ^75 i6s. 9.8...d. 
IS. i.65...d. (13) .00000025. (14) 732.5... millim. 

II yr. 317 da. 14 hr. 2 min. 24 sec. ; 29 yr. 174 da. 5 hr. 16 min. 



(18) 4712J kilog. 
(21) 17.329.... cub. in. 
(24) 2.5398661487776. 
(27) 96059601. 
(30) 25.125 fr. 



1946.872. (17) .ooi968d. 
1. 14 ton. (20) 77. 
18.075 kilom. (23) i'73.i7S- 
6d. (26) ;f58.2i. 

1. 01 8845488. {29) 5.363... yd. 
^250.782. (32) i5.57"875» 151^!^. 
44 kilom. or (44— 1.375) kilom. (34) £166 13s. 4d. 
9.482. (36) 105.3, *05i- 

216000 oz. (38) .12499... (39) 206.73792 metres. 

20,795... fr. (41) ;f6987.9457.... 
No gain, but a loss (i) of £b.$\ (2) of ^f 14.069.... 
2.7182818.... (44) 230.4675 fr. (45) 7200. (46) 300. 

142941b. (48) .6931...; 1. 1775.... (49) Iff. 
The numbers of the last column of the table are in order : — 
3.6... ; 31.2... ; 3.8... ; 234.3... ; 604.6... ; 6.8... ; 722.2... ; 



Set LXXXrv. 

(I) 4s. 9d. (2) 5s. 3d. (3) 6s. 6d. 

(5) I2S. 6d. (6) 17s. 6d. (7) £1 5s. 3d. 

(9) £Z 19s. 3d. (10) £S i6s. 6d. (II) £^ 5s. 9d. 

(13) 15s. (14) 17s. 6d. (15) i8s. 9d. 

(17) £2 9s. (18) £1 I2S. 6d. (19) £1 7s. 6d. 

(21) 7s. 6d. (22) 17s. (23) £1 IS. 

(25) IIS. 3d. (26) £1 3s. iijd. (27) 13s. 7jd. 

(29) £1 IIS. 3d. (30) £6 9s. 2d. (31) £2 us. 



(4) IS. 3d. 

(8) £2 OS. 9d. 
(I2);f9 4s. 6d. 
(16) £i 8s. 6d. 
(20) £s 17s. 
(24) £2 17s. 9d. 
(28) 5s. 4}d. 

(32) £9 9s. 
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Set LXXXV. 

(I) IS. 3}d. (2) 6s. Id. (3) 5s. sJd. 

(4) 9s. ojd. (5) 9s. I Id. (6) .3s. ejd. 

(7) 5s. iijd. (8) £1 i6s. ijd. (9) £80 19s. 9d. 

(10) 2*164 6s. 8Jd, (II) £i 9s. 9fd. (12) £^9^ 13s. 9^- 

('3) £7 8s. 3Jd. (14) £iz 7s. sjd, (15) 6s. 9d. 

(16) £2 3s. lod. (17) IS. Id. (18) £1 6s. 4d. nearly. 
(19) /6 IIS. nearly. (20) £2 17s. 7}d. nearly. 

Set LXXXVI. 

(I) /14 i6s. oJd. (2) ;f 236 7s. 6d. (3) £is 5s. 8Ad. 

(4) ;f6o 2s. 3jd. (5) 8s. 5id, (6) £Ss 15s. ijd. 

(7) £^i i2s. 3jd. (8) £^H 15s. 8JJd. (9) £9 19s. s^fed. 

(10) £1 I2S. 2Hd. (II) ;^I34 9s. 2d. (12) £1 7s. oftd. 

(13) ji'6 17s. i|<i. (14) £isS 17s. 3id. (iS) 15s. nfd. 

(16) ;f 12 I2S. 5H<i. (17) 7s. 9W. (18) £5 19s. loH. 

(19) £2 155. 9fd. (20) ;f26 IIS. 5t^. (21) ;f8 IIS. iHfd. 

(22) ;f69 6s. 8Jd. (23) ;f36 7s. iiitd. (24) ;f 56 is. 9JSd. 

(25) ^8 I IS. I iHSd. (26) £s i8s. 4Tiftd. (27) £iS^ 9s. 6^d. 

(28) £33 6s. 3l«4d. (29) ;f 29 I2S. 7^>ftd. (30) ^^'29 os. icttd. 
(30 £23 los. 6A<i. (32) £1 19s. 5id. 

Set LXXXVn. 

The full amounts of the bills are : — 

(1) £^ i6s. 4jd. (2) ;f33 14s. 8d. (3) £1^2 6s. 9d. 

(4) £s i8s. 9d. (5) £s6 19s. 9d. (6) £i los. 8d. 

(7) 19s. ii^d. (8) ;^47 2s. lod. (9) jf469 3s. ijd. 

(10) ;f684 17s. (11) £7 4s. 8fd. (12) jf I 9s. lofd. 

(13) ^321 17s. ofd. (14) £1 5s. loHd. (IS) ;f3i9 OS. W. 

(16) j^672 4s. lofjd. (17) ;i'ii6 ss. oHd. (18) ^^-53 iss. 3id. 

Set LXXXVIII. 

(I) 14s. 5d. (2) 7s. 9d. (3) 14s. 7d. 

(4) i6s. 8d. (5) I2S. (6) £2 8s. 6d. 

(7) £3 15s. (8) £2 19s. 2Ad. (9) £^ I2S. 

(10) 5s. 4}d. (II) 3s. 9d. (12) 15s. 5d. 

(13) 45. 4d. (14) £^ 15s. 6d. (15) IS. GtM- 
( 16) £^ 6s. 8d. ( 1 7) The second kind is the dearer by 2d. per yd. 

(18) ;fi670 i8s. (19) 14s. Oi^Wyd. (20) 2s. 8|tftt<J. 

Set LXXXIX. 

(I) 17s. sJjd. (2) £3S9 4s. (3) £^ 4s. 8d. 
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(4 
(7 

(10 

(13 
li6 

(19 



(I 
(4 
(7 

(10 

(13 
(i6 

(19 

(21 

(24 
(27 
(30 
(33 
(34 
(35 
(36 
(37 



8.925 fr. 

£3^ 3s. 3A<i. 
1 8s. 2|d. 

1387.5 fr. 
£2 13s. 4d. 

j^23 3s. 6.28...d. 



(5) /155 "s. Oiittd. (6) £^ I2S. Id. 



(8) 4i<i. 

(ii);f53 6s.8d. 
(14) ;^262 19s. o}d. 

(17) £19 5s. 
(20) £2 7s. 



(9) £3 17s. 9i<i. 
(12) £S 13s. ijd. 
(IS) £1 7s. iijd. 
(18) ;^is ss. 2jd. 



38|fmi. (2) 

7449.5625 gaU. (5) 
99A cub. ft. (8) 

5oJbus. (II) 

133^41' 24" nearly. (14) 
.1089... rad. (17) 

5.75 florins; 36.0366-. 
19s. 7^. nearly. (22) 
2f| lb. (25) 

7.576... oz. (28) 

218.5505 tons. (31) 

irfi lb. 

998.864 lb., 277.752 lb 

15 ac. 32 sq. po. 

if iiff H sec. {i,e, very 
3id. (38) 



Set XC. 

52^ tons. 
7.965... decal. 
18 hr. 
683^ mi. 
9.83... litres. 
19A da. 

Hlb. 

£^ 1 6s. lod. 
2 mi. 666 1 yd. 
157.623... lb. 



(3) 1772*. 

(6) 32. 

(9) 14 yd. 
(12) 39ilb. 

(15) 38I metres. 
(18) 2^^^ hr. 
(20) £s i8s. 8d. 
(23) lojda. 
(26) 28. 

(29) 4.3508... yd. 
(32) 16 ft. i-^ in. 



., 27.384 lb. ; 1305,48... lb. 

nearly 2 sec.) past i p.m. 

29.37...; 4.38... (39) 42.08; 17.88.. 



(40) 





Reaumur. 


Fahrenheit. 


Centigrade. 


I 

2 

3 

4 


15.00 
16.16 
17.96... 

19.93... 

33.50 

42.65 


65.75 
68.36 

72.42 

76.85 
107.37... 
127.96... 


18.75 
20.20 

22.45 

24.91... 

41.87... 

53.31... 



Set XCI. 

(2) IIS. 9d. (3) 2s. 9jd. 

(5) 2d. (6) 12 cub. ft. gzf cub. in. 

(8) 2s. (9) ;f9i i8s. oAd. 

(II) 2f cub. ft; IS. 8id. 

(12) £S i6s. 5ifd. If the sum for maintenance were;^ioooi 5s., as 
was intended, the result would be 5s. 

(13) 4jgall.; 1675350 gaU. 



(I) ;fi047 IS. lojd. 
(4) £H9 i6s. 3d. 
(7) 9ii2jcub. ft. 
(10) ;f342i 5s. 
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Set XCn. 

(I) /8i 78. 6d. (2) ;f89 IS. 3d. (3) ;f 11 14s. 

(4) £6 IIS, 3d. (5) 16 ac. I TO, (6) ;f 11 2s. 5|d. 

(7) £S7 t6s. (8) ;f2i4 7s. 6d. (9) ;f 125 i8s. 3iid. 

(10) ;^I75 los. (11)292515. (12) 12288 gall. 

(13) 16 da. (14) 33 hr. (15) 22 da. 

(16) 2lir. (17) 21 da. (18) 10. 

(19) 84. (20) 119 mi. (21) II hr. 

(22) 80; 3d. (23) ;f892 los. (24) ^i 17s. 6d. 

(25) i6« hr. (26) 3 qt. imii Pt. (27) 3 ft- lOjftftV in. 

(28) ;f 4874s. (29) ii4Hhr. 

(30) 5} ; that is, more than five men would be required, and six could 
do more than the specified work in the given time. 

(31) 2 cwt. 2 qr. 3 lb. 15.056 oz. (32) 10. (33) 29.9... 

Set XCm. 

(I) 31415.9 sq. ft. (2) £s 17s. 4d. (3) 1610 ft. 

(4) 32 times. (5) 549TWr sq. ft. (6) £^ los. 3fi. 

(7) 99.225 metres. (8) 257.6 ft. 

(9) They are inversely proportional. 
(10) Time taken to do a work, and number of men employed. 
(I I) The second is inversely proportional to the third power of the first. 

(12) 28.2743.... in. (13) 210.9375 sq. in. (14) 5 min. 27/^" sec. 

(15) IS. i^. (16) £^ 6s. o.i92d. (17) ;^28 i6s. 

Set XCIV. 

(I) ;f2 2s. 9d. (2) ;f2i 3s. 9d. (3) £i(i OS. 6d. 

(4) ;f207 14s. Id. (5) ;f 7259 IS. 3d. (6) Total=;f29 13s. 62d. 

(7) £^oz IIS. o^d. (8) ;^202 19s. 9d. (9) ^f 150 15s. 

<io) ;f79io 2s. (II) 4 per cent. (12) ^^36 9s. 7^^. 

(13) 4i per cent. (14) ^"579 2s. 6d. (15) J per cent. 

(16) £ziz IIS. lojd. (17) ;f205 4s. 2d. (18) 15 per cent. 
(19) ;f688 4s. 8Ad. (20) ;f 1200. (21) ;fi56o. 
(22) ^68 17s. (23) ;f40i6 13s. 4d. (24) ^i'looooo. 

Set XCV. 

(I) 65; 10; 8J; 6. (2) 40. 

(3) 92 J. (4) 96 ; 60. 

(5) The items of the last column are in order: — 91.8...; 87.0...; 

89.7...; 92; 92.3-; 100; 90-3— 

(6) Brown's, ;£'4594 los.; Robinson's, ^^918 18s.; thb other's, 

/612 I2S. 
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(7) 31-3--; I-9-; 55«4...; 2.7...; 3.0...; 5.4... 

(8) 35. (9) ;f2io i8s. 9d. 

(10) Nitre, 76; charcoal, 14; sulphur, 10. 

(11) Copper, 81 ; tin, 19. (12) 6.5025 gall. 
(13) 40; 4. (14) 3.6; .22. 

(IS) 









41.25 tons 

38.465 » 
293-36 » 


2.0625 tons 

1.92325 ,» 
14.668 „ 


Total 


1349 tons 


27.65... 


373-075 tons 


18.65375 tons 



(16) 81.8... (17) 13.5... 

(19) 52.4... (20) 73.274. 

(22) First, 60 ; second, 30 ; third, 10. 

(24) A, 33i ; B, 22f ; C, 44^. 



(18) 31.8... 
(21) 62.85. 
(23) 150 ac. 
(25) 260. 



Set XCVI. 



(I) 50. (2) 100. (3) 50. (4) 40. 

(5) 5. (6) i3f#. (7) 3it. 

(8) England and Wales, increase, 13.17...; Scotland, increase, 

9.71... ; Ireland, decrease, 6.72... (9) 4. 

(10) 5s. 5jd. (II) Gain, 35 percent. (12) ;fi2i los. 

(13) 16. (14) 344i90i4[.6...]. (15) jCiSs7 2s. lofd. 

(16) 



u 

•c 

CO 

Q 


Population 
in 1871 . 


Population 
in 1861. 


Increase. 


Decrease. 


Actual. 


Percentage. 


Actual. 


Percentage. 


B 
C 
D 

E 






15143 
1552 

4746 


33-29-.. 

4.23... 
16.53... 


3931 


13.II... 


Total 


140782 


158292 


1751O 


12.43-.. 




I 
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(17) 70O98[.336]. (18) ^30 los. (19) 3s. 4^. 

(20) 6Jd. (21) i8i24[.2...]. (22) I78i6[.9832]. 

(23) £1 5s. 8d. (24) £6% 19s. Hid. (25) ;f484. 
(26) £1 17s. I id. (27) Increase, .87... (28) 3s. 3}d. 

(29) 8. (30) 3s. 6d. (31) Loss, I per cent. 

(32) None. (33) sJd. (34) 4s. ijd. 

(35) 4ifc<i. (36) 30- 

(37) He gained 4A per cent. (38) 40. 

(39) A decrease of 8^^ per cent. (40) 9.363.... 

(41) A loss of 2 per cent. (42) Increase of 2^ per cent. 

(43) -962". (44) 3i oz- 

Set XCVII. 

(I) 8. (2) 5 ft. 3i in. (3) £2 17s. 8d. (4) ;f20 15s. 8d. 

(5) The items of the last column ^onld be: — 72.4...; 87.9...; 
92.3...; 91.2...; 124.9...; 96.3... 

(6) Id. (7) ifs^. (8) lift} yr. (9) 6| mi. per hr. 

(10) .02619047 in. 

(11) The items of the last line should be: — 59.3...; 43.0...; 
30.134...; .005... 

(12) 71A. (13) 4-7; 3-9-. (14) 1.529166-. 
(15) 21.25. (16) io| carats. 

(17) 3 lb. of coffee to 2 lb. of chickory. 

(18) 10 bus. at 5s. 6d., and 20 bus. at 6s. 

(19) 6 lb. at 2d. to 8 lb. at 2M. (20) 12. 

(21) 40,60; 9^ lb.; 44|lb., 67J lb. (22) 14. (23) 42^. 

(24) I part at 2s. 6d., 3 parts at 2s. 8d., 2 parts at 3s. ; or 2 parts at 
2s. 6d., 3 parts at 2s. 8d., 3 parts at 3s.; or in various other ways. 

(25) 4 parts of the first coffee, 27 parts of the second, and 4 paits of 
chickory. 

(26) 60 parts of lead, 5 parts of antimony, 8 parts of copper; or 76 
parts of lead, 9 parts of antimony, 9 parts of copper. 

Set XCVIII. 

(Of (2) 3s. (3) 3i; life; I A. 

(4) 2d. ; 4d. ; 3d. (5) i6|. (6) 3d. 

(7) lh (8) 2d. (9) 11820 yd. per min. 
(10) I9f. (II) 7i. (12) 162. 

(13) 22lf. (14) 73 '496... metres per min. 

(15) 4. 13 14... yd. per sec. (16) 19 nearly. 

(17) «4t centig. deg. per sec. 

(18) 3s. o|d. nearly per ton per mile. 

(19) 81.432 Fah. deg. per min. 
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(20) 273736.2... kilogram-metres per hour. 

(21) 423 5... kilogram-metres per kilogram-degree. 

Set XCIX. 

(I) £1 7s. (2) ;f9 8s. (3) ;f5 i8s. lOfd. 

(4) ;^i5 I2s. lold. (5) ;f37 los. lojd. (6) ^28 los. gd. 

(7) ;f428 9s. ofd. (8) ^34 14s. iii^jd. (9) £^2 4s. 2|d. 
(10) £1^ 5s. 5ld. (II) ;f46 los. Hid. (12) ^61 3s. id. 
(13) in 5s- ofd. (14) i6s. 6d. (15) £\\ 5s. Sevi- 
lle) £2 2s. 6H<i. (17) ^2 7s. lOjj^Ad- (18) 8s. 9Ad. 
(19) ;fi7 3s. 4Jd- (20) ;f44 I2s. 6d. (21) £\\^ i6s. 3A%d. 
(22) ;f50 IS. iiMd. (23) ;f4 i2s. w-^S^, (24) 2"! 9s. 2tttf<i. 
(25) £\ 17s. 6i32Vd. (26) ;^42 45. 9Ad. (27) ;f90 lis. 7ifid. 
(28) ;f I I2s. 2^^-d. (29) 3.38... fr. (30) ;f 19 OS. 5.3...d.» 
(31) ;f269 IIS. 4A<i. (32) ;f35i 19s. 7?|d. (33) 2*23 3s. 2-3%d. 
(34) ^861 los.OifU^. (35) ;^435 i8s. iiflW. 

Set C. 

(I) 12 years. (2) ^%. (3) ;f 1020. 

(4) ij. (5) 4 years. (6) ;f38o los. 

(7) 2| years. (8) 2^. (9) 3 years. 

(10) ;f542 los. 9id. (II) ;f 730. (12) 17A days. 

(13) 40 years- (14) tT^- (15) 60. 

(16) iijyir. (17) 30thjmie. (18) 5T«mif7. 

(19) ;f66. (20) ;f456 17s. 6d. (21) ;f2i9 7s. 4ffd. 

(22) ;f2i90. (23) ;f 750 los. (24) 2MJ. 

(25) 4. (26) ;f29i I2S. i*d. (27) ;f45 2s. 9}d. 

(28) 25 years. (29) ;^I2 7s. (30) ;^8 los. 4Jd. 

(31) ;f7ii 19s. loid. (32) 2. (33) ^^2673 2S. 6d. 

(34) ;^I30- (35) ;f332 I2S. 7JS<i. 

Set CI. 

(I) ;f8i9 9s. 9d. (2) ;f859 19s. (3) ;f 2401 3s. o.48d. 

(4) >f578 i6s. 3d. (5) ;f8933 19s. S.025d. (6) ^6810 19s. 6.72d. 

(7) ;f557 4s- 5-5-d. (8) ;f967i 2s. 3.5...d. (9) ^^64 13s. io.i...d. 

(10) ;f92i IIS. io.o...d. (11) £20 los. 8.9.. .d. (12) £2^ 3s. io.6...d. 

(13) £1 los. 6.8.. .d. (14) £7fi 5s. o.8...d. (15) jif 13 17s. 3.6...d. 

(16) ;f444 6s. 6.5...d. (17) ;f 1029 i8s. 2.7. ..d. (18) £%'J2 9s. 5.4.. .d. 

(19) ;f669 2s. 7.7...d. (20) £^li 17s. 7.3.. .d. (21) £Z2^ 12s. 8.1. ..d. 

(22) 2s. o.o...d. (23) ;f 13 IIS. ii.o...d. (24) £^ 8s. 9.6...d. 

* Reckoning a month the twelfth part of a year, and a day the thirtieth part of 
a month (see page 224). 
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(25) £1 2s. 4.9...d., if the rate be 5 per cent. (26) ;f2785 19s. 3.0.. .d. 
(27) £^ OS. 4.8...d. (28) ^^486 19s. 4.7...d. (29) ;f 1692 9s. o.6...d. 
(30) ;f4322 14s. 7-I— d- 



(3) £^^2 IS. 4.5...d. 



Set Cn. 

(I) ;f 1000. (2) /200000. 

(4) ;f 14500. (5) ;f824. 

(6)^2000 ready money, for £2000 in three years would bee 
;f2i85.454. 

(7) £^ZS'^i very nearly. (8) ^^6592 2s. 8d. n 

(9) ;f4085 19s. o^Wrd. (10) £^o^ ^^^l-^ 

(II) ;f 1474 IS. ii.3...d. (12) 3 year^lttj^'ftearly 





V 



3 

5 

7 
8 

9 
o 
I 

4 

7 
(20 

(23 
(25 
(26 

(27 

(30 

(33 

(36 

(39 

(42 

(45 
(48 

(50 
(52 



Set cm. 

£seo iM^ ; £s^ «. 9d. (2) ^^920; 

;f ii7o,^P6 IS. (4) ;f 1280 

£\(>l 2^. '^ £n IS. (6) ;f 132 ; 

;^68i 6s. 8d.; £/[i i6s. 

;f2i30 6s. 10.2.. .d; ;f 149 2s. 5.7.. .d. 

;fi70o; £sz 2s. 6d. 

;f835 8s. io.3...d.; £11 8s. io.6...d. 

jf444 8s. 3d. (12) £gi OS. lid. 

;^30 i6s. loid. (15) ;f250 3s. 9d. 

;f20 ss. ijd. (18) ;^90 5s. 7jd. 

;f 171 68. 6fd. (21) ;f9 IS. 5.4... d. 

^600 ; ;f 94 I IS. 6d. 

;f 708 4s.- 5.7...d. ; jf 54 8s. o.2...d. 

;f857 OS. 0.5. ..d. ; £2^ los. 7.4.. .d. 

£Sl 8s. (28) ;f 1825. 

;f2i 6s. 8d. (31) ;f730. 

;f 1095. (34) ;f " 7s. ii.3...<i. 

jf574 13s. 8.3...d. (37) ;f32000 2s.o.4...d. 

^^672 19s. i.8...d. (40) £% i6s. o.6...d. 

jf3770 7s. 8.o...d. (43) £^ 9s. 8.i...d. 

2.4.. .d. (46) £6 is. 4.6...d. 

£2 14s. 2d. (49) ;f 38 ; ;f 39 6s. 8d. ; 

;^543 14s. i.3...d. ; 4.63... mo. 

4.51... mo. (53) £ni 14s. 2.3...d. 



£(^' 
; £SA 8s. 
£n 4s. 



(13) £S^ 5s. 9d. 
(16) ;f6i 3s. Id. 

(19) £%(> 2s. 4.o...d. 

(22) ;f2I 2s. io.5...d. 

(24) £^is ; £n Ss. 



(29) ;f 1460. 

(32) £Z^' ii.o...d. 
(35) £m i6s. 7.8...d. 
(38) ;f393 3s. 2.7...d. 
(41) £S 3s. 3-7...d. 
(44) £^^ 9s. 9.4...d. 
(47) ;f 1231 OS. 8.1. ..d. 
£y) 6s. io.6...d. 
(51) 7.79... mo. 
(54) £^ 7s. 6.5...d. 



(I) ;f 5412s. 
(4) ;f6277 los. 



Set civ. 

(2) ;f450o. 

(5) ;f 16621 17s. 6d. 



(3) £iS9 
(6) ;f 24000. 
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(7) £(>9S9 7s. 6d. 
(io);f32 5s.9d. 
(13) 3^. 

(I6);f88f 

(18) ;f490 15s. 

(21) ;f5000, 

(24) 334. 
(27) ;f3S50. 
(30) 20^. 
(33) £l^' 



(8) ;f 7832 3S. 4*W. (9) ^3628 13s. 6d. 

(");f550. (I2);f200. 

(14) ;f 169 i6s. 2f|d. (15) £2S(xy\£i 2s. 6d. 

(17) They are equally good. 

(19) The 4 per cents. (20) Total cost=;f9998. 



(23) 6i|. 

(26) ;f20 I2S. 

(29);f59i IIS. 6Hfd. 
(32) ;f 24 8s. 

(36) ;f98i75«x>- 

(39) By £2 OS. zm^' 

(42) £2S. 



(22) ;f3i20 i6s. 8d. 

(25) ;f395200000. 

(28) ;f4540. 

(3l);flI2 lOS. 

(34) ;f292 5s. 3«|d. 
(35) I^ is increased by;fioi 5s. 10]^. 
(37) 2A- per cent. (38) £$2 los. 

(40);f6iss. (41) ;f 11216s. 

(43) 34il*. (44) 20. 

(45) 2*22557355 14s. 4^- (46) An increase of ^f 20 2s. ^\^. 

(47) £S^ los. more. (48) ;f 168. (49) £60 ; ;f4000. 

(50) ;f4250- (51) 52J. (52) £2 i8s. 9lfd. 

(53) 98*. (54) ;f 250000 stock. (55) 4A<i. 

(56) It depends on the price originally paid for Midland stock; if it 

were bou^t at par the answer would be i jySy. 

(57) ;f272 13s. 3.6...d. (58) ;f86i7 los. (59) ;f3078, 
(6o);f4572iis.6d. 



Set C\L 

(2) ;f 183 IS. 3d. (3) £9^ 7s. 3.s...d. 

(5) £m ^os. i.i...d. (6) ;f 152 9s. ii.o...d. 

(8) ^^28 17s. 9.8...d. (9) £26 2s. io.2...d. 



(i) ;£'2i6 19s. 3.o...d. 
(4)/55 IIS. 7.6...d. 
(7) 2*432 7s. io.6...d. 

(10) £n I2S. ii.4...d. 

(11) 3824.68... francs, 2215.72... rupees, 1297.56... roubles. 

(12) 1047.37... dollars, 10235.15... marks, 345645.9... reis. 

(13) 1710.035 gulden, 1439.07... guilders, 3094.92... lire. 

(14) £6 4s. o.4...d. (15) £^i los. 6.4...d. (16) 2828.06... dollars. 
(17) 22.4. (18) 9064.84... gulden. (19) ;f2i38 is. 4.0... d. 
(20) 3560.47... florins. (21) 15.90... florins less. 

(22) .99... (23) 4.86... 

(24) The former; by it a debt of 100 guilders would produce 218.18... 

francs, by the other only 212.5 fr^^ics. 

(25) 1233.65.,. dollars. (26) The latter, by 215.48... francs. 

(27) 4.88... (28) 5548.06... francs. (29) 9193.30... marks, 

(30) 114.91... (31) 184016.39... francs. 

(32) A loss to A of ;f 55 8s. io.9...d. 

(33) Crenoa. To pay 100 francs in Paris there would be required in the 

different cases ;f 3. 93..., ;f 3.913..., ;f 3.912..., ;f3.8... respectively. 

(34) 5- 18.., 

A A 
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(35) Geneva. Through Geneva lOO r. woold cost ;f 13.56..., through 

Paris ^13.57. 

(36) 25.22... 

(37) The first ; to pay 100 gulden in Vienna there would be required in 

the ways mentioned ^^7 .04..., £7>o$..,, £9'^'-* £9'^'" respec- 
tively. 



(I 
(3 

(5 

(7 

(9 
10 

II 

13 
15 
16 

17 

19 
21 

23 

25 
26 

27 
28 

29 

31 
33 
^(34 
35 
36 

37 
38 
39 



Set CVI. 

A, jf 480 ; B, £So ; C, £40. (2) J, |, A, i respectively. 
;f 100, ;f66 13s. 4d.,£zs 6s. Sd. (4) £S2S, ;f49S» ;f330. 
;f 21, ;f 10 los., £S 8s. (6) 40, 35, 25. 

;f 180 14s. I id., ;f 232 7s. 9d. (8) 2, 8, 18, 32. 

;f 70s 13s- 4<i-. ;f 529 5S-. ;f 882 is. 8d. 

19 cwt. I qr., 2 cwt. I qr., 3 cwt. 2 qr. 

24, 12, 8, 6. (12) 28I, 7i, 3i, i|. 

28i, 7i» 3l> I*. (14) 121, 117, 95, 32. 

2 ac. I ro. 39 sq. po., 3 ac. I ro. 36 sq. po., 7 ac. 3 ro. 2 sq. po. 

;f 70 i6s. 8d., £iS7 3s. 9d., £195 is. 6fd., ;f 315 19s. 3jd. 

3s. 8iVd., 2s. 5ttd., g^fd. (i8) ;f 7 7s., £1^ 2s. 6d., ;f8 i8s. 6d. 

4 ft., 4 ft., 2 ft., I J ft. (20) ;f 246 i8s., jf 123 9s., £S2 6s. 

;i'642, jf856. (22) 120, 60, 30. 

;f 1076 3s. 9fd. (24) Boy's share, 2 ; ghrl's, 4. 

2"348 i8s. 9ifd., jf 279 3s. oifd., ;f 232 12s. 6Jja. 

;f 369 4s. IOW4H, ;f 215 98. 6H|Hd., £3S 5s. 7»»S<i. 

8s. 4^., 5s* 

jf 182, ;if9i, ;f6o 13s. 4d., ;f364, ;f 121 6s. 8d. 

£9 9S., ;^I4 14s., £^ 6s. (30) 15s. ijd. 

2s. 6d., IS. 3d., 3s. 9d. (32) ^, |(V» A. 

A man's share, 8^ ; a woman's, 5 ; a child's, 3^. 

£10 5s. 9AWr^., £9 19s. loHHd., £9 14s. 4iWA<i- 
.01 in., .015 in., .0225 in. 
;f 229 14s. ijd., £i$s 2s. 9d., jf 229 14s. I Jd. 
£sSo I2s. loffd., ;f 619 7s. ijhd. 

;f383 l6S., ;f 287 17s., ;f 357s. 

432, 324, 216. (40) », if, JV. 



Set CVn. 

(i) 276 sq. ft. 28 sq. in. (2) 6 sq. yd. 5 sq. ft. 79 sq. in. 

(3) i97*f sq. ft. (4) 80.0475 sq. m. (5) 217H sq. yd. 

(6) 213 ac. 3 ro. 25 sq. po. (7) 8 ac. 2 ro. 15 sq. po. 29 sq. yd. 

(8) 4 ft. 5 m. (9) 8« sq. ft. (10) 453^ sq. yd. 

(II) 3ft. (12) 4 chains. (13) 8. 

(14) I ac. I ro. 25.91... sq. po. (15) i ft. 3 in. 
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(i6) 51 sq. in. 

(19) 10.196875 sq. in. 

(22) 2772.61... sq. ft. 

(25) 32 yd. 

(28) 30.9... sq. ft. 

(30) 1022H sq. ft. 

(33) 6720. 

(36) £1 los. 7id. 

(39) 2\ in. 

(42) IS ft. 9 in. 



(17) 1196.94... sq. yd. (18) 659J sq. ft. 
(20) 30} sq. in. (21) 33454080 yd. 

(23) 36 yd. (24) 1760 miles. 

(26) 665J sq. ft. (27) I29tt sq. yd. 

(29) 4 ac. I ro. 27 sq. po. 13I sq. yd. 
(31) ^Wr. (32) J in. to the mile. 

(34) 6 in. (35) 24tJ sq. ft. 

(37) 29376. (38) 85 sq. in. - 

(40) 82 sq. ft. 5} sq. in. (41) 15ft. 

(43) 2.5 in. 



(1)1 cub. ft. 1485 cub. in. 
(3^ 20 cub. ft. 1260 cub. in. 

(4) 156 cub. yd. 25 cub. ft. 

(5) 5 cub. ft. 1566 cub. m. 
(7) .001953125 cub. in. (8) 

(10) lOI. * (II) 

(13) 14 ft. 2§ in. (14) 

(15) 259332805349.9, taking 

(16) 1728000. (17) 
(19) 210. (20) 
(22) 13824. (23) 
(25) .064325390625 cub. in. 

(27) 57-93... (28) 

(30) .003003001 cub. in. 

(32) m ft. 

(34) 24 cub. ft. 1330} cub. in 
(36) 2.09... in. (37) 

(39) .9027027. (40) 



Set CVin. 

(2) 3 cub. ft. 1566 cub. in. 

864 cub. in. 

(6) 1728. 
2\ ft. (9) 140! cub. ft. 

16349.04. (12) xir cub. in. 

3888. 

IT = 3.141592653589. 
78. (18) .001022. ..cub. in. 

7?ys. (21) 130680. 

14.49... in. (24) 86.5... 

(26) 16.29... 
65.44... cub. in. (29) 449.28... sq. ft. 

(31) 3811.2... cub. in. 

(33) 2205. 

(35) 72.4... inches. 
3f in. (38) 25500. 
13089.9... 



Set CIX. 



(I) 20, 60, 80, 100. 

(4) -5* -051 .!> .04. 

(7) J, i, », f. 
(10) I J, 2j, I J, If. 

(13) 18, 25, 19. 



(2) 309, 1000, 500. 
(5) .009, .03, .001. 
(8) ♦, I, ^, f . 

(II) ij, 2t, It, I?. 
(14) 22, 31, lOI. 



(3) 40000, 9000. 
(6) .0006, .0002. 

(9) TSt A» lihrsi TS' 
(12) 3i 6f, 5f 5J. 



(15) Between 100 and 1000 ; between 290 and 300. 



(I) 23. 
(5) 53. 
(9) 59. 



(2) 34. 

(6) 65. 

(10) 49. 



Set ex. 

(3) 44. 

(7) 91. 
II) 88. 



(4) 46. 

(8) 71. 

(12) 97. 
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(13) if. 


(14) |. 


(15) H. 


(16) ft. -^ , . 


(17) rJi. 


(18) iH. 


(19) i«. 


(20) 8*. .^ 


(21) 4,1. 


(22) 2.8. 


(23) .079. 


(24) .0092. • 




Set CXI. 


-. . 


(I) 712. 


(2) 916. 


(3) 943- 


(4) 565. v; 


(5) 674. . 


(6) 786. 


(7) 888. 


(8) 999. 


(9) 909. 


(10) 1 148. 


(II) 1247. 


(12) 1346. 


(13) 2593. 


(H) 3295. 


(15) 3075. 


(16) 3892. 


(17) 3987. 


(18) 7008. 


(19) 7897. 


(20) 7989. 


(21) 8798. 


(22) 9080. 


(23) 9930- 


(24) 80080. 


(25) 26253. 


(26) 24753. 


(27) 48795. 


(28) 51.86. 


(29) 729.6. 


(30) 25.653. 


(31) .2951. 


(32) .0759. 


(33) 0298. 


(34) 2*«y. 


(35) 24«. 


(36) 2^U 


(37) 9007000. 


(38) 1040400. 


(39) .000400503. 


(40) .0090990089. 




Set Cxn. 





(I) 2.236... (2) 4.123... (3) 4.242... (4) 10.049... 

(5) 8.185... (6) 14.730... (7) 18.601... (8) 20.099... 

(9) 35-057 .. (10) 37.509-. (") 37-907... (12) 46.010... 

(13) 5517801. (14) 46.16275...; 2116, 212521, 21307456, 

2130930244, 213099487129, 21309994875625. 

(15) .400124... (16) .283019... (17) 4.009987... (18) .050309... 

(19) 1.710263... (20) 5.408326... (21) .036055... (22) .011401... 

(23) .433012... (24) .832050... (25) .774596... (26) .845154... 

(27) 1.788854... (28) 2.478478... (29) 2.943920... (30) 10.085993... 

(31) 3.9999—» the limit being 4. (32) o. 

(33) 1.7737... (34) .1010... (35) 1.7782... (36) 1.9615... 

Set CXIII. 

(I) 10, 20, 40. (2) 80, 2000. (3) 300, 1000. 

(4) .1, .3, .07. (5) .01, .004. (6) .002, .006. 

(7) r2pri3. (8) 8 + 9+10, or 8 + 9+10— I, or 8 + 9+10— 2. 

(9) 22. (10) 32. (II) 45. (12) 64. 

(13) 56. (14) 86. (15) 78. (16) 99. 

(17) .55. (18) 7.6. . (19) .29. (20) .18. 

(21) 234. (22) 446. (23) 674. (24) 883. 

(25) 979. (26) 1 172. (27) .0679. (28) .0387. 

(29) .0209. (30) 150.3. (31) 208.7. (32) 60.08. 

(33) .6509. (34) 778.7. (35) 9.598. (36) 1.442... 

(37) 1.817... (38) 3.107... (39) 3.608... (40) 4.805... 

(41) 5.78^... (42) 5.990.:. (43) 8.900... (44) 13.186... 
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(45) 16.779 .. (46) 17.906... (47) 20.907... (48) .935228... 

(49) .360882... (50) .208008... (51) .070405... (52) .216166... 

(53) .426859... (54) 1.062658... (55) 2.971961... (56) .747... 

(57) 5-768... (58) .403... (59) 4.999..- or 5- (60) 5.848... 
(61) .770... 

Set CXIV. 

<i) .141... (2) .447... (3) .251... (4) 1.406... 

(5) '^S^i \/l^9i v^64, which = 2, 3, 2 respectively. 

(6) 510. (7) .047.*' (8) 2.56... (9) 1. 16... 
(10) 1.09... (II) 1.65... (12) 1.7. (13) .19. 
(14) 625 links. (15) I ft. ijin. (16) The i6th, i8th, and 24th; 

thus, ^5 = v^^^V^5» 'i?'5 = '^^^5- , i?'5 = ^v^-^^5 = 

(17) 4 J. (18) 14 ft. 9.08... in. ^ (19) I ft. 8.34... in. 

(20) 5.55 in. (21) .012. (22) 5. 

(23) 7 ft. 5f in. (24) 336.973... (25) 43.7... centim. 

(2b) 1.29... im (27) 4. 

Set CXV. 

(l) IsklS* 1»80. 

(2) Incommensurable number ; because all surds are incommensur- 
able numberSj while there are incommensurable numbers which are not 
surds. 

(3) ^2 and \/i8, the former being contained three times in the 
latter. 



THE END. 
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PUBLIC SCHOOL SBBIES. 



I 



FRENCH. 



By Henbi van Laun, Translator of Taine's <' History 

of English Literature." 



THE BEGINNER'S FIRST FRENCH BOOK 9 
THE SECOND FRENCH BOOK .... 1 
THE THIRD FRENCH BOOK .... 1 6 

*0* Keyi to the above are now ready. 
First Book, Is. 6d. ; Second Book, 28. ; Third Book, 28. 6d.; 



FIRST FRENCH READER 10 

SECOND FRENCH READER 13 

THIRD FRENCH READER 16 



ENGLISH INTO FRENCH— First Book, with 

an Introductory Essay on Translation ..13 
ENGLISH INTO FRENCH— Second Book . 1 3 
Key to English into French Series .... 2 6 



"This admirable series of French elass-books will supply a real want. 
It is strange that, amid the multiplicity of French dass-TOoks, there should 
be room for another series like the present ; but, from a oarefol examina- 
tion of them, we feel quite sure they will not only find a place, but quickly 
reach vl first place amongr their comnetitoro."— &AooAiwu(«r. 

" The three Books will be found a uaefkil introduction to the language, 
and the Headers may be advantageously emplojred with them. They 
contain reading lessons, careftdly graduated to suit the pupil's progress, 
and aooomiMUued by vocabularies explaining the wards and phnses. 
Dirtianlt Frenoa luioms are well rendered by their "Rngliwh equivalents."— 
Athenavm. 

** The whole series doei credit to the venr competent sentlemen who 
have prepared it for publication. . . . The pltui which is jrarsued is 
consistent and scientific, and these little books, properly used, will 
thoroughly ground young students in the knowledge of French."— 
Scotsman, 



PUBLIC SCHOOL SEBIES. 



GERMAN. 



By H. E. GoLDSGHMiDT, Professor of Modern Lan- 
guages in Fettes College, Edinburgh. 



The German Series which is just completed will be 
found to contain many new and important features. 
Among others the use of the written as well as the 
printed characters used in Germany may be par- 
ticularly noted. The learner may thus acquire 
familiarity with both characters, which will be found 
highly valuable in commercial and other pursuits of 
after life. 



FIRST GERMAN GRAMMAR 10 

SECOND GERMAN GRAMMAR ....10 

*0* Keys to the above are now ready. 
First, 1b. 6d. ; Second, Is. 6d. 



ENGLISH INTO GERMAN ; with an Intro- 
ductory Essay on Translation .... 1 

Key to English into German, Is. 6d. 



FIRST GERMAN READER 10 

SECOND GERMAN READER 18 

THIRD GERMAN READER 16 



HANDBOOKS TO ART, MUSIC, 

AND HEALTH. 



THE OLD MASTEES 

AND THEIR PICTURES. 

MODEEN PAINTEES 

AKD THEIR PAINTINGS. 
Bt SABA.H TYTLEB, 

▲UTHOB OV *' PAPKB8 VOB THOUOHTFUX. OIBIB," ETC. 

Grown 8yo, 48. 6d. each. 

*' An excellent introdaotion to the hietoiy of taV'—Dedljf K«w». 

"The *Old Masters' really supplies what has long heea a want. It 
gives a good general ide% of the vaiions schools of painting, distingaishes 
them in a broad and efficient manner, and is written with just so mnoh 
enthusiasm for art as to temper detail, and make the reading of it 
atteactive. We are quite sure * Modem Painters ' will he much in demand ; 
for hitliorto there has been nothing like it— so complete, simple, and 
succinct." — Briiigh Quarterly Review, 

MUSICAL COMPOSERS 

AND THEIR WORKS. 

Bt SABAH TSTLEB. 

Crown 8vo, 48. 6d. 

" The best simple handbook on the subject that has yet appeared in 
England. ''—^OMfem^. 

HEALTH AND LIFE. 

By B. W. RICHARDSON, M.D., P.R.B. 

AUTHOR OV " DZ8KABB8 OF MODKBIT LIFB," *' HTGKIA, THE CITY OF HKALTH,'* 

BTO. 

Crown 8vo, 78. 6d. 

HEALTH: 

A HANDBOOK FOR HOUSEHOLDS AND SCHOOLS. 

Bt Db. EDWARD SMITH, F.R.S. 

With Illustrations. Second Edition, crown 8yo, Ss. 6d. 

** Just the work that was required, simple in style, clear and direct, and 
meeting a want of great magnitude."— /n^iMrer. 



